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FOREWORD 



The Increasing contribution of mathematics to the culture of 
the modern world, as well as Its Importance as a vital part of 
scientific and humanistic education, has made It essential that the 
mathematics In our schools be both well selected and well taught. 

With this In mind, the various mathematical organizations In 
the United States cooperated In the formation of the School 
Mathematics Study Group (SMSG). SMSG Includes college and univer- 
sity mathematicians, teachers of mathematics at all levels, experts 
In education, and representatives of science and technology. The 
general objective of SMSG Is the Improvement of the teaching of 
mathematics In the schools of this country. The National Science 
Foundation has provided substantial funds for the support of this 
endeavor. 



One of the prerequisites for the Improvement of the teaching 
of mathematics In our schools Is an Improved currlculum--one which 
takes account of the Increasing use of mathematics Ijj. science and 
technology and In other areas of knowledge and at the same time 
one which reflects recent advances In mathematics Itself. One of 
the first projects undertaken by SMSG was to enlist a group of 
outstanding mathematicians and mathematics teachers to prepare a 
series of textbooks which would Illustrate such an Improved 
curriculum. 

The professional mathematicians In SMSG believe that the 
mathematics presented In this text Is valuable for all well-educated 
citizens In our society to know and that It Is Important for the 
precollege student to learn In preparation for advanced work In the 
field. At the same time, teachers In SMSG believe that It Is 
presented In such' a form that It can be readily grasped by students. 

In most Instances the material will have a familiar note, but 
the presentation and the point of view will be different. Some 
material will be entirely new to the traditional currlculxim. This 
Is as It should be, for mathematics Is a living and an ever-growing 
subject, and not a dead and frozen product of antiquity. This 
healthy fusion of the old and the new should lead students to a 
better understanding of the basic concepts and structure of 
mathematics and provide a firmer foundation for understanding and 
use of mathematics In a scientific society. 

It Is not Intended that this book be regarded as the only 
definitive way of -presenting good mathematics to students at thlf 
level. Instead, It should be thought of as a sample of the kind' of 
Improved curriculum that we need and as a source of suggestions for 
the authors of commercial textbooks. It Is sincerely hoped that 
these texts will lead the way toward Inspiring a more meaningful 
teaching of Mathematics, the Queen and Servant of the Sciences. 

V 
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PREFACE 



Key ideas of Junior high school mathematics emphasized in 
this text are: structure of arithmetic from an algebraic view- 
point; the real number system as a progressing development; metric 
and non-metric relations in geometry. Throughout the materials 
these ideas are associated with their applications. Important at 
this level are experience with anvl appreciation of abstract con- 
cepts, the role of definition, development of precise vocabulary 
and thought, experimentation, and proof. Substantial progress can 
be made on these concepts in the Junior high school. 

Fourteen experimental units for use in the seventh and eighth 
grades were written in the summer of 1958 and tried out by approxi- 
mately 100 teachers in 12 centers in various parts of the country 
in the school year 1958-59. On the basis of teacher evaluations 
these units were revised durii g the summer of 1959 and, with a 
nximber of new units, were maue a part of sample textbooks for grade 
7 and a book of experimental units for grade 8. In the school year 
1959-60, these seventh and eighth grade books were used by about 
175 teachers in many parts of the country, and then further revised 
in the summer of I96O. 

Mathematics is fascinating ;;o many persons because of its 
opportunities for creation and discovery as well as for its 
utility. It is cotitinuously and rapidly growing under the prodding 
of both intellectual curiosity and practical applications. Even 
Junior high school students may formulate mathematical questions 
and conjectures which they can test and perhaps settle; they can 
develop systematic attacks on mathematical problems whether or not 
the problems have routine or immediately determinable solutions. 
Recognition of these fnportant factors has played a considerable 
part in selection of content and method in this text. 

We firmly believe mathematics can and should be studied with 
success and enjoyment. It is our hope that this text mair greatly 
assist all teachers who use it to achieve this highly desirable 
goal. 
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Chapter 1 
WHAT IS MATHEMATICS? 

1-1. Mathematlos as a Method of Reasoning 

"Once, on a plane, I fell into conversation with 
the man next to me. He ajked me what kind of work 
I do. I told him X was a mathematician. He ex- 
claimed, »You are! Don't you get tired of adding 
oolxarans of figures all day long?' I had to explain 
to him that this can best be done by a machine. My 
Job Is mainly logical reasoning. " 

Just what Is this mathematics which many people are talking 
about these days? Is It counting and computing? Is It drawing 
flgta^s and measuring them? Is it a language which uses symbols 
like a mysterious code? No, mathematics Is not any one of these. 
It Includes them but It Is much more than all of these. Mathe- 
matics Is a way of thinking, a way of reasoning. Some of mathe- 
matics Involves experimentation and observation, but most of 
mathematics is concerned with deductive reasoning s 

By deductive reasoning we prove that from certain given con- 
ditions, a definite conclusion necessarily follows. In arithmetic 
you have learned how to prove definite statements about numbers. 
If a classroom has 7 rows of seats with 5 seats In each row, then 
there are 35 seats In all. You know that this Is true without 
counting the seats and without actually seeing the :poom. 

Mathematicians use reasoning of this sort. They prove "if — 
then" statements. By reasoning they prove that .If something Is 
true, then something else must be true. 

By^ logical reasoning you can often find all the different ways 
In which a problem can be solved. Sometimes you can show by 
reasoning that the problem has no solution. All the problems In 
Exercises 1-1 given below can be solved by reasoning. No cal- 
culations are needed, although you may find It helpful sometimes 
to draw a diagram. Can you solve them? 



Ex»rclB»a l«l 

A 200-pound man and hla two sons each wolghing lOO pounda want 
to croaa a river, if they have only one boat and it can 
aafeiy carry only 200 pounda, how oan they croaa the river? 
If the man In Problem 1 weigh* 175 pounda and one of hla aona 
weigha 125 pounda and the other 100 pounda, can they uae the 
aame boat? If not, what weight muat the boat carry aafeiy oo 
that they can croaa the river? 

A fanner wants to take a gooae, a fox, and a bag of corn aoroaa 
a river. If the farmer is not with them, the fox will eat the 
goose or the goosr? will eat the com. If the farmer has only 
one boat large enough to carry him and one of the others, how 
does he cross the river? 

Is it possible to measure out exactly 2 gallons using only an 
8 gallon container and a 5 gallon container? The containers 
do not have individual gallon markings or any other markings. 
BRAINBUSTER. Three cannibals and three missionaries want to 
cross a river. They must share a boat which is large enough 
to carry only two people. At no time may the cannibals out- 
number the missionaries, but the missionaries may outnumber 
the cannibals. How can they all get across the river using 
only the boat? 

BRAINBUSTER. Eight marbles all have, the same size, color, 
and shape. Seven of them have the same weight and the other 
Is heavier. Using a balance scale, how would you find the 
heavy marble if you make only two weighings? 
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7. BRAINBUSTER. Suppose you have a checkerboard and dominoes.. 
Each domino Is Just large enough to cover two squares on the 
checkerboard. How would you place the dominoes flat on the 
board In such a way as to. cover all the board except two 
opposite comer squares? 

Note: All the squares 
except the two sguares In 
opposite comers' are to 
be covered. 

' You may choose to leave 
the two white squares In 
opposite corners uncovered 
Instead of the dark or 
shaded squares marked "x." 



1-2. Deduct Ivfc Reasoning 

You can solve other types of problems by deductive reasoning. 
Suppose there are thirty pupils In your classroom. Can you prove 
that there are at least two of them who have birthdays during the 
same month? You can prove this In many ways without knowing the 
birthdays of any of them. One way Is to reason like this. Imagine 
twelve boxes, one for each month of the year. Imagine also that 
your teacher writes each pupil's name on a slip of paper and then 
puts the slip Into the proper box. If no box had more than one 
slip of paper, then there could not be more than 12 names In all. 
Since there are 30 names, then at least one box must contain mo^e 
than one name. 

13 
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Mathematicians are always eager to prove the best possible 
result.: Here, you can use the same method to prove that at least 
three members of your class have birthdays In the same month. If 
no box had more than two slips of paper, then there could not be 
more than 24 names in all. Since there are 30 names, then at 
least three, pupils have 'birthdays In the same month. Each problem 
In the next set of exercises can be solved by reasoning of the 
above type. 

Exercises 1^2 

1. Assume you have a set of five pencils which you are going to 
distribute among four of your classmates. Describe how 

one of them will get at least two pencils. 

2. (a) Would you have to give at least two pencils to one 

person if you were distributing ten pencils among six 
persons? 

(b) What can you say if you are distributing a dozen pencils 
among five persons? 

3. What is the least number of students that cotild be enrolled 
in a school so that you can be sure that there are at least 
two students with the same birthday? 

4. What is the largest number of students that could be enrolled 
in a school so that you can be sure that they all have 
different birthdays? 

5. There are five movie houses in a town. What is the smallest 
number of people that would have to go to the movies to make 
certain that at least two persons will see the same show? 

6. In problem 5, what is the largest number of people that would 
have to go to the movies so that you could be sure that no 
two of them will see the same show? 

7. If 8 candy bars are to be distributed among i' boys, hov7 many 
boys can receive three candy bars if each boy is to receive at 
least one bar? 



[sec. 1-2] 
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8. In a class of 32 stvidents various coinmlttees are to be formed. 
No student can be on more than one committee. Each committee 
contains from 5 to 8 students. What Is the largest nmber of 
committees that can be formed? 

9. BRAIMBUSTER. What Is the answer to problem 8 If every student 
can be on either one or two committees? 



1-3. From Arithmetic to Mathematics 

Another way In which mathematicians and other scientists 
solve problems Is to make experiments and observations. This 
method Is called the experimental method. Can you think of 
scientific problems which have been solved In this way? 

Many times in mathematics we experiment to discover a general 
way of solving an entire set of problems. After the general « 
method has been discovered, we try to prove that It Is correct by 
logical reasoning. 

The part of mathematics which you know best Is arithmetic. 
Often In arithmetic you can obtain results by experiment and by 
reasoning which can save you a lot of hard work and time spent 
In calculation. 

When Karl Prledrlch uavss, a famous mathematician, was about 
10 years old, his teacher wanted to keep the class quiet Tor a 
while. He told the children to add all the niombers from 1 to 100, 
that is 1 + 2 + 3 + .. . + 100. (Note: To save writing all the 
numbers between 3 and 100, It Is customary to write three dots. 
This may be read "and so on.") In about two minutes Gauss was up 
to mischief again. The teacher asked him. why he wasn't worklhg on 
the problem. He replied, "I've done It already." "impossible!" 
exclaimed the teaclier. "It's easy," answered Gauss. "First I 
wrote: 
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1+ 2+ 3+ 4+...+ 100, then I v/rote the niambers In 

reverse order: 

100 +29+^:1' 97 + . . . -r _1, then I added each pair of 

niombers : 

101 + 101 + 101 + 101 + ... + 101. 

\Jhen I added, I got one hundred lOl's. This gave me 100 x 101 = 
10,100. But I used each niomber twice. For example, I added 1 
to 100 at the beginning, and then I added 100 to 1 at the end. So 
I divided the ansv/er 10,100 by 2. The answer is ■^°A"^°° or 5,050." 

V/lioaifas. Karl Friedrich Gauss? Wnen did he live? You may 
find answers^ to these questions in your encyclopedia. 

Exercises 1-3 

1. Add all the numbers from 1 to 5, .that is, 1+2+3+4+5, 
using Gauss's method. Can you discover another short method 
different from the Gauss method? 

2. Can Gauss's method be applied to the problem of adding the 
numbers: 0+2+4+6+8? 

3. By a short method add the odd members from 1 to 15, that is 
1 + 3 + 5 + " . . + 15. (To save v/ritlng the odd numbers 
between 5 cUV* 15 it is customary to x-jrite three dots. This 
may be read *'and so on.") 

4. This problem gives you a chance to make another discovery 
in mathematics. 

Add the numbers below: Iflultiply the numbers below: 

a. 1 + 3 = ? 2x2 = '? 

b. 1 + 3 + 5 = Jj_ 3x3 = 

c. 1 + 3 + 5 + 7 = 4x4. = ? 

d. Look at the sums and the products on the right. What 
seems to be the general rule for finding the siams 

of numbers on the left? 

e. Apply your new rule to 1 + 3 + 5 + 7 + 9 „+ 11 + 13 + 15. 
Check vriLth your answer in Exercise 3. 

5. Add the odd numbers: 7 + 9 + H + . . . + 17. 

[sec. 1-3] 
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6. Add the even mombers from 29 to 40: 22 24 + 26 + • • , + 40. 

7. Add all the niambers from 0 to 50: 0 + 1 + 2 + + 50, 

8. Will Gauss's method work for any series of ntunbers whether we 
start with 0 or 1, or any other niomber? 

9. BRAINBUSTER. Add all the niombers from 1 to 200 by Gauss's 
method. Then add all the niombers from 0 to 200 by Gauss's 
method. Are the answers for these two problems the same? 
Why? 

10. BRAINBUSTER. Suppose Gausses teacher had asked him to add the 
numbers: 1+2+4+8+16+...+ 256. (Here we start with 
1 and double each number to get the one which follows.) Is 
there any short method for getting the siom? 

11. BRAINBUSTER. If you have a short method for doing Problem 10, 
try this one. Add the numbers: 2 + 6 + I8 + ... + 486, 
where we start with 2 and multiply each number by 3 to get the 
one which follows. The answer is 728. Can you find a short 
method for getting the sum? 



1-4. Kinds of Mathematics 

Mathematicians reason about all sorts of puzzling questions 
and problems. When they solve a problem they usually create a 
little more mathematics to add to the ever-increasing stockpiled of 
mathematical knowledge. The new mathematics can be* used with the 
old to solve even more difficult problems. This process has been 
going on for centuries and the total accumulation of mathematics 
is far greater than most people can imagine. Arithmetic is 
one kind of mathematics. The trigonometry, algebra, and plane 
geometry you will study are other kinds. 

Today there are more than eighty different kinds of mathe- 
matics. No single mathematician can hope to master more than a 
small bit of it. Indeed the study of axiy one of these eighty 
different branches x^ould occupy a mathematical genius throughout 
his entire life. So don't be surprised if your teacher sometimes 
fails to know all the answers! 

[sec. 1-4] : ; 
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Moreover, hundreds of pages of new mathematics are being 
created every day of the year — much more than one person could, 
possibly read In the same day. In fact, in the past 50 years, 
more mathematics has been discovered than In all the preceding 
thousands of years of man's existence. 
Chance or Probability 

One of the eighty kinds of mathematics which Is Interesting to 
rnathematlclans and also useful in present day problems Is the 
study of chance or probability. 

Many happenings In our lives are subject to Uncertainty, or 
chance. There Is a chance the fire alarm may ring as you read 
this sentence. There Is a chance that the teacher may give a test 
today. It Is difficult to predict exactly the chance of any of 
these events, although in such cases we woiild be satisfied to know 
that the chance Is very small. 

Many times, however, we would like to calculate the chance 
more precisely in order to compare the chances of several alter- 
natives. Mathematicians have been studying such questions for 
many years, and this Iclnd of mathematics Is called probability. 
Disney Needed the Mathematicians ' Kelp 

A number of such probability questions were answered for 
Walt Disney before Disneyland was built. When he considered 
setting up Disneyland, Disney wanted to know how big to build It, 
where to locate It, what admission to charge, and what special 
facilities to provide for holidays. He didn't want to take a 
chance on spending ^17,000,000 to build Disneyland without knowing 
something of the probability of success. 

What he really wanted answered was this type of question: If 
I build a certain type of facility, at this particular location, 
and charge so much admission, then what Is the probability that I 
will make a certain amount of money? 

Disney went to the Stanford Research Institute. There he 
talked with a group of mathematically trained people who are 
specialists In applying mathematical reasoning to business problems. 

[sec. 1-if] 



The people at Stanford first collected statistics about people — 
(their Income, travel habits, amusement preferences, number of 
children, etc.). Combining this Information by mathematical 
reasoning they predicted the probability that people would come to 
a certain location and pay a given price of admission. Prom 
reasoning like this they could predict the probability of having a 
successful Disneyland of a certain type at a given spot. Knowing 
the chance of success under given conditions, Disney was better 
able to decide how and where to build Disneyland and how much to 
charge for admission. 

This example Is typical of the way probability Is often used 
to give an estim^xte of the degree of uncertainty of an event or 
the chance of success of a proposed course of action. 

The following problems are mainly to give you some Idea of 
what simple probability Is about. 

Exercises 1^4 

1, To see how a mathematician might begin to think about prob- 
ability, imagine that you toss two pennies. There are four 
equally likely ways that the coins can come up: 



First Penny 
Second Penny 



H 


H 


T 


T 


H 


T 


H 


T 



We are using H to represent heads and T to represent tails, 
HH describes the event of both coins coming up heads. We say 
then that the probability of tossing 2 heads with 2 coins is 
1 out of 4 or We cannot predict what will happen in any 
one toss, but we can predict that if the two coins are tossed 
100,000 times or so, then the two heads will come up about ^ 
of the time. Try this experiment 100 times with some of your 
classmates and tabulate your results. Tabulate other exper- 
iments of the whole class and see how many HH trials turn up 
in the total number of trials. 
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2. What Is the probability that both coins show talis when two 
coins are tossed? 

3. What Is the probability that a head appears when one coin Is 
-tossed? 

4. What Is the probability of drawing the ace of spades from a 
full deck of 52 cards? 

5. What Is the probability of drawing some ace from a full deck 
of 52 cards? 

6. What Is the probability of throwing a die (one of a pair of 
dice) and having two dots come up? 

There are four acer (from a playing card deck of 52 cards) to 
be dealt to four people. What Is the probability that the 
first person who receives a card gets the ace of hearts? 

8. BRAINBUSTER. What Is the probability of throv/lng a pair of 
ones (one dot on each die) with one pair of dice? 

9. BRAINBUSTER. What Is the probability of having three heads 
come up If 3 pennies are tossed? What Is the probability of 
having exactly 2 heads turn up? At least 2 heads? 



1-5. Mathematics Today 

You are living In a world which Is changing very rapidly. To 
get some Idea of the changes In the past 20 years, ask your 
parents what life was like In their Junior high school days. Did 
you realize that such things as color TV, atomic submarines. Jet 
planes, and space satellites are all recent developments? There 
are new medicines and vaccines. There are new ways to make 
business decisions. There are new ways of computing. And, there 
are himdreds of other new developments reported every day. Can you 
think of some other new discoveries, new developments and nev/ 
products? The Interesting thing Is that mathematics and mathe- 
maticians have had a part In almost all of them. 

In the telephone Industry mathematics Is used to design 
switching devices, so that when you dial a phone number you have a 
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good chance of avoiding a busy signal. Mathematics has contributed 
especiailly in discovering better ways to send information over 
telephone vdres or by wireless communication. 

In the aircraft Industry mathematics helps determine the best 
shape for an airplane or space ship, and how strong its con- 
struction must be. Another kind of mathematics predicts whether a 
plane will shake itself to pieces as it flies through stormy air 
at high speeds. Still different forms of mathematics help design 
the radio and radar devices used to guide the plane and to 
communicate with other planes and with airfields. 

In almost all kinds of manuf ac turing , mathematics (the prob- 
ability you studied in the last section) is used to predict the 
reliability of the goods manufactured. Many times the manufacturer 
mus;^ make a guarantee of reliable performance based on a mathe- 
matical prediction. If the mathematician makes a mistake the 
manufacturer loses money (and the mathematician may lose his Job!). 

Other kinds of new mathematics help business men decide how 
much to produce, how best to schedule production to avoid paying 
too much overtime, and where to build new plants In order to reduce 
shipping costs. 

In the petrolevun industry mathematics is used extensively .in ^ 
deciding how many oil wells to sink and where to drill to get the 
most oil from an oil field at the least cost. Mathematical tech- 
niques also help the gasoline manufacturer to decide how much gas- 
oline of various qualities to refine from different crude 
petroleums. 

In all these businesses and. Industries, in universities and 
government agencies as well, the mathematics of computing and the 
big new electronic ccanputers are widely used. 

Why is mathematics now used in so many areas? One reason is 
that mathematical reasoning, and the kinds of mathematics already 
developed, provide a precise way to describe complicated situ- 
ations and to analyze difficult problems. The language of mathe- 
matics is expressed in shorthand symbols, all precisely defined, 
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and used according to definite logical rules. This often makes 
it possible to study problems too complicated to visualize. 
Frequently, mathematical reasoning predicts the possibility or 
impossibility of a scientific experiment. Sometimes, the most use- 
ful answer a mathematician can find is to prove beyond question 
that the problem (or machine, or system, or experiment) being 
studied is impossible. The mathematical vrork may also show why the 
problem is impossible in the present form and may suggest a way to 
get around the difficulties. 



1-6. Mathematics as a^ Vocation 

Before World War II almost all mathematicians were employed as 
teachers in schools and colleges. Since/ then, the world of 
mathematics and the world of mathematicians have changed tremen- 
dously. Today there are more teachers of mathematics than ever 
before. In junior and senior high school there are about 50,000 
people who teach mathematics. There are about 5,000 more teachers 
employed in colleges and diversities. But now (i960), in business, 
industry, and government there are more than 20,000 persons working 
as mathematicians. 

The Federal Government hires mathematicians in numerous 
agencies for many different assignments. Literally thousands of 
people v/ork with computers and computer mathematics. Industries 
of all types are hiring mathematicians to solve complex mathe- 
matical problems, to help other workers with mathematical diffi- 
culties and even to teach mathematics to other employees. 

Thesr^ changes have been brought about by the revolutionary 
advancer, in science and technology which w^ talked about. These 
changes are still continuing. By the time you are ready for a Job, 
opportimities for a career in mathematics will be even more^ 
numerous and varied. 

You will find a great deal about mathematics and its role in 
present-day life in the current news. The activities in section 
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1-6 and section 1-7 suggest ?ome ways of finding this information. 

You should start your search now and continue collecting 
materials throxighout the year > Many items will be suitable for 
your class bulletin board. 

Class Activities 1-6 

1. Make a list of businesses and industries that hire mathema- 
ticians and computers. You can do this by collecting want ads 
for mathematicians from newspapers, mathematical and techinical 
magazines. 

2. Collect Civil Service folders describing opportunities for 
mathematicians in government service. 

3. Look in your newspapers, in weekly magazines, and in scientific 
magazines for feature stories about mathematicians and mathe- 
matics . 



1-7. Mathematics in Other Vocations 

Many people who are not primarily mathematicians need to knov/ 
a lot of mathematics, and use it almost every day. This has long 
been true of engineers and physicists. Now they find it necessary 
to use even more advanced mathematics. Every new project in air- 
craft, in space travel, or in electronics demands greater skills 
from the engineers, scientists, and technicians. 

Mathematics is now being widely used and required in fields 
such as social studies, medical science, psychology, geology, and 
business administration. Mathematical reasoning and many kinds of 
mathematics are useful in all these fields. Much of the use of 
electronic computers in business and industry . is carried on by 
people who must learn more about mathematics and computing in order 
to carry on their regular Jobs. To work in many such Jobs you are 
required to knov/ a lot about mathematics. Merely to understand 
these phases of modem life, and to appreciate them enough to be 
a good citizen, you will need to know about mathematics. 
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This Is one of the major reasons this textbook Is being 
written — we know that you will need far more mathematics In yo\xr 
lifetime than your parents or your teachers ever were required to 
learn. We hope to be able to give you a foundation for all your 
future studies in mathematics and other sciences and at the same 
time share some of the fun aad excitement that people enjoy in 
discovering and using mathematics. 

Class Activities 1»7 
lo Extend your search of newspapers and magazines to include Job 
opportxmltles and feature stories about people using mathe- 
matical training in other vocations. 

2. Look in Civil Service folders to find the mathematical 
requirements for Civil Service appointments as engineer, 
physicist and statistician. 

3. Find out the requirements for some of the following vocations: 
(your guidance counselor may be able to help you with 
guidance pamphlets or college catalogues.) 

Accountant Electrician 

Actuary Parmer 

Aeronautical Engineer Machinist 

Agricultural Engineer Mathematician 

Bricklayer Nurse 

Carpenter Physicist 

Chemical Engineer Plumber 

Chemist Programmer 

Doctor Psychologist 

Economist Statistician 
Electrical Engineer 



[sec. 1-7] 



15 



1-8. Mathematics for Recreation 

Just as music Is the art of creating beauty with soxmds, and 
painting Is the art of creating beauty \ilth colors and shapes, so 
mathematics Is the art of creating beauty with combinations of 
Ideas. Many people enjoy mathematics cs a fascinating hobby. 
Many people study mathematics for fun Just as other people enjoy 
music or painting for pleasure. 

For many thousands of years people have enjoyed working 
various kinds of problems. A good example of this is a problem 
concerning the Kbnigsberg Bridges. In the early 1700 *s the city 
of Kbnigsberg, Germany v/as connected by seven bridges. Many 
people in the city at that time v/ere interested in finding if it 
were possible to v;alk throiigh the city so as to cross each bridge 
exactly once. 

Prom the diagram shoirtng these bridges, can you figiire out 
whether or not this can be done?' You may be Interested in knowing 
that a mathematician answered this question in the year 1736, 




b 



C 



f 



B 



D 



Pigiire l~8a 



Figure l-Sb 
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Plgxare l-Sb will help you see the various ways of walking 
throxigh the city using the bridges to go from one piece of land 
to another. Use C In place of the piece of land to the north and 
D, the land to the south. A Is the island and B Is the land to the 
east. The lines leading from A, C, D, and B show routes across 
the bridges to the various parts of the city. The bridges are 
lettered a, b, c, d, e, f , g. At points B, C, ^nd D three routes 
come together and at point A five routes meet. 

Several kinds. of mathematics were developed by mathematicians 
as a result of their work on such thought- provok ng problems as 
this one. 

Exercise l«-8 

1. BRAINBUSTER. Of the three figures shown, two can be drawn 
without lifting your pencil or retracing a line, while the 
other cannot. Which two can be drawn without going over any 
lines twice and. without crossing any lines? 



1-9. Highlights of First Year Junior High School Mathematics 

During this year you will develop a better understanding of 
what mathematics really is. You will have many opportunities to 
experiment with mathematics and use deductive reasoning. Though 
mathematics is much more than Just counting, computing, measuring, 
and drawing, you v/lll use many operations and applications in the 
following chapters. The next paragraphs will give you an over -all 
picture of the various topics you will be exploring. 

You will explore records of number from the primitive 
peoples' scratches in the dirt to written symbols for numbers. 
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The Egyptian symbol ^ (astonished man) for 1,000,000 and the 
Babylonian symbola^^for 21 give you an Idea of what Is to come 
in the next chapter. You will find that the numeral 100 (read 
one,' zero, zero) does not always represent one hundred. Does this 
surprise you? 

For many years you have used counting numbers, such as 1, 2, 
3, 4, and so on. Are there other kinds of members? Yes, you will 
become acquainted with several other kinds. 

If you notice how. numbers behave when you add or miiltlply them 
you will find some properties that are always true In addition and 
multiplication. Zero and one also have special properties vrtilch 
you may have discovered. This year you will be observing numerals 
much more closely than you have ever done. For some of you it will 
be similar to looking thi»ough a magnifying glass. When you really 
look at a problem carefully, you discover how much clearer the 
mathematics in the problem becomes. Ask yourself, "l\rhat has 
happened to these numbers? Can I tell what seems to be true?" 

For many years you have used the word "equal" and know a 

symbol for it. Are things always equal? Could you suggest a symbol 

for "is not equal to?" You are already familiar with many other 

symbols used in mathematics. Some of them you have used so often 

that you use them without thinking much about them. Look at the 
23 

symbol Are you familiar with this fraction? Now look at an 

Egyptian way of \vrltlng this fraction many years ago: "g" + ^ + 5 + 

1 23 

. Do you agree that the symbol is much simpler and easier 

to handle? New symbols irtll be introduced this year. They should 
help you to be more precise in your ordinary speech. 

Another interesting part of your year will be spent consider- 
ing ideas about points, lines, planes, and space. You may already 
have some ideas about thege. Have you ever built models? If you 
have, you will have some of your own ideas about points, lines, 
planes, and space. These ideas will need to be carefully consid- 
ered and expanded. You may not agree with your first observations 
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after you have studied more about these Ideas, 

Can you distinguish between quantities that are counted and 
quantities that are measui'ed? Different kinds of numbers are 
needed for counting and measuring, but you will, already have 
studied about these hvunbers and be ready to use them In measurement 
of various types of things. Your shop and home economics teachers 
will be good Judges of how well you can do. this. 

We cannot possibly tell you all about your first year in 
Junior high school mathematics, or xvhat mathematics is, in Just one 
chapter. However, vre hope that as you study mathematics this year 
you will gain a much '"^etter idea of what mathematics is and why 
you Should know as much of it as you can leaim. 
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Chapter-2 
NUMERATION - 

2-1, Caveman's Niunerals 

In primitive tines, boys and girls of your age were probably 
aware of simple numbers in coimting, as in count'ing "one deer" or 
"two arrows," Primitive peoples learned to keep records of numbers. 
... Sometimes they tied knots in a rope, or used a pile of pebbles, or 
cut marks in sticks to coimt objects, A boy counting sheep would 
have pebbles, or he might make notches in a stick, as 

\umii i . One pebble, or one mark in the stick would represent 
a single sheep. He could tell several days later that a sheep 
was missing if there was not a sheep for each pebble, or for each 
mark on the stick. Ycu make the same kind of record when you coimt 
votes in a class election, one mark for each vote, as ^THL II. 
When people began to make marks for numbers, by making scratches 
on a stone or in the dirt, or by cutting notches in a stick, they 
were writing the first numerals. Nimierals are symbols for numbers. 
Thus the numeral "7" is a symbol for the number seven. Numeration 
is the study of how symbols are written to represent numbers. 

As centuries passed, early people used soxmds, or names, for 
numbers. Today we have a standard set of names for numbers. A 
rancher counting sheep compares a single sheep with the name "one," 
and 2 sheep with the name "twq^" and so on. Man now has both 
symbols (l, 2, 3, . . .) and words (one, two, three, . . .) which 
may be used to represent nimibers . 

Ancient Number Systems 

One of the earliest systems of writing niamerals of which we 
have any record is the Egyptian. Their hieroglyphic, or picture, 
numerals have been traced as far back as 3300 B.C. Thus, about 
5000 years ago, Egyptians had developed a system with which they 
could express nimibers up to millions. Eg;yptian symbols are 
shown on the following page. 
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Our . Number 

1 

10 
100 
1,000 
10,000 
100,000 
1,000,000 



Egyptian Symbol 
I 

0 
9 
i 



Object Represented 
stroke or vertical staff 
heel bone 

colled rope or scroll 

lotus flower 

pointing finger 

burbot fish (or polllwog) 

astonished man 



These symbols were carved on wood or stone. The Egyptian 
system was an Improvement over the caveman's system because It 
used these Ideas: 

1. A single symbol could be used to represent the number of 
objects In a collection. For example, the heel bone represented 
the number ten, 

2. Symbols were repeated to show other numbers. The group 
of symbols ?f^? meant 100 + 100 + 100 or 300. 

3. This system v/as based on groups of ten. Ten strokes make 
a heelbone, ten heelbones make a scroll, and so on. 

The following table shows how Egyptians wrote numerals: 



Our numerals 




11 


53 


5o,5o6 




Egyptian 
numerals 

> 


iill 

L 


ni 


nniii 




A nnn iii 
x?99 nn (I) 
Ill 



About 4000 years ago, around 2000 BO, the Babylonians lived 
In the part of Asia we now call the Middle East, They did their 
writing with a piece of wood on clay tablets. Th se tablets are 
called cuneiform tablets. Clay was used because they did not know 
how to make paper. The pieces of v/ood were wedge-shaped at the 
ends as , A drawing Instrument of this type is called 

a stylus. With the stylus a mark f v;as made" on the clay to 
represent the number "one." By turning the stylus, they made this 
symbol ^ for "ten," They combined these symbols to write 
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numerals up to 59 as shown In the table below: 



Our ntunerals 


5 


15 


35 


59 


Babylonian 
numerals 


f Tf 
f T 


<TTf 


«<M 


«< III 



Later In this chapter you will learn how the Babylonians 
wrote numerals, or symbols, for numbers greater than 59. 

The Roman system was used for hundreds of years. There are 
still a few places at the present time where these numerals are 
used. Dates on cornerstones and chapter numbers In books are 
often v/rltten in Roman ntimerals. 

Historians believe that the Roman numerals came from pictures 
of fingers, like this: . I , M , | M , and | | | | . The Romans then 
used a hand for five, ^ . Gradually some of the marks were 

omitted, and they wrote V for five. Two fives put together made 

the symbol for ten, X. The other symbols v/ere letters of their 

alphabet. The following table shows the other letters used by the 
Romans : 



Our Numeral 


1 ■ 


5 


16 


56 


166 


5o6 


1666 


Roman Numeral 


I 


V 


X 


L 


c 


D 


M 



In early times the Romans repeated symbols to make larger 
numbers in the same way that the Egyptians had done many years 
before. Later, the Romans made use of subtraction to shorten some 
numbers. 



The values of the Roman symbols are added when a symbol rep- 
resenting a larger quantity is placed to the left in the 
numeral . 

MDCLXVI = 1,000 + 500 + 100 + 50 + 10 + 5 + 1 = 1666. 

DLXI = 500 + 50 + 10 + 1 = 561 

When a symbol representing a smaller value is written to the 
left of a symbol representing a larger value, the smaller value is 
subtracted from the larger. 
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IX = 10 - 1 = 9. 
XC = 100 - 10 =^ 90. 
The Romans had restrictions on subtracting. 

1. V, L and D (symbols representing niombers that start 
with 5) are never subtracted. 

2. A niomber may be subtracted only in the following cases: 

I can be subtracted from V and X only. 
X can be subtracted from L and C only. 
C carr be subtracted from D and M only. 
Addition and subtraction can both be used to write a niomber. 
First, any number whose symbol is placed to show subtraction is 
subtracted from the number to its right; second, the values found 
by subtraction are added to all other numbers in the nT;|meral. 
CIX = 100 + (10 ^ 1) = 100 + 9 = 109. 
MCMLX » 1,000 + (1,000 - lOO) +50+10 ' 

= 1,000 + 900 + 50 + 10 = i960. 
Sometimes the Romans wrote a bar over a niomber. This multi- 
Y)lied the value of the symbol by 1,000. 

X = 10,000, TJ = 100,000, and !5ffTT = 22,000. 
There were many other number systems used throughout history: 
the Korean, Chinese, Japanese, and Indian systems in Asia; the 
Mayan, Incan, and Aztec systems of the Americas; the Hebrew, Greek, 
and Arabian systems -in the Mediterranean regions. You might enjoy 
looking up one of these. If you do, you will find the study of 
these various systems very interesting. We do not have the time 
needed to discuss all of them in this chapter. 

Exercises 2-1 

1. Write the following numbers using Egyptian niomerals: 

a. 19 b. 53 c. 666 d. i960 e. 1,003,214 

2. The Egyptians usually followed a pattern in writing large 
numbers. However, the meanings of their symbols were not 
changed if the order in a numeral was changed. In what 
different ways can twenty-two be written in Egyptian notation? 
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Write our mjmerals for each of the following nijmbers: 

c. i nn III d. )^c;^9? 

Ill 

Write the following nijmbers in Babylonian nijmerals: 

a. 9 b. 22 c. 51 

Write our nijmerals for each of the following nijmbers: 

^ <;;' c;wm 

Write our nimierals for each of the following rnombers: 

a, XXIX b./' LXI c, XC d, CV e, DCLXVI f. U 

g. MCpXCII 

Write the follovglng ruambers In Roman nvmierals: 

a- 19 b. 57 c. 888 d. 1690 e. 1,000,000 

f . 15,000 

a. How many different symbols were used In writing Egyptian 
numerals? 

b. How many different symbols were used In writing the Baby- 
lonian numerals for numbers up to 59? 

c. How many different symbols did the Romans use In writing 
numerals? 

d. How many different symbols are there In our system? 

a. Do XC and CX have the same meaning when written In Roman 
notation? Explain, using our niomeral or numierals, 

b. Was the position of a symbol In a numeral important in 
the later Roman system? If so, what does the position of 
the numeral show? 

a. What number is represented by III in the Roman system? 

b. V/hat number is represented by 111 in our system? 

c. Can you explain why your answers are different for parts 
a and b? 
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11. V/rlte each of these pairs of numbers In our notation, then add 
the results and change the ansv/er to Roman numerals. 

a. KDCCIX and DCLIV 

b. ' MMDCXL and MCDVIII 



2-2. The Decimal System 
History and Description 

All of the early nxomber systems are an Improvement over match- 
ing notches or pebbles. It Is fairly easy to represent a niomber In 
any of them. It Is difficult to use them to add and" multiply. 
Some Instruments, like the abacus, were used by ancient peoples to 
do arithmetic problems. 

The way we write numerals was developed In India. Arab 
scholars learned about these numerals and carried them to Europe. 
Because of this, our numerals are called Hindu-Arabic niomerals. It - 
Is Interesting to note that most Arabs have never used these 
symbols. Because our system uses groups of ten. It Is called a 
decimal system. The word decimal comes from the Latin word "decem, " 
x-iThich means "ten." 

The decimal system Is used in most of the v/orld today because 
it is a better system than the other number systems discussed in 
the previous section. Therefore, it is important that you under- 
stand the system and know how to read and wite numerals in this 
system. 

Long ago man learned that it was easier to coiant large numbers 
of objects by grouping the objects. We use the same idea today 
when we use a dime to represent a group of ten pennies, and a- 
dollar to represent a group of ten dimes. Because we have ten 
fingers it is natural for us to count by tens. We use ten sjonbols 
for our numerals. These symbols, which are called digits , are 1, 
2, 3, k, 5, 6, 7, 8, 9, and 0. The word digit refers to our 
fingers and to these ten number symbols. V/itli these ten symbols 
we can write a nvanber as large or as small as we wish. 
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The decimal system uses the Idea of place value to represent 
the size of a group. The size of the group represented by a symbol 
depends upon the position of the symbol or digit In a niomeral. The 
symbol tells us how many of that group we have. In the numeral 
123, the "1" represents one group of one hundred; the "2" repre- 
sents two groups of ten, or twenty; and the "3" represents three 
ones, or three. This clever Idea of place value makes the decimal 
system the most convenient system In the world. 

Since we group by tens In the decimal system, we say Its base 
Is ten. Because of this, each successive (or next) place to the 
left represents a group ten times that of the preceding place. 
The first place tells us how many groups of one. The seconiplace 
tells us how many groups of ten, or ten times one (10 x l). The 
third place tells us hov; many groups of ten times ten (10 x 10), 
or one hundred; the next, ten times ten times ten (10 x 10 x 10), 
or one thousand, and so on.- By using a base and the ideas of 
place value, it is possible to write any number in the decimal 
system using only the ten basic symbols. There is no limit to the 
size of numbers which can be represented by the decimal system. 

To understand the meaning of the number represented by a 
numeral such as 123 v/e add the numbers represented by each symbol. 
Thus 123 means (l x lOO) + (2 x 10) + (3 x l), or 100 + 20 + 3. 
The same number is represented by 100 + 20 + 3 and by 123. V/hen 
we write a numeral such as 123 we are using number symbols, the 
idea of place value, and base ten. 

One advantage of our decimal system is that it has a symbol 
for zero. Zero is used to fill places v;hich v/ould otherv/lse be 
empty and might lea<i to misunderstanding. In ivriting the numeral 
for three hundred seven, we write 307. Without a symbol for zero 
we might find it necessary to v/rite 3-7. The meaning of 3-7 or 
3 7 might be confused. The origin of the idea of zero is loncertain, 
but the Hindus v/ere using a symbol for zero about 600 A.D., or 
possibly earlier. 
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The clever use of place value and the symbol for zero makes 
the decimal system one of the most efficient systems m the world. 
Pierre Simon Laplace (17^9 - 182?) , a famous French mathematician, 
called the decimal sysjbem one of the world's most useful Inventions. 

Reading and Writing Decimal Numerals 

Starting with the first place on the right, each place In the 
decimal system has a name. The first Is the units place, the 
second the tens place, the third the hundreds place, the fourth 
the thousands place, and so on. The places continue Indefinitely. 
Do not tjonfuse the names of our ten symbols with the names of 
the places. Long niMbers are easier to read. If the digits are 
separated at regular Intervals, Starting at the right, every g;roup 
of three digits Is separated by a comma. These groups also have 
names as shown by the following table for the first four groups of 
digits. 



Group 
Name 


Billion 


Million 


Thousand 


Unit 


Place 
Name 


Hundred Billion 
Ten Billion 
Billion 


Hundred Million 
Ten Million 
Million 


Hundi^ed Thousand 
Ten Thousand 

, Thousand 


Hundred 
Ten 


Digits 


5 h 5 , 


4 6 5, 


7 3 8,. 


9 2 1 



The names of the digits, the concept of place value and the 
group name are all used to read a number. To read the numeral 
shown In the table we start with the group on the left, reading the 
niMber represented by the first group of digits as one numeral. 
This Is followed by the name of the group, as "five hundred forty- 
five billion," Then we read each of the following groups, using 
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the name for each group as shown in the table, except that we do 
not use the name "\mlt" In reading the last group on the right. 
The whole n\jmeral shown In the table Is correctly read as "five 
hundred forty-five billion, four hundred sixty-five million, seven 
hundred thirty-eight thousand, nine hundred twenty-one." The word 
"and" Is not used In reading numerals for whole numbers. 

Although we have only ten symbols, we use these symbols again 
and again. They are used In different positions In numerals to 
express different numbers. Similarly, In reading numerals we use 
only a few basic words. We use the names for the symbols, "one, 
two, three, foiaij" and so on. Then we have the words "ten, eleven, 
twelve, hundred, thousand," and so on. For other names we use 
combinations of names, as In "thirteen" which Is "three and ten," 
or In "one hundred twenty-five" which Is "one hundred, two tens, 
and five ones. 

Exercise 2-2 

1. How many symbols are used In the decimal system of notation? 
Write the symbols, 

2. Write the names for the first nine places in the decimal 
system. Begin with the smallest place and keep them in order, 
as "one, ten, ?,?,... 

3. Practice reading the following numerals orally, or vn?lte the 
n\imerals in words. 

a. 300 d. 15,015 g. 100,009 

b. 3005 e. 234,000 h. 430,001 

c. 7109 f. 608,014 i. 999,999 

4. Practice reading the following numerals orally, or write the 
n\imerals in words. 

a. 7,036,208 c. 20,300,400,500 

b. 9,300,708,500,000 d. 900,000,000,000' 

5. Write the following using decimal numerals; 

a. one hundred fifty-nine. 

b. five hundred three. 

c. six thousand, eight hundred fifty-seven. 
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d. three million, oeventy thousand, thirteen. 

e. four billion, three hundred seventy-alx million, seven 
thousand. 

f. twenty thousand, ten. 

g. nine million, fifteen thousand, two hundred. 

6. a. Write the numeral representing the largest five place 

number in the decimal system. 

b. Explain what this number means Just as (3 x lo) + (5x1) 
explains the meaning of 35. 

c. Write the numeral In words. 

7. a. Write the numeral representing the smallest 6- place number 

In the decimal system. 

b. E:q3laln the meaning of this number. 

c. Write the numeral In words. 



2-3. Expanded Numerals and Exponential Notation 

We say that the decimal system of writing numerals has a base 
ten. Starting at the units place, each place to the left has a 
value ten times as large as the place to Its right. The first six 
places from the right to the left are shown below: 

hundred thousand ten thousand thousand hundred ten one 
(10X10X10X10X10) (lOxlOxlOxlO) (lOxlOxio) (10x10) (10) (1) 

Often we write these values more briefly, by using a small numeral 
to the right and above the 10. This ntuneral shows how many 10 »s 
are multiplied together. Numbers that are multiplied together are 
called factors. In this way, the values of the places are written 
and read as follows: 
(10 X 10 X 10 X 10 X 10) 10^ "ten to the fifth power" 

(10 X 10 X 10 X 10) 10^ "ten to the fourth power" 

(10 X 10 X 10) 10^ "ten to the third power" 

(10 X 10) 10^ "ten to the second power" 
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(lO) lO-'- "ten to the first power" 

(1) 1 "one" 

In an ejqpresslon as 10 , the niunber 10 is called the base and the 
number 2 Is called the exponent . The exponent tells how many times 
the base is taken as a factor In a product. lO^ indicates (lO x lo) 
or 100, A number such as 10^ Is called a power of ten, and m this 
case It Is the second power of ten. The exponent Is sometimes 
omitted for the first power of ten; we usually write 10, instead 
of lO"*". All other exponents are always written. Another way to 
write (4 X 4 X 4) Is 4^, where 4 is the base, and 3 is the exponent. 

How can we write the meaning of "352" with exponents? 
352 - (3 X 10 X 10) + (5 X 10) + (2 X 1) 

» (3 X 10^) + (5 X lO-"-) + (2X1). This Is called expanded 
notation. Writing numerals in expanded notation helps explain the 
meaning of thevliole numeral. 

History 

Probably the reason that v/e use a numeral system vd,th ten as 
a base is that people have ten fingers. This accounts for the fact 
that the ten symbols are called "digits" v;hen they are used as 
numerals. V/e use the term "digits" when ^ve wish to refer to the 
symbols apart from the longer numerals in which they are used. 

The Celts, who lived in Europe more than 2000 years ago, used 
twenty as a base, and so did the Mayans in Central America. Can 
you think of a reason for this? \Vhat special name do we sometimes 
use for twenty? Some Eskimo tribes group and count by fives. Can 
you think of a good reason for this? Later we shall see how systems 
work, vAxerx we use bases other than ten. 

Exercises 2*'3 

1. Write the following in words: 10"*" as "ten to the first power," 
and so on up to 10^. 

2. Write each of the following using exponents. 

a. 3x3x3x3x3 c. 6^6x6x6x6x6 

b. 2 X 2 X 2 X 2 d. 25 \ 25 X 25 
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e. 5 X 5 X 5 X 5 X 5 X 5 g. 279 x 279 x 279 x 279 x 279 
fr X 4 h. 16 

How many fives are used as factors In each of the following? 

a. 5^ c. 5^ e. 5*^ 

b. 5^ d. 5^° f . 55 

Write each of the following without exponents as 
2"^ = 2 X 2 X 2. 

a. 43 c. 2® e. 33^ 

b. 3^^ d. 10''' ^ f. 175^ 
What does an exponent tell? 

Write 3ach of the following expressions as shown In the 
exainple: ^ means 4 x 4 x 4 « 64. 



a. 


33 


d. 


25 


g. 


82 


J. 


3^ 


b. 


5^ 


e. 




h. 


92 


^• 


2^ 




4^ 


f. 


73 


1. 


103 


1. 


45 



WhJ^ch nxmeral represents the larger ntunber? 
a. 4^ or 3^ b. or 9^ 

Write the following nxamerals In expanded notation as shown In 
the exainple: 210 = (2 x 10^) + (l x lO-"-) + (O x l) 

a, 468 c. 7062 

b. 5324 d. 59,126 

e. 109,180 

Complete the table shown belov/ for the powers of ten, starting 
with lO"''^ and v/orking down. The next expression will be 10^, 
and so on. Write the nxameral represented by each egression, 
and then ivrite each nvuneral in words. Continue :until you 
reach lO**". 

•Power Ntmieral V/ords 

10''"° .10,000,000,000 ten billion 

10^ 1,000,000,000 one billion 

10^ . ? ? . 
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; 10. In the table of problem 9> what Is the relation betv/een the 
. exponent of a pov/er of 10 and the zeros when that number Is 

written In decimal notation? 

11. Write the following ntunerals vrLth exponents: 

a. 1000 c. 1,000,000 

b. 100,000 ^ 1. . . 

d. one hundred million 

12. A mathematician v^as talking to a group of arithmetic students 
one day. . They talked about a large number which they decided 
to call a "googol." A googol is 1 followed by 100 zeros. 
Write this xrtth exponents. 

13. BRAINBUSTER. What Is the meaning of 10^? of lO"*"? V/hat do you 
think should be the meaning of 10°? 



2-4. Numerals in Base Seven ^ 

You have known and used decimal numerals for a long time, and 
you may think you understand all about them. Some of their charac- 
teristics, howevor, may have escaped your notice simply because 
the niamerals are familiar to you. In this section you will study 
a system of notation with a different base. This will increase 
your undea^standing of decimal numerals. 

Suppose we found people living on Kars xrtth seven fingers. 
Instead of counting by tens, a Martian might count by sevens. Let 
us see how to write numerals in base seven notation. This time we 
plan to work with groups of seven. Look at the.x^s below and 
notice how they are grouped in sevens vriLth some x*s left over. 

(x X X X x) 
V^xx^^ X 
X X ^xxxxxxxJ ^ 

X /^X X X x^ ^ ^ 

V^,3C X X ) 

Plgxire 2-4- a 

Figure 2-4-b 

In figure 2-4-a v/e see one group of seven and five more. The 
numeral is written ISg^^^^. In this nxomeral, the 1 shov;s that 
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there is one group of seven, and the 5 means that there are five 
ones . 

In flgxire how many groups of seven are there? Hovr many 

x»s are left outside the groups of seven? The numeral representing 
this number of x»s Is S^geve^^., The 3 stands for three groups of 
seven, and the 4 represents four single x*s or four ones. The 
"lowered" seven merely shov/s that v/e are v/orlclng in base seven. 

\Jhen vie group In sevens the nxamber of individual objects left 
can only be zero, one, tv/o, three, four, five, or six. Symbols 
are needed to represent those numbers. Suppose v;e use the familiar 
0, 1, 2, 3, 4, 5 and 6 for thes^ rather than invent new symbols. 
As you vriLll discover, no other sjnubols are needed for the base 
seven system. 

If the x»s are marks for days, v/e may think of 15 as a 

seven 

v/ay of vjTitlng 1 \jeek and five days. In our decimal system tve 

name this number of days "tv;elve" and vn?lte it "12" to show one 

group of ten and two more. We do not ivrite the base name iji oior 

numerals since v/e all knovr what the base is. 

We should not use the name "fifteen" for "15 because 

seven 

fifteen is 1 ten and 5 more. V/e shall simply read 15 as 
It ^ . *. seven 

"one, five, base seven." 

You knov/ how to count in base ten and how to write the nxjmer- 
als in succession. Notice that one, tv/o, three, four, five, six, 
seven, eight, and nine are represented by single symbols. How is 
the base number "ten" represented? This representation, 10, means 
one group of ten and zero more. 

With this idea in mind, thinlc about counting in base seven. 
Try it yourself and compare ;ri.th the follovrijig table, filling in 
the ntimerals from 21^^^^^ to 63^^^^^. In this table the "lowered" 
seven is omitted. 



[sec. 2-4] 



Counting In Base Seven 



- Number 

:':pne-. 

two 
•three 

four 

five 

six 

one, zero 
one, one 
one, two 
one, three 



Symbol 

1 
2 
3 
4 

■I 

10 
11 
12 
13 



Number 

one, four 

one, five 

one, six 

tv7o, zero 

two, one 

six, three 
six, four 
six, five 
six, six 



How did you get the numeral follovAng 16 
thought sor thing lUce this: 



0 

seven ' 



Symbol 

14 

15 
16 
20 
21 

63 
64 
65 
66 

You probably 




XXX 

_/ X X 3C 



and 



X Is the same as 




\Jhat v^ould the next numeral after 66 be^^ 
. ^ ^ seven ' 

have o sevens and 6 ones plus another one. 



which is 2 groups of seven xts and 0 x»s left over. 

Here you x^ould 

This equals 6 sevens 

and another seven,, that Is, seven sevens. How could we represent 

(seven) v/lthout using a new symbol? We Introduce a new group, 

the (seven) group. This number would then be written 100 

— seven* 
\Ihat does the number really mean? Go on from this point and ;vrlte. 

a fevx more numbers. VJhat would be the next numeral after 666 

seven 

Nov? you are ready to wlte a list of place values for base 
seven. Can you do this for yourself by studying the decimal place 



values on page 30 and thinking about the meaning of 100, 



seven" 



Place Values In Base Seven 



(seven)^ (seven) fseven)^ fseven)^ (seven)"^ (one) 

Notice that each place represents seven times the value of the 
next place to the right. The first place on the rlglit is the one 
V'i-s.ce in both the decimal and the seven systems. The value of the 

[aec. 



44 



ERIC 



36 



second place is the base times one . In this case v/hat Is It? The 
value -In the third place from the right Is (seven x seven), and In 
the next place (seven x seven x seven). 

V/hat Is the decimal name for (seven x seven)? V/e need to use 
this (forty-nine) when v/e change from base seven to base ten, Shov/ 
that the decimal niomeral for ( seven) ^ Is 343. V/hat Is the decimal 
numeral for (seven) ? 

Using the chart above, v/e see 'that 
^^^seven ^ seven x seven) + (4 x seven) + (6 x one). * 

The diagram shovrs the actual grouping represented by the 
digits and the place values In the niomeral 246^ 



seven* 



^ Qc X X X X X x^ \ 



[ Qc X X X X X X 3 

I^^X X X X X 



I 

}(x X X X X X 

— 



X X X X 



X 



j( x^X XXX x^c^ 



X X X X X 



1>J 




<2 



X X X X X 



X X X X X X 



3> 



X X X X jC ^ 
C g^X X X X X x^ 
yC jC X X X X X X^ 

(2 X seven x seven) 



( x:c XXX xx^ 

X X X X 



X X X 
XXX 



^x 



X X X X 



3) 



X X X X X 



(4 X seven) 



(6 X one) 



If we v/lsh to write the number of x«s above in the decimal 
system of notation v;e may ;7rlte: 

2^^seven = (2 x 7 x 7) + (4 x 7) + (6x1) ' 
= (2 X 49) + (4 X 7) + (6 X 1) 
= 98 +28+6 

Regroup the x*s above to show that there are 1 (ten x ten) 
group, 3(ten) groups, and 2 more. This should help you understand 
that 246 



seven 



132 



ten* 
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Exercises 2>-4 

1. ^^^ ^to below and wlte the/niunber of x» s in base seven 
. notation: / 

a. X X X X X b. X X X X X c, x x x x x x x x x 

X X X X X X X X X 

XXXXX XX XXX xxxxxxxxx 

xxxxxxxxx 
xxxx xxxxxxxxx 

X X X. X X X X X X : 
xxxx xxxx xxxx 

2. Draw x>s and group them to shov; the meaning of the follovrtng 
nimerals. 

3. Write each of the folloirtng numerals In expanded form and then 
in decimal notation. 

: ^- ^^seven ^' ''^seven °- ^°%even ^- 52^seven- 
h. Write the next consecutive niomeral after each of the follov/lng 
numerals. 

5. What Is the value of the "6" In each of the follov/lng numerals? . 

^' 56033^3^ b. 5633^3^ C. 60533^3^ d. 605033^3^ 

6. In the base seven system vn?lte the value of the fifth place 
counting left from the imlts place. 

7. In the base seven system, v/hat Is the value of the tenth place, 
from the right? 

*8. VJhat numeral In the seven system represents the number named 
by six dozen? 
9. V/hlch number Is larger, ^52^^^^^ or ^32^^^^^? 

10. V/hi.ch number Is greater, 250„^, ^ or 205. ? 

" ' seven ten 

11. l-nilch Is smaller, 212533^3^^ or 75^3^? 

12. A nmber Is divisible by ten If a remainder of zero Is obtained 
v;hen the nijmber Is divided by ten. 
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a. Is 30^^^ divisible by ten? Why? 
b. Is 241^^^ divisible by ten? Why? 

^» How can you tell by glancing at a base ten numeral x^rhether 

the number Is divisible by ten? 
♦13. Is 30g^^^^ divisible by ten? E:5)laln how you arrived at your 

answer. Is 6o^^,,^„ divisible by ten? 
♦14. a. What would the phrase "a counting nimber Is divisible by 
' seven" mean? 

b. Is 30gg^^^ divisible by seven? Why? 

♦15. Is 31gg^g^ divisible by seven? E:5)laln your answer. 
♦l6. State a rule for determining when a number written In base 
sfeven Is divisible by seven. 

You should see from problems 11-15 that the way v/e determine 
whether a number Is divisible by. ten depends on the system In which 
It Is written. The rule for divisibility by ten In the decUnal 
system Is similar to the rule for divisibility by seven in the base 
seven system. 

17. Which of the numbers 24^^^, ^^ten' ^®ten divisible by 
two? How do you tell? What do you call a number which is 
divisible by two? What do you call a number not divisible by 
two? 

♦18. Is llggyen an even number or an odd number? Can you tell 

simply by glancing at the following which represent even or 
odd numbers? 

•'•^seven^ "^^seven' -^^seven' ^^seven^ ^^seven* 
What could you do to tell? 

Here again a rule for divisibility in base ten will not work 
for base seven. Rules for divisibility seem to depend on the base 
with which we are working. 
19. BRAINBUSTER. On planet X-101 the pages in books are numbered 
in order as follows: 1, A , □ , 5 , H , 1-, 11, 1^, 
lA , ID , IB ,18 , /. 1, and so forth. What 
seems to be the base of the numeration system these people use? 
Why? How would the next number after / 1 be written? V/hich 
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sjnnbbl corresponds to our zero? Write ntunerals for numbers 
from □ - to HA. 

20. BRAINBUSTER. Find a rule for determining v/hen a niomber 
■written in base seven Is divisible by two. 



.2-5. Computation In Base Seven 
Addition 

In the decimal, or base ten, system there are 100 "basic" 
addition combinations. By this time you know all of them. The 
combinations can be arranged in a convenient table. Part of the 
table is given belov/: 

Addition, Base Ten 



+ 


0 


1 


.2 


3 


4 


5 


6 


7 


8 


9 


0 


0 






1 
1 

-H 














1 


1 


2 




1 














2 








'5 














3 


3 


4 


5 


6 














4 


4 


5 


6 


7 


8 












5 


5 


6 


7 


8 


9 


10 


11 








6 






















7 






















8 






















9 


















17 





The. numbers represented in the horizontal row above the line 
at the top of the table are added to the niambers in the vertical 
row under the "+" sign at the left. The sum of each pair of num- 
bers is written in the table. The sum 2 + 3 is 5, as pointed out 
by the arrows. 
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■ Exercises 2-5-a 

1. Find the siams 

a. 6 + 5 b. 9 + 8. < 

2. Use cross ruled paper and complete the addition table on pag( 
(you will use It later) . 

3. Draw a diagonal line from the upper left corner to the lower 
right comer of the chart as shovm at the right. 

a. Is 3 + 4 the , same as 4 + 3? 

b. How could the answer to part 
a) be determined .from the 
chart? 

c. V/hat do you notice about 
the two parts of the chart? 

. d. V/hat does this tell you about the number of different 

combinations which must be mastered? Be sure you can re- 
call any of these combinations whenever you need them. 
4. Make a chart to show the basic svms when the numbers are 
written in base seven notation. Pour sums are supplied to 
help you. 



+ 


0 


1 


2 


3 ■ 


4 


5 


6 


0 
















1 








4 








2 










6 






3 , 












11 




4 














13 


5 
















6 

















. a. How many different- number combinations are there In the 
base seven table? V/hy? 
b. V/hlch would be easier, to3eam the necessary multiplication 
combinations in base seven or in base ten? V/hy? 
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c. Find 4^^^ + 5ten ^even + ^seven Are 
the results equal; that Is, do they represent the same 
number? 

The answer to problem 5c Is an Illustration of the fact that 
a number Is an idea independent of the numeralis used to write its 
name. Actually, g^en -^^seven ^® different names for the 
same number. 

Do not try to memorize the addition combinations for base 
seven. The value in making the table lies in the help it gives 
you in understanding operations with numbers. 

The table that you completed in problem 4 of the last set of 
exercises shows the sums of pairs of numbers from zero to six. 
Actually, little more is needed to enable us to add larger numbers. 
In order to see what else in needed, let us consider how we add in 
base ten. What are the steps in your thinking when you add numbers 
like twenty-five and forty-eight in the decimal notation? 

25 = 2 tens + 5, ones « ^ 25 

M = 4 tens + 8 ones = ^ 48 

6 tens + 13 ones = 7 tens + 3 ones « 73 

Try adding in base seven: l^geven ^^seven 

1 seven + 4 ones (You may look up the sums 5+4 and 

3 sevens + 5 ones 3 + 1 in the base seven addition table, 

4 sevens + 12 ones = 5 sevens + 2^ ones = 52 , ^ 

seven 

How are the two examples alike? How are they different? When is 

it necessary to "carry" (or regroup) in the ten system? When is it 

necessary to "carry" (or regroxip) in the seven system? — \ 1 

Tiy your skill in addition on the following problems. Use the 

addition table for the basic sums, 

42 65 32 2^54 43*5 '524 

seven ^seven seven ^. seven ^seven seven 

13 11 25 105 625 564 
seven seven -^seven ^seven ^seven ^ seven 



^^^heven^ . and l421geven 



The answers in order are 55 > 106„^ , 6o , 362 , 

-^-^seven' seven' seven' seven' 
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Subtraction 

How did yoti learn to subtract In base ten? You probably used 
subtraction combinations such as 14 - 5 until you were thoroxighly 
familiar with them. You know the answer to this problem but 
suppose, for the moment, that you did not. Could you get the 
answer from the addition table? You really want to ask the follow- 
ing question "What Is the number which, v/hen added to 5, yields 
l4?" Since the seventh row of the base- ten addition table gives 
the results of. adding various numbers to 5, we should look for l4 
In that row. V/here do you find the answer to l4 - 5? Did you 
answer 'H:he last column"? Use the base ten addition table to find 
9 - 2, 8^ .5, 12 . 7, 17 - 9. 

The Idea discussed above Is used In every subtraction problem. 
One other Idea Is needed In many problems, the Idea of "borrowing" 
or "regrouping, " This last idea is Illustrated below for base ten 
to find 761 - 283: 

7 hundreds + 6 tens* + 1 one = 6 hmdreds + 15 tens + 11 ones = 76I 
2 hmdre ds -h 8 tens + 3 ones = 2 hmdreds + 8 tens + 3 ones = 283 

4 hmdreds + 7 tens + 8 ones = 478 
Now let us try subtraction in base seven. How v/ould you fiiii' 

^seven " ^seven* ^^"^ ^^seven " ^seven* did you use the 

addition table for base seven? Find answers to the following 
subtraction examples: 

^^seven ^^seven ^^seven ^^^seven ^^seven 

6 4 6 It 
seven seven seven ^seven seven 

The answers to these problems are 6 ^,5 ,2 
^ - ^ seven' ^seven' Seven' 

Seven- ^seven" 

Let us work a harder subtraction problem in base seven 
comparing the procedure with that used aibove: 
^"^^seven ^ ^ sevens + 3 ones = 3 sevens + 13 ones = 43 

seven 

•'•^aeven ~ 1 seven + 6 ones = 1 seven -h 6 ones = 16 
— ; seven 

2 sevens + 4 ones = 24 

seven 

[sec. 2-5] 



43 

Be svire to note that "13 ones" above Is In the seven system 
and Is "one seven, three ones." If you wish to find the number 
you add to 6^^^^^ to get 13^^^^^, how can you use the table to 
help you? Some of you may think of the niomber v/lthout referring 
to the table. 

Practice on these sxibtractlon examples: 

^^seven ^^seven ^^seven seven ^°^seven 

^seven f£seven ^seven fff seven,. ^^^ seven 

The answers are 42„^„^^, 23^^„_, 5 , 156 and 333 

seven' seven seven' seven seven 

Exercises g«5-b 

1. Each of the following examples Is written In base seven. Add. 
Check by changing the numerals to decimal notation and adding 
In base ten as In the example: 

Base Seven Base Ten 

^^seven = 13 

^^seven " ^'^ 

"^seven ^ 

Does 42 =» 30? 

seven 

iiseven f^seven seven 

^- '^O^seven + 56333^^^ g. 6k5^^^^^ + 60533^3^ 

^' 624533^3„ + 531433^3„ 1. 620433^3^+234^^^^^ 

J- Wn + ^^^seven ^- 54063^^^^ + 624533^3^. 

2. Use the base seven addition table to find: 

^* ^seven " ^seven ^* ^^seven " ^seven 

c 12 - "5 

seven ^seven 
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3. 



Each of the following examples Is vwltten In base seven. 
Subtract. Check by changing to decimal nijmerals. 



4. 



a. 


■'■^seven ^^seven 

5, 26 
— ^even — seven 


c. 


200 

seven 

4 

' —seven 


d. 160 

seven 

5 

seven 






e. 


44 - 35 
seven seven 


r • 


041 - 

seven 


132 

seven 


g. 


502 - 266 

seven seven 


h. 


5000 

^ seven 


- 4261 

seven 


1. 


634 - 52 

seven ^ seven 


J. 


134 

seven 


65 
^seven 


k. 


3451 - 2164 
^ seven seven 


1. 


253 
^ seven 


166 

seven 


Show by grouping x»s that: 








a. 


4 twos = ll.,^„^„ 
seven 


c. 


3 fives « 


21 

seven 


b. 


6 threes = 24 

seven 


d. 


5 sixes » 


42 

seven 



Multiplication 

In order to multiply, we may use a table of basic facts. 
Complete the folloxving table in decimal numerals and be pare you 
know and can recall instantly the product of any two ntjmbers from 
zero to nine. 

Multiplication, Base Ten 



X 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


0 


0 


0 


















1 


0 


1 


















2 






4 


6 














3 








9 


12 












4 






















5 






















6 






















7 






















8 






















9 














1 
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Exercises 2->5"C 
Refer to the preceding table, 

a. Explain the rov/ of zeros and the colxamn of zeros, 
b; Vflilch row in the table Is exactly like the row at the 
top? Why? 

Imagine a diagonal line drawn from the x sign In the table 

to the lower right comer. V/hat can you say about the two 

triangular parts of the table on each side of the line? 

Complete the multl^jlljcatlon table below for base seven. 

Suggestion: To findl^g^^^^ x 3^^^^^ you could write four 

x^s three times and regroup to show the base seven ntameral. 

Better still, you jmight think of this as 3 +3 + 

seven seven 

3 +3 
seven seven. 

Multiplication • Base Seven 



X 


0 


1 


2 


3 


4 


5 


6 


0 
















1 
















2 










U 


13 




3 
















4 








15 








5 
















6 














51 



There are fewer entries in the base seven table than in the 
table for base ten. I^at does this fact tell you about the 
ease of learning multiplication in base seven? 
Imagine the diagonal line drawn from the "x" sign to the lower 
right-hand comer of the last table. 

a. How are the entries above the diagonal line related to 
those below it? 

b. What fact does the observation of part a tell you about 

3 X 4 0 

seven seven 
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There Is no value in memorizing the table for base seven.. The 

value of this table lies in your imderstanding of it. 

6. Multiply the following numbers in base ten numerals: 

k5 249 4627 78.34 51043 
X 63 X 75 X 436 x 89 x 78 

You knov/ about carrying (or regrouping) in addition, and you 

have had experience in multiplication base ten. Use the base 

seven multiplication table to find the follovrLng products. 

52 . 34 421 621 6o4 

seven seven seven seven seven 

x 3 x6 x4 vP V "^c^ 

"^even 2 seven seven ^ seven -^ seven 

The answers are 2l6 , 303 2314 ,1R42 . 31ho6 

seven' seven, ^ sever,' ^ seven' seven 

Check the multiplication 

shown at the right and then ansv/er 45 

seven 

the following questions. How do x 32 

seven 

you get the entry 123 on the third 153" 



201 



line? How do you get the entry 

201 on the fourth line? Why is seven 
the 1 on line 4 placed under the 2 on line 3? Why is the 0 on 
line 4 placed under the 1 on line 3? If you do not know why the 
entries on lines 3 and 4 are added to "et the answer, you v/lll 
study this more thoroughly later. 

One way to check yoxir work is to change the base seven 
numerals to base ten numerals as shown here: 

^°\even = ^ ^9) + (0 x 7) + (4) = 294 + 4 = 298^^^ 
X 353^^^^ = (3 X 7) + (5) = 21 + 5 = X 26^^^ 



4226 TToB 
2415 596 
3l406 = (3x 2401) + (IX 343) + (4 x 49) + (Ox?) +(6) « 77^»ten 



seven 
Division 



Division is left as an exercise for you. You may find that 
it is not easy. Working in base seven should help you understand 
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why some boys and girls have trouble with division* In base ten. 
Here are two examples you may wish to ^examine. All the numerals 
within the examples are vn?ltten In base seven. How can you use 
the multiplication table here? 



^5^seven 2015 



Division in Base Seven 
^ 1 ^^^^seven 

33 i 332 

Exercises 2-5-d 

^ 1. Multiply the following numbers In base seven numerals and 

check yotir results In base 10. 

a. l^r X 3 b fi ' V OK 

seven "^seven °' °seven ^ ^^seven 

^3seven ^ ^^^even ^- ^seven ^Keven 

■ 3°^'^seven X ^- ^^^heven >< ^^%e.en 

*2, Divide. All numerals In this exercise are In base s6ven. 
^' ^sevenJ ^^^seven . ^' 5,^^^^) ^-^'^^^..^^ 

c. 4 ) 2316 

seven^ seven d. 21 ) 26^5 

r> tr ^ , seven ^ -^seven 
3. v/rlte in expanded form: 

Iflilch of the numerals in Exercise 3 represents the larger 
number? 

Add the follov;lng: 

52^^^^^ + 1^1 3^^^^ b. 653^^^^ 

25 

seven 
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48 ' 

c. 434 d. 601 -h 304 

^' ^ seven ' seven seven 

324 

se ven 

6. Subtract the following; 

a. 13 b. 30 - 1 c. 402 

seven seven seven seven 

^seven ^^ seven 

?• Rewrite the folloxriLng paragraph replacing the base seven niani- 

erals with base ten numerals . 

Louise takes grade 10„^„^^ mathematics In room 234«^„^^. 

" seven seven 

The book she uses Is called Junior High School Mathemaclcs 

10««,r^v>* I* has 21^^,_ chapters and 1102^^,,^^ pages, 
—seven seven seven 

There are 44„^„^^ pupils In the class which meets 5„^„^^ times 
seven seven 

each week for 106„^,,^^ minutes dally. l6„^„^^ of the pupils ,v 
se\en *^ seven 

are girls and ^5^^^^^ are boys. The yotmgest pupil in the 

class is l4„^„^^years old and the tallest is 123„^„^^ inches 
seven seven 

tall. 



2-6. Changing from Base T^n to Base Seven 

You have learned hov/ to change a number written in base seven 

numerals to base ten numerals. It is also easy to change from 

base ten to base seven. Let us see how this is done. 

In base seven, the values of the places are: one, seven"*", 
2 3 

seven , seven , and so on. That is, the place values are one and 
the powers of seven . 

seven^ = 7 



ten 

seven = (7 X 7) or 49 
seven^ = (7 x 7 x 7) or 343^^^ 



ten 



Suppose you vxished to change 12^^^ to base seven numerals. 
This time v/e shall think of groups of powers of seven instead of 
actually grouping marks. What is the largest pov/er of seven 
v;hlch is contained in 12^^^? Is seven^ the largest? How about 
seven^ (forty-nine) or seven (three hundred forty-three)? 
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We can see that only seven^ Is small enough to be contained in 
"ten- 

When we divide 12 by 7 we have 

7)tI 

-i. 

What does the 1 on top mean? What does the 5 mean? They tell us 
that 12^g^ contains 1 seven with 5 vmits left over, or that 
^^ten " (1 >^ ^^v^") + (5 X one). Thus 12^^^ = ISgeven' 

Be sxire you know which place in a base seven numeral has the 
value seven , the value seven"^, the value seven and so on. 

How is 5\q^ regrouped for base seven numerals? l^Jhat Is the 

largest power of seven which Is contained In 54^ 

_ ^1. . p ten" 

•"^ ^\en ^''^ ? X seven'^ + ? x seven + ? x one. 

49 )"|? We have ( 1 x seven^) + (o x seven) + ( 5 x one). 

— Then = 105 

P ten -^seven 

Suppose the problem Is to change 524^^^ to base seven numerala 
Since 52\^^ Is larger than 343 (seven^), find how many 343's 
there are. 

1 

^ 343 contains one seven"^ with l8l remaining, or 

jgj- 524 = (1 X seven"^) + l8l, and there will be a "l" 
In the seven"^ place. 
Now find how many 49 is (seven^) there are In the remaining l8l 



3 

^ iSl = X seven^) + 34, and there will be a 
"3" In the seven^ place. 

How many sevens are there In the remaining 34? 



^9 ) Ittl Thus iSl contains 3 49«s with 34 remaining, or 
^ iSl = X seven^] 

"3" In the seven^ place. 
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4 

7 )~|? Thus 34 contains 4 seven's vdth 6 remaining, or 

34 = (4 X seven) + 6, and there will be a "4" 
In the sevens place. 
I'/hat v:lll be In the units place? V/e have: 

^^\en = (1 seven"^) + (3 x seven^) + (4 x seven) + (6 x one) 

Cover the answers below until you have made the changes for 
yourself, 

^°ten = (1 X seven) + (3 x one) = 13^^^^^ 
^^ten " ^ ^®^®^) + X one) = 64^^^^^ 

•••^^ten ^ (3 X seven^) + (2 x seven) + (l x one) = 321 

^"^^^ seven 

•'•'^^^ten ^ ^5 X seven^) + (O x seven^) + (3 x seven) + (2 x one) 
= 5032 

seven 

In changing base ten numerals to base. seven wo first select 
the largest place value of base seven (that Is, power of seven) 
contained In the number. V/e divide the niomber by this power of 
seven and find the quotient and remainder. The quotient Is the 
first digit In the base seven numeral. V/e divide the remainder 
by the next smaller power of seven and this quotient Is the 
second digit. We continue to divide remainders by each 
succeeding, smaller power of seven to determine all the remaining 
digits In the base seven numeral. 

Exercises 2-»6 

1. Show that: 



a. 50^^^=1013^^^^ b. I45ten=265 



seven 



c. 1024. « 2662 

ten seven 
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2. Change the following base ten nvimerals to base seven numerals: 

J.2 a. 53 

■ h. 36 e. *2l8 

o, f . 1320 

Problems 3, 4, and 5 will help you discover another method 
for changing base ten numerals to base seven. 

3. Divide i958^g^ by ten. V/hat Is the quotient? V/hat Is the 
remainder? Divide the quotient by ten. IVhat Is the nev; 
quotient? The new remainder? Continue In the same way, 
dividing each quotient by ten until you get a quotient of 
aero. How are the successive remainders related to the 
original number? Try the same process with 123,456,789. . 
Try It with any other number. ®" 
Divide 52\^^ by seven. V/hat Is the quotient? The remainder? 
Divide the quotient by seven and continue as In Exercise 3, 
except that this time divide by seven Instead of ten. Now 
write 524^g^ as a base seven numeral and compare this vriLth 
the remainders which you have obtained. 

can you now discover another method for changing from base ten' 
to base seven numerals? 

In each of the examples below there are some missing nxmerals. 
Supply the numerals which vxill make the examples correct. 
Remember that if lio base name is given, then the base is ten. 



4. 



5. 
6. 



a. Addition; 



c. Addition: 



675 
486 

? ??? 
4 3 2 



seven 



b. Addition: 



Addition: 



894 
? ? ? 
1169 

2 3 0 5 



seven 



9 <? <? 



•seven 



9 



"seven 



14 16 



seven 



3 10 0 



seven 
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e. Addition: 2 6 ^^^^^^^ f . Multiplication: 

3 5 2 5 1 ^1 

seven seven 

^ ^ ^se ven ? 
seven 

2 1 5. 



^g. Multiplication: 

9 9 9 

' ' seven 
seven 



seven 



3 6 2 0 1 

seven 



2-7. Numerals In Other Bases 

You have studied base seven numerals, so you now Icnow that It 
Is possible to eiqpress nimbers In systems different from the 
decimal scale. Many persons thlnlc that the decimal system Is used 
because the base ten Is superior to other bases, or because the 
nimber ten has special properties. Earlier it v/as indicated that 
we probably use ten as a base because maxi has ten fingers. It v/as 
only natural for primitive people to count by making comparisons 
v/lth their fingers. If man had had six or eight fingers, he might 
have learned to count by sixes or eights. 

Our familiar decimal system of notation Is superior to the 
Egyptian, Babylonian, and others because It uses the idea of place 
value and has a zero symbol, not because Its base Is ten. The 
Egyptian system v/as a tens system, but it lacked efficiency for 
other reasons. 

Bases. Five and Six 

Our decimal system uses ten symbols. In the seven system you 
used only seven symbols, 0, 1, 2, 3, 4, 5, and 6. Hov; many symbols 
would Esldmos use counting In base five? How many symbols would 
base sljc require? A little thought on the preceding questions 
should lead 3rou to the correct answers. Can you suggest how many 
sj^bols are needed for base twenty? 
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The x's at the right are grouped In 
sets of five. How many groups of five, 
are there? How many ones are left? 




The decimal numeral for the number of x's In this diagram 
is 16. Using the symbols 0, l, 2, 3, and 4, how would 16^^^ be 
represented In base five numerals? An Eskimo, counting In^base 
five, would think: 

there are 3 groups of five and 1 more, 
^^ten = (3 X five) + (l x one), 

^^ten = 31five. 
In the drawing at the right sixteen 
x's are grouped by sixes. How many groups 
of six are there? Are there any x's left? 
How would you write 16^^^ In base six 
numerals? 

There are 2 groups of six and 4 more, 

^^ten = (2 X six) + (4 X one). 




X X X X 



16. 



= 24. 



ten ~ '^"'slx* 

Write sixteen x's. Enclose them In groups of four x's. Can 
you write the numeral 16^^^ in base four numerals? How many groups 
of four are there? Remember, you cannot use the symbol "V in 
base four. A table of the powers of four In decimal numerals Is 
shown below. 

(four^) (four-'-) (one) 

(4 X 4) (4) (1) 

(16) (4) (1) 



(four^) 
(4 X 4 X 4) 
(64) 



To ivrlte sixteen x's In base four we need 
(1 group of four^) + (o groups of four) + (o ones). That Is, 
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5^ 

l6^ « 100^ 
• ten four. 

Exercises 2*^7 

1. Draw sixteen x»s. Group the x»s In sets of three. 

a. There are groups of three and left over. 

b. Are your answers to part (a) both digits In the base 
three system? Why not? 

c. In sixteen x's there are ( groups of three^) + 

( groups of three) + left over). 

^* ^^ten " three' 

2. Draw groups of x»s to show the numbers represented bjr the 
following numerals. Then v/rlte the decimal numerals for 
these numbers. 

23four ^- "-^slx 102^hree ^- ^l^ive' 

3. Write In base five notation the numbers from one through 
thirty. Start a table as shorn below: 

Base ten 01234567 
' Base five 0 1 ? ? ? ? ? ? 

4. a. How many threes are there In 20^^^^^? 

b. How many fours are there in 20^^^^? 

c. How many fives are there in 20^^^^^? 

d. How many sixes are there in 20^^^^? 
5- Write the following in expanded notation. Then wite the base 

ten nimeral for each as shown in the example. 
Example: 102^^^^^ = (l x 25) + (O'x 5) + (2 x l) = 2? 
2453^^ • c. 1002^^^^^ 

^- ^^2five 1021^our 
6. Write the following decimal numerals in bases six, five, four 
and three. Remember the values of the powers for each of 
these bases. Note the example: 

"^ten " -^-^six " -^^five " -^^four " ^-''three- 
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^iThat Is the smallest v/hole number which can be used as a base 
for a system of notation? 
Do the following computations: 
a. 

X uux- I our 

420. 



b. 
c. 
d. 

f . 
g- 



Add 

Add 

Subtract: 

Subtract: 
Multiply: 

Multiply: 



15slx + 2313^^ 



1211 



six' 



202. 



three ~ '""'"three* 
1423^,^3 - ^^^\ive- 
■••^four ^ ^rouT- 



six 



six 



'three ^ ^'""three 

.BRAINBUSTER. Make up a place value system where the follov/lng 
symbols are used: 



Symbol 


Decimal Value 


Name 


0 


0 


do 


1 


1 


re 


A 


2 


ml 




3 


fa 


10 


l^ 


re do 



Write the numerals for numbers from zero to twenty In this 
system. Write the names In words using "do, re," etc. 
BRAINBUSTER. Using the symbols and scale from the first 
Bralnbuster, complete the addition and multiplication 
tables shown below. 



+ 


0 


1 


A 




X 


0 


1 


A 




0 










0 










1 










1 










A 










A 
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2-8, The Binary and Duodecimal Systems 

There are two other bases of special Interest, The base two, 
or binary, system Is used by some modem, high speed computing 
machines. These coitQ^uters, sometimes Incorrectly called 
"electronic brains," use the base tv/o as we use base ten. The 
twelve, or duodecimal, system Is considered by some people to be 
a better base for a system of notation than ten. 

Binary System 

Historians tell of primitive people who used the binary system. 
Some Australian: tribes still count by pairs, "one, tv;o, two and 
one, two twos, tv;o tv/os and one," and tjo on, 

• The binary system groups by pairs as Is done with 
the three x^s at the right. Hov/ many groups of tv/o 
are shown? How many single x's are left? Three x's means 1 group 
of tv;o and 1 one. 
11* 



In binary notation the niomeral 3^^^ Is vn?ltten 



'two* 



Coimtlng In the binary system starts as follows: 



Decimal nianerals 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Binary nianerals 


1 


10 


11 


100 


101 


no 


111 









Hov/ many symbols are needed for base tv/o nimerals? Notice that 
the numeral 101^^^^ represents the number of fingers on one hand. 
V/hat does lUt^-^Q mean? . 

•'••'••'•two " ^ + (1 X two-'^) +(1 X one) = 4 + 2 + 1 = 7^^^. 

How would you virlte 8^^^ In binary notation? How v/ould you write 
"'•^ten binary notation? Compare this numeral v/lth 101^^^^. 

Modem high speed computers are electrically operated. A 
simple electric switch has only tv/o positions, open (on) or 
closed (off). Computers operate on this principle. Because there 
are only two positions for each place, the computers use the 
binary system of notation. 
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We will use the drawing at the right 
to represent a computer. The four circles 
represent four lights on a panel, and each 
light represents one place In the binary 
aystem. When the current Is flowing the 
light Is on, shovm In Figure 2-8b as 

Is represented by the 
symbol "l". When the current does not 
flow, the light Is off, shown by O 
In Figure 2-8b. This Is represented by the symbol 



oo oo 



Figure 2-.8a 



©o ®0 



Figure 2-8b 
"0". The 



panel In Figure 2-8b represents the binary niomeral 1010^^^. l^at 
decimal ntimeral Is represented by this numeral? The table at 
the right 
shows the place 
values for the 
first five places 



4 

two^ 




2 




one 


2x2x2x2 


2x2x2 


2x2 


2 


1 


16 


8 


4 


2 


1 



^°^°two = (1 X two^) + (0 X two^) + (1 X two^) + (0 X one) 
= (1 X 8) + (0 X 4) + (1 X 2) + (0 X 1) 

= l°ten- 

Duodecimal System 

In the twelve, or duodecimal, system, we group by twelves. 
We frequently count In dozens, as with a dozen eggs, a dozen rolls 
or a dozen pencils. Twelve dozen (12 x 12) Is called a gross. 
Schools sometimes buy pencils by the gross. 

The sixteen x's shown at the right are 
grouped as one group of twelve with four 
x»s left. Written as a base twelve numeral. 



X X X X 
X X X X 
X X X X, 



X X 
X X 



16 



ten 



(1 X twelve) + (4 X one) = l4 twelve. 



Draw twenty-five x»s on a sheet of paper. Draw circles 
around groups of twelve. How many groups of twelve are there? 
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Are any x's left over? How would you write 25^^^ in duodeolmal 
notation? 
25 



Can you see why it is written 21^^^^^^^? 



ten ■ (2 X twelve) + (l x one) - 21^^^^^^. 
To vrrlte numerals In base twelve It is neoessaz^y to Invent 
new symbols in addition to using the ten symbols from the decimal 
system. How many new symbols are needed? Base twelve requires 
twelve symbols, two more than the decimal system. We can use "T" 
for ten and "E" for eleven as shown In the table below: 



Base 


ten 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


15 


Base 


twelve 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


T 


E 


10 


11 


12 


? 


? 



Notice that "T" Is another way of writing 10^^^ and "e" Is 

another way of writing H^en* ^ ^® ^^ten w^**®" ''•^twelve' 
To write 195^^^-^^^ In expanded notation, 



195 



twelve 



(1 X twelve^) + (9 X twelve-**) + (5 x one) 
(1 X 144) + (9 X 12) + (5 X 1) 
2574 



ten* 



Exercises 2-8 



1. 



Make a counting chart In base two for the numbers from zero 
to thirty-three. 



Base 


Ten 


1 


2 


3 


4 


• • • 


33 


Base 


Two 


1 


10 


31 




• • • 





2. 



Copy and complete the addition 
chart for base two shown at the 
right. How many addition facts 
are there? 



Addition, Base Two 



3. 



Using the same form as In Exercise 2, make a multiplication 
chart for base two. How many multiplication facts are there? 
How do the tables compare? Does this make working with the 
binary system difficult or easy? Explain your answer. 
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4. WJplte the following binary nuraerala in expanded notation and 
then In base ten notation. 

b. lOOC^^o d. 11000^^^ 

e. 10100,^^ 

5. Vfrlta In duodecimal notation the three numbers following 
twenty-one • 

6e To write 2T0^^j^^ In expanded notation, we have: 

^twelve ■ ^2 X twelve^) + (T x twelve) + (O x one). 

To write STO^^^ve ^ decimal numeral we would first write 
the latter as 

(2 X 144) + (10 X 12) +(0X1). 
What la the decimal nvuneral for STO^^^^^^? 

7. Wtlte the following numerals In expanded notation and then In 
base ten notation. 

^- 3T2t^i^g d. TOE^^eive 

8. Add these numbers which are expressed In binary notation. 
Check by expressing the numerals In the exercises, and In 
your answers. In decimal notation and adding the usual way. 
a. 101^^^ b. 110^^^ c. 10110^^^ d. 10111^^^ 

3wo ^two ^two ^two 

9» Subtract these base two numbers. Check your answers as you 
did In Exercise 8. 

^- l^Hwo ^- llOtwo ^- lOlltwo 11001^^^ 
^two ^two _^two lOllOtwo 

0. When people operate certain kinds of high speed computing 
machines. It Is necessary to express numbers In the binary 
system. Change the following decimal nxmerals to base two 
notation : 
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. a- 35 b. 128 c. 12 d. 100 

11. Add and subtract the following duodecimal numerals. Check by 
expressing the numbers in decimal notation and adding and 
subtracting the usual way. 

2 3 6,^,^^ b. T3 2^^^^^^ 

^ ^t welve ^ 9 3 twelve 

12. What advantages and disadvantages, if any, do the binary and 

• duodecimal systems have as compared with the decimal system? . 

13. V/rite the following in duodecimal notation. 

14. BRAINBUSTER. An inspector of weights and measures carries a 
set of weights which he uses to check the accuracy of scales. 
Various weights are placed on a scale to check accuracy in 
weighing any ajiiount from 1 to l6 ounces. Several checks 
have to be^made, because a scale which accurately measures 

5 or-jnces may, for various reasons, be inaccurate for weighings 
of 11 ounces and more. 

What is the smallest number of weights the inspector may 
have in his set, and what must their weights be, to check the 
accuracy of scales from 1 ciince to 15 ounces? Prom 1 ounce 
to 31 ounces? 

15. BRAINBUSTER. People who work with high speed computers some- 
times find it easier to express numbers in the octal, or 
eight system rather than the binary system. Conversions from 
one system to the other can be done very quickly. Can you 
discover the metnod used? 
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Make a table of nvimerals as shown below: 



Base ten 


Base eight 


Base 




1 


1 




2 


10 


5 


5 


101 


7 


? 


? 


15 


? 




16 


? 


? 


32 


? 


? 


64 


? 


? 


256 


? ■ 


0 



Compare the powers of eight and two up to 256. Study the 

powers and the table above. 101,011,010^ = 532 ^ 

two eight* 

Can you see why? 



2-9 . Sunmiary 

The decimal system has resulted from efforts of .men over 
thousands of years to develop a workable system of notation 
(writing numerals) . It Is not a perfect system, but It has ad- 
vantages other systems have not had. In this chapter you have 
studied some of the ancient systems, which, in their time, 
represented tremendous achievements in man's progress. You have 
also studied other systems in different bases. You have studied 
these systems to gain a better understanding of yotzr own system. 

JEn learning about other systems of notation you have learned 
that a number may be expressed In different numerals. For example, 
twelve may be written as nil, XII, 12'^^^, 153^^^^, or 1100^^^, 
and so on. These numerals are not the same, yet they represent 
the same number . The symbols we use are not In themselves numbers. 
"XII" Is not twelve things, nor Is "10^^^^^^^." They are only 
different nizmerals, or symbols for twelve. 
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Sometimes we confuse niambers and niomerals. A niomber Is an 
J-dea while a niomeral Is a symbol for the Idea. We may write "2" 
on the blackboard to represent a set of two objects, as two 
students, or two books. If we erase the"2" we remove the niomeral, 
but we do not destroy the niomber. In the same way^ the word 
"pencil" is not the same as the object you hold in your hand when 
you are writing on paper. 

The Egyptians might not have known that their system of 
notation xvas based on ten. To know this they would have had to 
know that it is possible to use other bases for a niomber system. 
You know this now, and you know that it is possible to use any 
whole number greater than one as a base. Some of these niomeration 
systems are used. The binary system is used by electric computers. 
You should Tinderstand that a high speed computer' is not a "brain." 
Rather it is a high speed slave that does only what it is told to 
do. High speed calculations with computers are possible because 
the machines operate at the speed of the flow of electricity and 
^use large "memories" of stored information., Man was able to 
invent modem high speed computers because he had invented the 
system of writing. niambers used in computer operation. 

Exercises 2-9 

1. Group twenty tally marks {////////////////////) to show place 
value for each of the niamber bases listed. Then write the 
niameral which represents twenty for each of the bases listed, 
a . twelve b . seven c . five d . two 

2. The numerals shown below represent fifteen in various number 
bases. Supply the missing base for each numeral. 

a. 13 b. 21 c. 30 d. 1111 



3. Write the following in expanded notation and in decimal 
notation: 

a. lll*.^^ b. 321 « c. 2631 d. 37T^ , 

two four seven ^ twelve 
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Write "one thousand" as a niomeral in base eight and also In 
base two« 

Write the next five numerals following 88nlne- 

Babylonians used the symbols f and ^ for one and ten. By 

•repeating these symbols they wrote fifty-nine as ^ < ^ f f F 

<< 

To vTPlte rnjmbers larger than fifty-nine the Babylonians used 
the same symbols shovm above, but they used the place value 
Idea. Their number base was very large. It was sixty. As 
in our decimal system, the first place represented, ones, 
so << < f F ! meant (59 x l). 

The second place had a value of sixty, so<ff ff meant 
( <ff X sixty) + ( ff X one) 

= (12 X 60) + (2 X 1) 

=720+2 

= 722 

The first three place values -in the Babylonian system were: 





slxty^ 


sixty • 


one 


Meaning In 
base ten 


60 X 6o . 


60^ 


1 



a. The early Babylonians did not have a symbol for zero. 
They sometimes left empty spaces where we write zeros, 
as f T . This meant the reader had to guess from 
the content of the reading whether the nxameral I f 
meant ( T + ? ) x one 

or ( f X sixty) + ( T x one)i 
I or ( ? X sixty ) + ( f x one) . 

V/rlte three decimal numerals for the Babylonian numeral 

f T 

b. Does the decimal numeral "11 " have more than one possible 
meaning? V/hy? 
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c. Find the decimal value for If <(ff ^J* 

= ( f f X + (<f f X ? ) + (<f X ? ) 

" ? + ? + , 

= ? 

d. Write the decimal rnjmerals 70, 111, and 4oOO in Baby- 
lonian notation. 

e. Write + fff « as a Babylonian numeral. 
In Lincoln's Gettysburg Address, the term "four score and 
seven" is used. Wnat nijmber base did he use? Write the 
decimal nijmeral fdr this nijmber. tj 

A positional number system uses the symbols 0, A, B, C, and 
D to represent the nijmbers from zero to four. If these are 
the only symbols used in the system, write the decimal 
nijmeral for D C B A 0. 

A base ten number consists of three digits, 9, 5, and another 
in that order. If these digits are reversed and then sub- 
tracted from the original nijmber, . an answer will be obtained 
consisting of the same digits arranged in a different order 
still. V/hat is that digit? 

BRAINBUSTER. Suppose a place, value number system uses the 
capital letters of the alphabet (A, B, C, . . . Y, z.) as 
symbols for ntunerals. The letter "o" is removed from its 
regular position between N and P and is used as the symbol 
for zero. V/hat is the base for this system of notation? 
What decimal nijmeral is represented by "B E" in this base? 
by "T W 0"? by "p 0 U R"? 

BRAINBUSTER. There are a number of ways to change numerals 
written in other nijmber bases to base ten notation. A 
student suggested this method: 

Example A: To change ^S^^gi^g to base ten notation. 

Because there are 2 more symbols in base twelve, 

multiply (2x4) and add the result to 46^ . 

ten 
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Does this method work for ^^^^gj^yp? Does It 
work for any two digit number written in base 
twelve? 

Example B: To change '^Sg^yen *° notation. 

Because there are x;hree fewer symbols, multiply 

(3x4) and subtract from ^^6. ^, Does the 

ten 

rriethod work for ^6^^^^^? Does it work for any 
two digit nmber written in base seven? 
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Chapter 3 
mOLE NUMBERS 



3-1. Counting Numbers 

The counting numbers are the numbers used to ansv/er the 
question "How many?" Primitive man developed the idea of number- 
by the practice of matching objects, or things, in one set with 
objects in another set. When a man's sheep left the fold in the 
morning he could put a stone in a pile as each sheep went out. 
When the sheep retiamed in the evening he took a stone out of the 
pile as a sheep went into the pen. If there were no stones left 
in the pile when the last sheep was in the pen he knew that all 
the sheep had returned. Similarly, in order to keep count of the 
ntanber of wild animals he had killed he could make notches in a 
stick — one notch for each animal. If he were asked how many 
animals he had killed he could point to the notches in' the stick. 
The man was saying that there were Just as many animals killed 
as there were notches in the stick. The man was trying to answer 
the question "How many?" by making a one-to-one correspondence 
between the animals and the notches in the stick. He was also 
trying to answer the question "How many?", by making a one-to-one 
correspondence between the stones of the pile and the sheep of the 
flock. The one-to-one correspondence means that exactly one |tone 
corresponded to each sheep and exactly one sheep corresponded to 
each stone. This says that the niimber of sheep was the same as 
the nximber of stones. 

Some of us have learned the meaning of nvunber ln counting by 
mf.ns such one-to-one correspondences. We look at various sets of 
oltjeots as in the figure. We see that 
there is a certain property that these 













o "O 



sets possess. This property may be described by saying that there 
are "Just as many" marks in one set as in the other. A one-to- 
one coa?respondence between the sets can be shown by Joining the 
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marks with strings, or lines. Each mark is Joined to a mark of 
the other set. No marks are left over in either set and no mark 
is \ised twice. The correspondence shows that there are "Just as 
many" marks in one set as in the other but it does not tell us 
"how many" there are in terms of a number. 

Fortunately vre have a standai»d set which we can use to tell 
us "how many" there are in each set. . It also can be used to tell 
us that there are "Just as mai^" in one set as in the other. 
This standard set is the set of counting numbers represented by 
the numerals 1, 2, 3, 4, 5, . . . In 
the figure each set of marks is put 
in a one-to-one correspondence with 
the set of numerals 1, 2, 3. The 
number of marks is the same as the number represented by the last 
numeral of the matching set. This kind of one-to-one correspond- 
ence between the marks and the set of numerals tells us that there 
are "Just as many" in one set as in the other, and also tells us 
"how many" marks are in each set. 

The method of using the counting numbers is such a natural 
one that the counting numbers are also called the "natural numbers 
In this text we call them counting numbers. You may see them 
called "natural numbers" in other books. 

Let us agree that our first counting nxamber is 1. If we wish 
to talk about all the counting numbers and zero v;e call this set 
of numbers the "whole numbers . " 

Exercises 3-1 

1. Rearrange these numerals so that the numbers they represent 
are in order of size. Place the smallest first. 

a. 1, 2, 3, 6, 4, 5 

b. 2 + 1, 1 + 1, 3 + 1, 0 + 5, 1 + 6, 5 + 1, 5 + 3 

c. IV, XI, V, VI, VII, VIII, X, IX 

^' ^^^seven' ^'''^^seven' ^^^seven' ^'''^seven' ^^^seven' 
seven' seven 
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2. 



3. 



4. 



5. 



6. 



7. 



8. 



10. 



11. 



Which of the nijmbers represented by the numerals 2, 5, J, 8 
are counting numbers between one and ten? Between six and 
eleven? 

Is It possible to arrange 24 marks so that one can tell how 
many there are without counting each ojie? Explain or show. 
Rearrange the following marks so that the number of marks may 
be more easily determined. 

a. M M I M M I 

b, . * 

Explain two ways of finding the niunber of 
dots In the figure without counting each 
dot. 

Try to find out the niomber name for the first counting number 
in some other languages. (French, Spanish, German^ Russian, 
etc. ) 

In counting the number of dots In the figure a mistake was 
made. V/hat was It? 




r 



111 



.IV 

•.V 



VI 



.VII 
•VIII 



» IX 



Was there a mistake made in counting the niomber of x«s In 
this figure? If yes, What was It? 

® ® ® ® ® ® ® ® ® ® ® ® ® 

® (D(D®(D®@(9) @®@©@ 
Suppose l6 tickets were sold and the first one had the nxomeral 
2 on It. What was the niameral on the last ticket If they 
were sold in order? 

A theatre owner wants to know how many people attended his 
theatre last night. He knows the first ticket was marked 
27 >^.d the last ticket was marked 8l. How did he figure 

- 5^ people attended? Was he correct? 
»f there is a one-to-one correspondence between the set of 
people in the room and the set of pairs of shoes in the room, 
then there Is a two-to-one correspondence betv;een the set of 
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shoes In the room and the set of people in the room. List 

few examples of two-to-one and four-to-one correspondences. 

12. The following illustrates a one-to-one correspondence between * 

the niombers and the niombers. 

12.3456.. 
^ ♦ ^ ^ ♦ ♦ 
2 4 6 8 10 12 . 



3-2. Commutative Properties for VJhole Niombers 

If you have three apples In a basket and put In two more, 
then the number of apples In the basket Is obtained by adding 2 
to 3. You think of 3 + 2. If you started with. two apples in the 
basket, and put in three more, then the number of apples in the 
basket is obtained by adding 3 to 2. You think of 2 + 3. In 
either case it is clear that there will be 5 apples in the basket. 
We may write 2 + 3 = 3 + 2. 

The arithmetic teacher read two large numbers to be added. 
One boy did not understand what his teacher said when she read 
the first number. He wrote the second nvmiber and then asked her to 
repeat the first number. When she read it again, he wrote it 
below the second number instead of above it. If all the students 
do the addition correctly, will the boy find the same siom as the 
students who heard all the dictation the first time? 

The boy virote: 2437 The others v/rote; 625^1 

6254 2437 

. We call this idea which was Just described the commutative 
property of addition for v/hole numbers . It means that the order 
in v/hich we add two numbers does not affect the sumi. The word 
property is used here in the usual meaning of the v/ord — it is 
something that belongs to the operation of addition: 

3 added to 4 is 7 or 4 + 3 = 7, 

4 added to 3 is 7 or 3 + = 7. 
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Thus, we can write 4+3=3+4. This checks the commutative 
property of addition for these txvo whole niombers. 

The commutative property of addition for whole niombers may 
be stated as: 

Property i. If a and b represent v/hole niombers then 

a + b = b + a. 
In the above example- a Is 4 and b Is 3. 

Multiplication Is another operation which we perform on 
numbers. Is there a commutative property of multiplication? 
Let us see how to find the ansv;er to the question. 

Suppose x^e have five rows of chairs with 3 chairs In each 
row. Then, suppose we decide to change the arrangement to make 
three rows with 5 chairs In each row. Will we need more chairs^ 
Will we have any chairs which are not used In the second arrange- 
ment? 

***** 
* ***** 

*** 

*** 3 rov;s of 5 each: 3 x 5 = 15 

5 rov/s of 3 each: 5 x 3 = 15 

In learning the multiplication tables you learned that 

7 X 5 = 35 and that 5x7= 35. Similarly 9 x 8 = 72 and 

8 X 9 = 72. V/hen the two numbers are the same, the products are 
the same, regardless of which number is ivritten first. 

These exairples indicate that there is a commutative property 
of multiplication. This commutative property of multiplication 
for whole nvunbers states that th$ product of two whole numbers is 
the same whether the first be multiplied by the second or the 
econd be multiplied by the first. We state this as: 

Property 2. if a and b represent whole numbers, then 

a X b = b X a. 
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We can use this property to detect mistakes which we might 
make in multiplying one number by another. V/e found these products 

436 • 125 

125 436 

2W 7^ 

872 365 

436 600 

54500 63580 

In this computation the commutative property shows that we have 
made at least one mistake. Find all the mistakes. 

In both Property 1 and Property 2 we used letters to represent 
numbers. This idea of using letters to stand for any number what- 
soever in stating general principles is a very useful part of 
mathematical language. Sometimes the letter x and the multipli- 
cation sign may be mistaken for each other, so we often use a 
raised dot, • , to indicate multiplication. For example we can 
write 4 ' 3 for" 4 x 3 and a ' b for a x b. 

Many symbols are used to simplify the writing of mathematics. 
Any symbol can be introduced and used if we first decide what the 
symbol is to mean and always use it to have that meaning. The use 
of the raised dot is a good example. 

In mathematics we often say that one number is greater 
than another. To simplify writing the phrase "is greater than" 
we use the symbol >. So, to write "5 is greater than 3" v/e merely 
write 5 > 3. To indicate that "a is greater than b" we write 
a > b. Similarly, we use the symbol < to mean "is less than." 
Hence, we write 4 < 7 for. "4 is less than 7." Notice that each of 
these new symbols points toward the -smaller of the two niombers 
being compared. 

Sometimes we merely wish to note that two numbers are not 
equal. The symbol / is used for "is not equal to." For example, 
5 7^ 3 and 4 ^ 0. 

In comparing three numbers such as 3, 6 and 11, we may write 
3 < 6 < 11 or 11 > 6 > 3. Note that the statement 3 < 6 < 11 
really stands for the two statements "3 is less than 6" and "6 is 
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less than 11." 

Exercises 3 -2a 

1. Indicate whether each statement Is true or false: 
a. 6+4=4+6 h. 5+4>5+3 
^- + 32^^^ < 32^^^ + 13^^^ 

c. 6 < 7 < 14 1. 315 + 462 = 462 + 315 

d. 1 + 5 = 5 + 1 J. 5>3>10 

e. 6-5 = 5- 7 k. 8-5-2 = 2-^8 

f . 6 + 3 = 4 + 5 1. 851 + 36? = 158 + 763 

g. 45 • 36 < 36 • 45 m. If 16 > 7 and 7 > 5 then 

16 > 5 

2. Add. Then use the commutative property to check addition, 
a. 465 b. 37461 c. 73967 d. 43. 

32' 



179 73135 ' 81785 "* '"seven 



"seven 

3. Using the symbols =, <, and >, make the following true. 

a. 7 + 4 ? 4 + 7 f . (3 • 2) + 5 ? 5 + (3 • 2) 

b. 12 • 5 ? 5 • 11 g. 8 - 3 ? 9 - 3 

c. 23 • 12 ? 12 • 32 h. 86 • 135 ? 135 •86" 

d. 3 ? 6 1. 24 -r- 3 ? 3 -^2k 

e. 16 ? 9 ? 3 J. Given that a, b, and c are 

whole numbers: If a > b 
and b > c, then a ? c. 

4. Multiply. Then use the commutative property to check the 
multiplication. 

a. 36 b. 305 c. 476 d. 31 

57 _84 60£ seven 

-'seven 



Give the whole number or whole numbers which may be. used In 

place of a to make the statements true. 

a. 3 + a = 3 + 5 e. 132 + a = 46 + 132 

b. 5"7=7"a f. 2+a<2+7 

c. 2-a<2-l g. 7"3>a-5 

d. 3".a<3"2 h. a+3 = 3 + a 
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The commutative properties of addition and multiplication 
have been stated In symbolic form: 

a + b = b. + a and a! ' b « b • a. 
Notice how similar the statements are. 

Do you think subtraction has the^^commutatlve property? To 
find out we must ask whether a - b is equal to b - a for ail 
whole numbers a and b. If we can find at least one pair of 
whole numbers for which it is not true, then subtraction cannot 
have the commutative property. Is 6 9 equal to 9 - 6? No, 
In fact, (9 - 6) is 3 and there Is no whole number which is (6 - 

Exercises 3 -2b 

1. Interchange the nxmibers in each of the following. In iflaich 
ones is the result xmchanged? 

a. 1 + 2 d, 4 . 5 g. 5 - 4 

^•6 + 8 e, 12 -r 3 h, 3 -5-12 

7 • 9 f. 9 ^1, 4-^9 

2. Does division of whole nxambers have the commutative property? 
Give an example vrtiich Illustrates your answer. 

3. Which of the following activities are commutative? 

a. To put on a hat and then a coat, 

b. To put on socks and then shoes, 

c. To pour red paint into blue paint, 

d. To close the hatch and dive the submarine. 

e. To put on your left shoe and then the right shoe, 

4. . We shall invent the operation "M" which shall mean to choose 

the larger of two niambers. If the nxambers are the same we 
shall choose that one nimiber. Is the operation commutative? 
Example: 3 M 4 = 4 

5. Which of the defined operations below are commutative? 

a, "D" means to find the sum of the first and twice the 
second. Example: 3 D 5 = 3 + (2 • 5) or 13, 

b, "Z" means to find the simi of the first and the product 

of the first and the second. Example: 4z7a4+(4'7 
or 32, 
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c. means to find the product of the first and one more 
than the second. Example: 8P0=8 • lor8. 

d. "Q" means to find three times the sum of the first and 
the second. Example: 8 Q 5 = 3 • (8+5) or 39. 

6. List some activities v;hlch are commutative and some which are 
not commutative. 



3-3. Associative Properties for V/hole Numbers 

What Is meant by 1 + 2 + 3? Do we mean (l 2) + 3 In v;hlch 
we add 1 and 2 and then add 3 to the sum? Oi^ do v/e mean 1 + (2 + 
In which we add 2 and 3' and then add their sum to 1? Or, does It 
make any difference? We have seen that the order In which two 
numbers are added does not affect the sum (>:ormiutatlve property 
of addition) . Now we see that the way ;;t group three numbers to 
add them does not affect the s\m. Per example, 

(1 + 2) + 3 = 3 + 3 = 6 and 
1 + (2 + 3) = 1 + 5 = 6. 
We call this idea of grouping the nimibers differently xvichout 
changing the sum the associative property of addition for v/hole 
numbers. This property may be used to make addition easier if the 
sum of one pair of three nxmbers is easier to find than the sum of 
another pair. If you are asked to add 12+4+2 you might first 
add 12 and 4 and then add 2 to l6. Or you might think of first 
adding 4 and 2 and then adding 6 to 12. If we add each of the 
following by grouping the numbers differently we will be showing 
applications of the associative property. 

7 + 9 + 11 - 7 + (9 + 11) = 7 + 20 - 27 

12 + 7 + 33 = 12 + (7 + 33) = 12 + 4o = 52 

97 + 53 + 100 = (97 + 53) + 100 = 150 + 100 = 250 

The associative property can be used in finding the sum of 12 and 

7. Perhaps you have alvrays used it but did not call it by name. 

Notice how it can be used: 12 + 7 = (10 + 2) + 7 = 10 + (2 + 7) 

= 19- 
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Just as we stated the commutative property of addition, v;e 
now state the associative property of addition. 

Propert_y 3_. IT a, b and c represent any whole numbers 

(a + b) + c =: a + (b + c) . 

In everyday life we speal< of "adding" or combining several 
things. Whether such combinations have the associative property 
depends on the thinr combine. Is (gasoline H- fire) + water 
the same as gasolir [ ire + water) 

The commutati\ perty of addition means we may change the 

order of any two niambers without affecting the sum.. , The associ- 
ative property means that v/e nay group numbers in pairs for the 
piirpose of adding pairs of them without affecting the sum. Jus^t 
as there is a commutative property for addition and multiplication, 
we might expect the associative property to belong to both oper- 
ations. 

What is meant by 2 • 5 • ^? Do we mean ^(2 • 5) - 4 in which 
we first multiply 2 by 5 and then multiply 10 by 4, or do we mean 
2 • (5 • 4) in v/hich we first multiply 5 by 4 and then multiply 
2 by 20? Both give tYie same answer and vie conclude that we can 
give either meaning to 2 • 5 * ^. This is true for any whole 
numbers . 

Property If a, b, and c represent any whole numbers, 

(a • b) • c = a • (b • c) . 
This is the symbolic statement of the associative property of 
multiplication for whole numbers. 

Sometimes it is convenient to rearrange the order of the 
numbers which are to be added, or multiplied, in order to make 
the operation easier. This may be done by use of the commutative 
property. Then the addition or multiplication ' can be performed by 
grouping the numbers according to the associative property. The 
following examples are illustrations of the uses of both 
properties in the same problem. 
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17 + (19 + 13) = 17 + (13 + 19) = (17 + 13) + 19 = 

30 + in = ','9 
50 • (17 • 4) = 50 • (4 • 17) = (50 • Ji) . 17 = 

200 • 17 = S'l^OO 
Is there an associative property for subtraction? Perhaps 
we can answer the question by considering Just one example. V/e 
try 10 - (6 - 4) which is 10 - 2 or 8. But (10 .- 6) -4=0, so 
that 10 - (6 - 4) is not equal to ( 10 - 6) - 4. This shows that 
subtraction does not have the associative property. At first you 
may think that one example is not enough and that the property 
might hold if we used some other numbers. But, if the associative 
property is to hold for subtraction then it must hold for all 
whole numbers. ance, by showing one set of three whole numbers 
for which the property is not true vie Icnow that it cannot be a 
property for all whole numbers. 

Do you think the associative property holds for division? 
mat does 16-^-4 -f- 2 mean? We cannot tell. It may mean (l6~4) 

-J-2, or it may mean 16-?- (4 -^2). Tlie first of these equals 2 
and the second equals 8, so they are not equal to each other. 
This shows that divisi^on does not have the associative property. 

These remarks about subtraction and division show us also that 
expressions like 10 - 6 - 4 and l6 -f- 4 2 do not have any meaning. 
Of course, the expressions, (10 - 6) -"4 and 10 - (6 - 4), do have 
meanings and they are different. Also, (l6-;-4)-f-2 and 
16 -r- (4 -T-2) make sense, but their meanings are different. 

Exercises 3-3 

1. Example:' (4 + 3) + 2 = 4 -t- (3 + 2) 

Here, (4 + 3) + 2 = 7 + 2 = 9, and 4 + (3 + 2) = 4 + 5 = 9, 
This illustrates the associative property of addition. Show 
that the follov;ing are true in the above way. State the 
property illustrated in each problem. 

a. (4 + 7) + 2 = 4 + (7 + 2) 

b. 8 + (6 + 3) = (8 + 6) + 3 

c. 46 + (73 + 98) = (46 + 73) + 98 
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d. (6 • 5) • 9 = 6 • (5 • 9) 

e. (21 + 5) + = 21 + (5 + 4) 

f . (9 • 7) • 8 = 9 • (7 • 8) 

•g, 436 + (476 + 1) = (436 + 476) 1 
h. (57 • 80) • 75 = 57 • (8o • 75) 
2.. a. Does (lO-7) - 2 equal 10 - (7 - 2)? 

b. Does l8 - (5 - 2) equal (l8 - 5) - 2? 

c. V/l?at generalization can you make regarding the associative 
property of subtraction? 

3. a. Doefa (32 -f- 8) 2 equal 32-f-(8~?)? 

b. Does (60 ~i- 30) --f- 2 equal 60 -f- (30 -i- 2) ? 

c. Place parentheses in 75 -i- 15 5 so that it viill eoual 1, 

d. Place parentheses in 75-^15 -r- 5 so that it v/ill equal 25. 

e. Place parentheses in 80 -r- 20 ^2 so that it v;ill equal 8. 

f. Place parentheses in 80 -i- 20 -r 2 so that it v/ill equal 2. 

g. V.Tiat generalization can be made concerning the ass riati'^^e 
property and division? 

4. Revn?ite these problems using the associaijivo £.nd comn:'.L. .ve 
properties v/henever. they make the operation ^aslcy . -Jb j 
parentheses to shov; the operation v/hich ic perf canned first. 
Find the ansv/ers. Example: 

25 + (36 + 75) 
= 25 + (75 36) by coiruuvitative property zf: ad-liticn 

(25 + 75) + 36 by asccciaolve r^roper by of «cd: :*\cn 
= 100 +36 
= 136 

a. (6 + 1) + 9 

b. 2 • (13 • 10) 

c. (12 • 9) • 10 

d. 4 • (25 • 76) 

e. 340 + (522 + oO) 

f . (5 • 67) . 2 

...... I. -vH 

■ [sec. 3-3] 
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3-4. The Distributive Property 

In finding the perimeter of the top of a desk one pupil 
measured the length of each side In feet * 

5 

and found the measurements as shown In the 

diagram. Then he found the perimeter In ^ ^ 

feet by finding the sum 5 3 + 5 + 3 16. ' g 

Another pupil said he thoiaght that thl.:> v/as 

all right but that It was more work than, necessary. He said he 
would add 5 and 3 and multiply their siom by 2. Will this give the 
same answer? A third pupil said she thought it would be better to 
multiply 5 by 2 and 3 by 2 and then add these two products. The 
second and third pupils may not have known the name of the princi- 
ple they were using but it is useful and important. It is called 
the distributive property. In terms of the pupils' problem it 
states simply that 

2 • (5 + 3) = (2 . 5) + (2 . 3) 
and 2 • (5 + 3) = (2 • 8) 

Eight girls and four boys are planning a skating party. Then, 
each girl Invites another girl and each boy invites another boy. 
The original number of girls has been doubled. The original 
number of boys has been doubled. Has the total number of children 
been doubled or not? Let us see. In all there will be (2 • 8) 
girls and (2 -4) boys or a total of (2 • 8) + (2 • 4) = 24 
children at the* party. Let us look at this another way. When the 
party was planned, there were (8 + ^ 12 children. The final 
number of children is 2 • (8 + 4) oi 2 • 12. 
We have seen that (2 • 8) + (2 • 4) = i6 + 8 = 24 
and 2 • (8 + 4) = 2 • 12 = 24. 

So we can write (2 • 8) + (2 - 4) = 2 • (8.+ 4). 

You have been using this property in many ways for a long 

time. Consider, for example, 3 • 13 or 13. You were really using 

X 3 

the distributive property because: 

3 • ^3 = 3 • (10 + 3) = (3 . 10) + (3 • 3) = 30 + 9 = 39. 
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Let us see how you use the distributive property in finding 

the product 9 • 36. You probably perform the multiplication about 

as follows: 

36 36 
X 9 or X 9 

15^ ■ 3^ (9 X 6) 

270 (9 X 30) 

Do you see that the left example is a short way of doing the 
problem? You were really using the distributive property: 
9 • 36 = 9 • (30 + 6) 

= (9 • 30) + (9 • 6) distributive property 

=270+5^ 
= 324. 

The distributive property is also Important in operations involving 

fractions. Let us find the product of 8 and 12 i . First, recall 

11 
that 12 means 12 + Then 

8 • 12 ^ = 8 • (12 + ^) 

= (8 • 12) + (8 • |) = 96 + 2 
= 98. 

The distributive property Is: 

Property ^. If a, b, and c are any whole ntunbers then 
a • (b + c) = (a • b) + (a • c). 

The distributive property Is the only property of the three 
we have studied In this chapter v/hlch Involves tv;o operations, 
namely, addition and multiplication. This does not mean that a/ 
problem which Involves these two operations is performed by usi^*.t: 
the distributive property. For example, (3*5)+ 1^ means th?v 
the product of 3 and 5 must be found and then 14 added to .ne 
produr^ (3 • 5) + 14 = 15 + 14 = 29. 

However, 3 • (5 + 14) (3 • 5^ (3 • l4) = 15 + 42 = 57. ; 
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The commutative property of multiplication permits us to 
write (b c) • a = (b • a) + (c . a) ^ Let us see why. First 



and 

Therefore, 
Also, 

Hence, 



(b + c) • a = a ■ 
a • (b + c) = (a 
(b + c) • a = (a 
(a . b) = (b 
(a . c) = (c 
(b + c) • a = (b 



(b + c), commutative property 

b) + (a • c)y distributive property, 

b) + (a • c) 

a) commutative property 

a) commutative property, 

a) + (c • a). 



This Justifies the multiplication of 12 ^ by 8 In the form 



12 



8 = (12 + h 



8 = (12 • 8) + (1 
= 96 + 2 = 98. 



8) 



Some of you may wish to use a sketch to help you remember that 
the first factor Is distributed over all the numbers being added 
In the second factor. One such sketch Is Illustrated here. For 
example, consider the product 3 • (7+9). 

Sketch: 



Zr (3-7) 
3<^ = 21 + 27 = 48. 

(3 . 9) 

Note that 3 <::^ denotes that the 3 multiplies both the 7 and 

the 9 and that these products are then added. The arrows always 
point to the numbers that are to be added. Another example might 
be: 

6 (5 + 8) 

Sketch: 



5^ (6-5) 
6<±^ = 30 + 48 = 78 

(6 • 8) 
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or 



5, 30 

^ 6<^ » 78 

48 



< 



Another example. (This may help you with problem 7 In the 
exercises. ) 

(2 + 3) . (4 + 5) 




4. 12 



= (8 + 10) + (12 + 15) " 45 



5^ 15 

Exercises 3-4 

Use the sketch method Illustrated above to do the Indicated 
operations . 



a. 5 • 


(6+ 4) 


d. 9 ■ (13 


+ 17) 


b. 3 • 


(9 + 6) 


e. (6 + 4) 


• (8+7) 


c. 12 • 


(6 + 7) 


f . (20 + 7) 


• (10 + 4) 


Show that the following are 


true by doing 


the indicated 


atlons . 


Example: 3 • (4 + 


3) = (3 • 4) + 


(3 • 3) 




3 • (4+ 3) « 3 


• 7 = 21 




(3 


• 4) + (3 . 3) = 12 


+ 9 = 21 




a. 4 • 


(7 + 5) = (4 • 7) + 


(4 • 5) 




b. (3 • 


6) + (4 • 6) = 6 • 


(3 + 4) 






6) + (7 • 6) = (8 + 7) • 6 




d. 23 • 


(2 + 3) = (23 ' 2) 


+ (23 • 3) 




e. 11 • 


(3 + ^} = (11 -.,3) 


+ (11 • 4) 
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t. (6 • 5) + (6 • 3) - 6 . (5+3) 

g. 2 . (l6 + 8) - (2 . 16) +(2.8) 

h. 12 . (5 + ^) - (12 . 5) + (12 . |) 

1. (67 • 48) + (67 • 52) - 67 • :48 + 52) 
J. (72 . |) + (| . 72) - 72 . (| + ^). 

Make each of the following a true statement Illustrating the 
distributive prqperty. 

a. 3 • (4 + ) - (3 . 4) + (3 . 3) 

b. 2 . ( + 5) - (2 • 4) + ( . 5) 

c. 13 . (6 + 4) - 13 • ( ) + 13 . ( ) 

d. (2 • 7) + (3 • ) - ( ) . 7 

e. ( • 4) + ( • 4) - (6 + 7) • ( ). 

Using the distributive property revrrlte each of the following. 
Examples: l. 5 • (2 +3) - (5 . 2) + (5 . 3) 
2. (6 . 4) + (6 . 3) - 6 • (4 + 3) 

a. (9 • 8) + (9 • 2) d. (13 + 27) • 6 

b. 8 ."(14 + 17) e. 15 • (6 + 13) 

c. 12 • (5 + 7) f. (5 • 12) + (4 . 12) 
Using the Idea of the distributive property we can rewrite, 
for example: 

(1) 10 + 15 as (5 • 2) + (5 • 3) or 5 • (2 + 3) 

(2) 15+ 21 as (3 . 5) + (3 • 7) or 3 . (5 + 7) 

Use the distributive property to rewrite the following In a 
similar way. 

a. 35 + 40 d. 27 + 51 

b. 12+15 £, 100 + 115 

c. 55 + 10 f . 30 + 21 
V/hlch of the following are true? 

a. 3 + (4 • 2) - (3 + 4) . (3 + 2) 

b. 3 • (4 .. 2) - (3 • 4) - (3 - 2) 

c. (4 + 6) . 2 = (4 • 2) + (6 • -2) 

d. (4 + 6) ~ 2 - (4-^-2) + (6 -f-2) 

e. 3 + (4 2) = (3 . 4) + (3 -2) 
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*7. 



8. 



We can write 45 as (40 + 5) and 23 as (20 + 3). Uaing the 
distributive property the product of 45 and 23 would be: 
(40 + 5) • (20 + 3) or Check 
4o • (20 + 3) + 5 • (20 + 3) or 45 
(40 • 20) + (40 • 3) + (5 • 20) + (5 • 3) ^3^1 

90 



Completing the operations gives: 

Boo + 120 + 100 + 15 or 1035 
Rewrite the following using the distributive property and 
check as al we. Try the sketch method with (a) and (d). 

a. 27 . 34 d. 64 • 66 

b. 13 • 22 e. 75-75 

c. 37 • 33 f. 21 • 29 

BRAINBUSTER. Indicate which property was used In going from 
one llnr to the next. 



a. 


. [(2 


' 5) + (3 


• 2)] + (5 


• 2) 


• 7 




b. 


[(5 


• 2) + (3 


• 2)] + (5 


• 2) 


• 7 


CO- Tiutative property 
lor multiplication 


c. 


[(5 


• 2) + (3 


• 2)] + 5 • 


(2 


• 7) 




d. 


[(3 


• 2) + (5 


• 2)] + 5 • 


(2 


• 7) 


11^ II 


e. 


(3 . 


2) + [(5 


• 2) + 5 • 


(2 • 


7)] 


11^ II 


f . 


(3 . 


2) + [(5 


• 2) -f 5 • 


(7 • 


2) J 


11^ II 


s. 


(3 • 


2) + [(5 


•-2) + (5 • 


7) 


• 2] 


"7 " 


h. 


(3 + 


[5 + (5 • 


7)]) ' 2 
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3-5- Sets and the Closiire Property 

If you wished to refer to the stars In the flgiire,/ 
hov7 would you do It? V/ould you say the set of stars ? 
The collection of stars? The group of stars? If 
you speak of the pupils In a certain classroom you 
may say, "the class In Miss Johnson's room." Would "the set of 
pupils In Miss Johnson's room" convey the same meaning? Hov/ about 
"the collection of pupils In Miss Johnson's room"? Either of the 
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words, collection , or sejt may be used here. They, have the carne 
meaning. (If you are studying French,, it may occur to you that 
ensemble could be used.) I7hen v/e need such a v/ord in mathematics, 
we will use the v;ord set, as a set of numbers, a set of marks on 
the page, a set of stars in a diagram, 

A set of numbers: 5, 36, 7, 8 
A set of marks: //////// — ' \ 
A set of stars in a diagram: v/*'^ * w 

Other examples of sets are: the set of coins in your^lJrKn?e^r the 
set of vowels in our alphabet, a set of chessmen, a set of cattle 
(you might say a herd of cattle), the set of cities in the U.S.A. 
which have a population of more than one million. 

The counting numbers form a set. Remember that the counting 
numbers are 1, 2, 3, 4, 5, 6, ... v/here the three dots are used 
to indicate that the set of numbers continues indefinitely. There 
is no last number. We are going to use N to represent the set of 
counting numbers an-i we v/ill put the counting numbers v/ithin 
braces ( ) to indicate that they are the objects in the set which 
is designated by N. Hence, v/e may v/rite 

N = (1, 2, 3, ...) 
and read it "N is the set of counting numbers . " 

V/e may choose any capital letter to represent the set. If v;e 
have the set S = [1, 2, 3, 4, 5> 6, 7) v;e may describe this by say- 
ing that S is the set of counting numbers from 1 to 7 inclusive, 
or S is the set consisting of the counting numbers less than 8. 

A few more examples of sets and the abbreviated v;ay of 
^vriting them will help make the concept clear. "V is the set of 
vowels in our alphabet" becomes "V » (a, e, i, o, u)." "II is the 
set of counting numbers which are greater than 20 and less than 
25" becomes "M = (21, 22, 23, 24}." "E is the set of states in the 
U. S..A. v/hich are touched by^^Lake Erie" becomes "E = (Michigan, 
Ohio, Pennsylvania, New Yorirf ; " A v;ay of illustrating each one 
of these may be helpful. 
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In the first set the objects are letters. In the second the 
elements are numbers. In the third each element Is a state. We 
use the woi-d element for any object of a set. Thus, an element 
may be a letter, .a number, a word, a cat, a marble or v/hatever is 
in the set we are thinking about. 

We are now going to use the set of counting numbers to help 
us imderstand another new idea for sets. This is the idea of 
closure. If we add any two coimting numbers, the sum is a certain 
coimting number. For example, 7 + 9 = 16, 23^^ + 5^^3 = 777 and each 
sum is a coimting number. If the sum of any two elements of a set 
is an element of the set, v;e say that the set is closed imder 
addition. Since the sum of any tvjo coimting numbers is a coimting 
number, the set N of coimting numbers is closed under addition. 
It must be emphasized here that any two means every two. The set 
S = (1, 2, 3, 4, 5, 6, 7) is not closed under addition since we 
can find two numbers in the set ivhose sum is not in the set; e.g., 
5 + 6 = 11 and 11 is not in S. IS the set M = (21, 22, 23, 24] 
closed under addition? Give the reason for your ansv;er. Notice 
that if there is at least one pair of elements in K whose sum is 
not in M, then M is not closed under addition. 

Closure deals v/ith a property of sets under a given operation. 
The set need not be the coimting numbers. The operation may not be 
addition. For example, let T be the set of all coimting numbers 
ending in 0 or 5. This set is closed under multiplication. It is 
not closed under division since, for example, (20-7-5) is not an 
element of T. 



9.i 
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Exercises 3-»5-»a 

1. Let Q - (1, 3, 5, 7, 9, U, 13, . . J be the set of all odd 
numbers • 

a. Is the siam of tvjo odd niambers alv/ays an odd niomber? 
t. Is the set of odd numbers closed imder addition? 

2. Is the set of even numbers closed under addition? 

3. Is the set of all multiples of 5 (5, 10, 15, 20, 25, etc.) 
closed under addition? 

4. iTiat is true of the sets of numbers in Exercises 1, 2, 3 under 
multiplication? 

5* Are the following sets of niombers closed under addition? 

a. The set of coimting niombers greater than 50? 

b. The set of counting niombers from 100 through 999? 

c. The set of counting numbers less than ^^8? 

d. The set of counting numbers v;hose nvmierals end in 0? 

6. Are the sets of numbers in Exercise 5 closed x^ith respect to 
multiplication? 

7. Are all sets of counting numbers which ara closed imder addi- 
tion also closed under multiplication? V/hy? 

8. Are any of the sets of numbers in Exercise 5 closed imder 
subtraction? 

9. Are any of the sets of numbers in Exercise 5 closed under 
division? 

Exercises 3-5-b 
Practice in Arithmetic Processes 
1. Add: a. kj6 b. 403 2. Subtract: h0302 
398 213 20;:iO5 

7256 414 

89 898 
305 777 
54 460 



9G 
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3. 



Multiply: 728 
304 



5. 



Add: 7^ 



6. 



b. 8;il7bO 

c. 4)20324 



a. 7)32172 



7. Add: $7.50 
$8.03 




8. Subtract 4593.67 from $983.04. 

9. Round 4795 to the nearest hundred. 

10. Write In words: 2,070,351. 

11. If 8 oranges cost 48 cents, what Is the cost of a dozen at 
that rate? 

12. Multiply: a. 981.6 " b. 50106 c. 357082 



3- ^, .verse Operations ^ 

Often v;e do something and then we undo it. V/e open the door; 
we shut the door. V/e open the v/lndow; we close the wlndov;. One 
ope:- Jtlon Is the Inverse of the other. 

The Inverse of putting on your coat In taking off your coat. 
The Inverse operation of dlylson Is multiplication. The Inverse 
operation of addition Is subtraction. 

Suppose you have $220 In the bank and you add *10 to it. Then 
you have $220 + $10 = $230. Nov; undo this by drav;lng out $10. 
The aiiount that remains is $230 - $10 = $220. The athletic .fund 
at your school might ha\^e $l800 in the bank and after a game have 
$300 more. Then the ftmd has $l8bO $300 or $2100 in it. But trie 
team needs new uniforms v;hich cost $200 so $300 is withdraxm to pay 
for then. The amovint left is |2100 - $300, or ^1800. These 
operations undo each other. Subtraction is the inverse of addition. 

Of course, v;e could express this idea in more general terms - 
Let X represent the number of dollars originally in the bank. 
"If the amount v:e deposit is b, then + b = a, v/here a repre- 
sents the nvimber of dollars v;e nov; have in the bank. Hovr shall we 



8 



7 
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undo this operation? Prom the number of dollars represented by 

a, we subtract the number of dollars withdraxvn, represented by b, 

and we have the number represented by x. V/e write x = a - b. 

You use the idea of inverse operation when you use addition 

in checking subtraction. For example: 

203 a check: 107 x 

"^22. - ^ + 96 -h b 

TS7 X ^ a 

You also use the Idea of inverse operation when you use 

multiplication to check division. For example: 

, l8 check: l6 

16J^ X 18 

160 

160 

128 ^ 

or 288 -r-l6 = l8 check: 288 = l8 x l6. 

Notice that if a and b are whole numbers, and if a > b, 
then there is a whole number x so that b + x = a. Examples: 
If a is 17 and b is 10, then x the whole number 7 so that 
10 + 7 = 17; if a is 4l and b is 35, then x is the whole 
number 6 so that 35 + 6 = 41. v/hen a is greater than" b it is 
always possible to find x so that a = b + x. Can you make the 
same generalization if the above operation b + x = a, is changed 
to multiplication, b • x = a? If you substitute 2 for b and 3 
for a you will see that there is no whole number that can be 
substituted for x such that 2 • x = 3. If one substitutes cer- 
tain numbers— for example, if a = 20 and b = 4~then there is a 
whole number that can be substituted for x such that 4 • x = 20. 
In this example x must represent 5, since 4 • 5 = 20. V/e get 
the 5 by dividing 20 by 4. Also: 

If b is 6 and a is 24 then x must be 4 since 6 • 4 =^^^4. 

If b is 5 and a is 40 then x must be 8 since 5 . 8= 4o. 

If b is 3 and a is 30 then x must be 10 since 3*10 = 30, 
In each example the number for x is found by dividing the number 
represented by a by the number represented by b. In general, 
if there is a coimting number x that can be multiplied by a 
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counting nvunber b to get counting number a, then this nvunber 
X can be fovmd by dividing a by b. We ivrlte this as b • x « a, 
V/e multiply x by b to obtain a. To vmdo the operation we must 
perform the Inverse operation which means that we<inust divide . a 
by b to obtain x: The Inverse operation of multiplying 

by b Is dividing by b. 

f Exercises 3-6 

1. Select the vrords or phrases that describe operations that have 
an Inverse. An operation followed by Its Inverse returns to 
the original situation. 

a. Picking up the pencil. (Remember,. "noT picking up the 
pencil" Is not an Inverse operation. "Not^pTcklng up the 
pencil" does not undo the operation of picking up the 
pencil. ) 

b. Put on your hat. 

c. Getting Into a car. 

d. Extend your hand. 

e. Multiply. 

f. Build. 

g. Smell the rose. 

h. Step forv;ard. 

1. Jump from a flying aliplane. 
J. Addition. 

k. Cutting off a dog«s tail. 
1. Subtraction, 
m. Looking at the stars, 
n. Talking. 

Taking a tire off a car. 
2. VIrlte the inverse operation to each of those operations select- 
ed in Exercise 1. 
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Perform the Indicated operation and check by the Inverse, 
operation. 

Subtract In (a) to (f) 



a. 



d. 



89231 
42760 

44302.14 
$2889.36 



b. 



e. 



$805.06 
$297.96 

i8000.02 

.$6898.98 



c. 



f . 



803 ft. 
297 ft . 

$10040 . 50 
$ 8697.83 



g. 

J. 
k. 

1. 

m. 
n. 
o. 



h. 38)37506 



1. 27} 2154b 



29)55464 
19)13543 

One hundred twenty minus eighty-seven. 
The siun of six hundred forty-seven and eight hundred 
twenty -nine . 

The difference between eighty-nine and twenty-one. / 
Seventy-six plus sixty-seven. 

The product of three hundred -jglx and one hundred ninety. 
Find, if possible, a whole number which can be used for x In 
each of the following to make It a true statement. If there 
Is no whole number that can be used for x, then say there Is 
none. 



a. 


9 + A = 14 




n. 


3 • 


X = 12 


b. 


X + 9 = 14 




0. 


4 • 


X = 20 


c. 


X + 1 = 2 




p. 


X = 


20 -f- 4 


d. 


4, + X = 11 




q. 


2 • 


X = 18 


e. 


JLO + X = 7 




r. 


X = 


18 -i-2 


f . 


5 + X = 5 




s. 


5 • 


X = 30 


g. 


10 ='x + 2 




t. 


2 • 


X = 0 


h. 


X = 9 - 5 




u. 


X = 


0 -f-2 


1. 


X = 11 - 8 




V. 


9 • 


X = 0 


J. 


8 + X = 11 




w. 


X =. 


0 -f-9 


k. 


6 + X = 3 




X. 


3 • 


X = 3 


1. 


X = 13 - 6 




y. 


X = 


3 -f-3 


m. 


3 +.X = X + 3 




z. 


11 • 


X = 11 
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a. If one bookcase will hold 128 books and another 109 books, 
how many more bookb does the former hold? 

b. A theatre sold 4789 tickets one month and 678I'' tickets the 
next month. How many more people came to the theatre the 
second month than came the first month? 

c. If one building has 900 windows and another building 8II 
windows, how many more windows does the first building 
contain? 

d. The population of a town was 19,891 people. Five years 
later the population was 39,110 people. What was the 
increase of population for the five years? 

e. If one truck can carry 2099 boxes, how many boxes can 
79 similar trucks carry? 

f . How many racks are needed to store 208 chairs, if each 
rack holds 16 chairs? 

g. At a party there were 288 pieces of candy. If there were 
48 children at the party, how many pieces of candy could 
each have? 

h. A"girr¥c out troop has 29 members. Each member is to sell 
boxes of cookies. If the troop has 580 boxes to sell, how 
many boxes will each .girl have to sell in order to sell 
all of them? 

Perform the following operations: 

a. Add 16 and 17. Prom the siam subtract 12. 

b. Subtract 24 from 89. To this difference add 19. 

c. Multiply 27 by 34. Divide the product by 9 and then add 
160. 

d. Find the sum of 9, 9 and 9. Prom it subtract 4, six times. 

e. Take 308, divide it by 28. IVIultiply the quotient by 5. . 
Subtract 9 "from the product. 

f . Find the difference between 47 and 38. Divide this 
difference by 3 and then add 17. 

g. Divide 272 by 16, multiply the quotient by 12 and subtract 
100 from the product. 
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h. Multiply 12 and 13 and add 39. Divide the a\m by the 

product of 3 and 13. 
1. Add 26 and 42 and divide the sum by 17. To this add 117 

and divide this a\m by 11. 
J. Find the difference between 87 and 49. Multiply this 

difference by 10 and subtract 4b. Divide this last 

difference by 68 and then add 6. 



3-7. Betweenness and the Niomber Line 

How whole ntrnibars are related may be shown with a picture. 
Select some point on a line as below and label It zero (O ) . Label 

0123456789 10 11 

< ■ 1 ^ ' ^ ' • ■ • ^ ^ > 

the first dot to the right of zero the first counting number and 
each dot after that to the right the succeeding counting niombers. 
This picture is often referred to as The Number line. Any whole 
number is smaller- than any of the numbers on the right side of it 
and greater than any of the numbers on its left. For example 3 
is less than 5 and greater than 2. This may be witten 2 < 3 < 5* 
since 2 i3 less than 3 and 3 is less than 5. V/ith the number line 
we can also determine how many whole numbers there are between 
any two whole numbers. For example, to find how many whole niombers 
there are between 6 and 11 v/e can look at the picture and count 
them. We see four of them, 7, 8, 9, and 10. 

Exercises 3-7 

1. 



How 


many whole rnjmbers 


are there 


between: 


a. 


7 and 25 


e. 


25 and 25 


b. 


3 and 25 


f . 


28 and 25 


c . 


20 and 25 


g. 


26 and 25 


d. 


17 and 25 


h. 


114 and 25 
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If a and b are whole numbers, and a > b. Is the 
number of whole numbers between a and b: 

(1) b - a ? (3) a - (b + 1) ? 

(2) (a - 1) + b ? (h) (a - b) + 1 ? 
What Is the whole number midway between: 

a. 7 and 13 e. 17 and 19 

b. 9 and 13 f . 17 and 27 

c . 20 and 28 g . 12 and 20 

d. 10 and 50 h. 12 and 6 

V/hlch of the following pairs of whole numbers have a v/hole 
number midway between them? 

a. 6, 8 g. 9, 17 

b. 6, 10 h. 19, 36 

8, 18 1. a, b If a and b are even 

(j^ 8, 13 whole numbers 

7,^ 12 J. . a, b If a and b are odd 

whole numbers 



k. a, b If a Is odd and b 
Is even. 



e. 

f. -26, 33 

The whole numbers a, b and c are so located on The Number 
Line that b Is between a and c, and c > b. 

a. Is c > a? Explain with a number line. 

b. Is b > a? Explain \^lth a niomber line. 

c. Is b < c? Explain with words. 

5. The whole numbers a, b, c and d are so located on The Number 
Line that b Is between a and c and a Is between b 
and d. What relation. If any. Is there among b, c, and d? 



3-8. The Number One ' 

The number one Is a special nvunber In several ways. One Is 
the smallest of our counting nvunbers. V/e may build any number, 
no matter* how large, by beginning with 1 and adding l»s until we 
have reached the desired niomber. For example, to obtain the 
number five, vje can begin v/lth our special nvunber 1 and repeat the 
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addition of 1. 1 + 1 = 2, 2 + 1 = 3, 3 + 1 = 4 + 1 = b. There 
Is no largest counting number. 

Also, It will be observed that for any of the counting nxambers 
(l, 2, 3, ..•) which we may select, we get the next larger counting 
number by adding 1. This may seem obvious to you because you have 
used the niambers so many times. In some of the fundamental 
operations we do not get the next counting number by operations 
using only the niamber 1; e.g., 3 • 1 - 3, 3 - 1 = 2. In one case we 
do not even get a counting niamber. Observe what happens when we 
use the operation of subtraction: 1 - 1 =0. Zero Is not a 
counting niomber. 

In multiplication -If we wish to obtain a different numeral 
for a niomber, we can multiply by a selected form of the special 
niomber 1. In this way we may get a different numeral, but It 

represents the same niomber. You may recall that In rewriting 4 as 

8 2 2 

^ , you were simply multiplying 4 by ^ . Of coiirse, ^ Is our 

13 3 k 2 

special niomber 1. Multiply •5- by and get ^ ; multiply by ^ 

and get . These are examples of multiplying by the number 1 

3 2 

In selected forms , and . This means that the new fractions 
are different In form from the original ones but they still repre- 
sent the same number. The special niomber one v;hen used as a multi- 
plier makes the product Identical with the multiplicand. Because 
the product of any counting niomber and one Is the original counting 
number, the niomber 1 Is ca^ed the "Identity element" for multi- 
plication. 

Since division Is the Inverse operation of multiplication. Is 
the niomber one also special In division? V/hat happens If we 
divide any counting niomber by one? We do obtain the same counting 
niomber. But If we divide 1 bjr a counting niomber v;e do not get the 
counting niomber. For this reason we cannot say that the niomber 
one is the identity element for division. A counting niomber 
multiplied by 1, is the same niomber as 1 multiplied by the counting 
niomber but the same thing cannot be said for division. If we let 
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C represent any coxmtlnG number we can express these multiplication 
and division operations using the niamber 1 In the following ways. 

C • 1 = 1 • Cj 

C-f- 1 « Cj 

C-^- C « Ij 

1-T-C/ClfC/l. 
V/e have learned to use 10^ to mean 10 • 10; 10^ to mean 
10 • 10 • 10 j 10^ to mean 10 • 10 • 10 • 10 • 10 • 10. The "2," 
"3," "6" are called exponents. The exponents are small, but the 
numbers represented by 10^, 10^ and 10^ are very large. If v/e 
use 1 In place of 10 this Is not true. For 1^ = 1 • 1; 1^ = 
1-1-1; 1 =l-l-l-l*l.iand these are still the 
number 1. In fact 1^ or 1^°° or 1^^56 ^^^^^ 

2 200 

men we say 1 or 1 ^ Is really only 1, xve are Just giving 
different names to the same thing. It Is true that the niamber 
represented by each of these expressions Is 1. Can you think of 
other such combinations of symbols which represent 1? Ifliat number 
Is represented by 5 - 4? X - IX? 

Our discussion of the number one may be summarized briefly In 
the mathematical sentences below. Can you translate them Into 
words? The letter C here represents any covin ting niomber. 
-a. C = 1 or (l + 1) or (1 + 1 + 1) or . . . etc. 

b. 1 • C = C 

c. C ~ 1 « C 

d. C -rC = 1 

e. 1^ = 1 . 

Exercises 3-8 

1. Prom the follov/lng symbols, select those that represent the 
niomber 1: 

a, I d. 1 - 0 

"b. 7J- e. 1 + 0 

-c. 5 - ^ f. 1 • 2 
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8. If 



6 1. ilO 



h. Y m. 5 + 5 

1. 1 n. 1 • 100 

J. i; 0 • o. 

. 200 ^ 
^* „ g - 1 



2. Copy and fill in the blanks; 

In. d. 1 



a. 


100 


"b. 


10 • 


14 


c. 





2 



1 • 1 « , e. 0-1 

f . 1 • 0 



3. Can you get any counting number by the repeated addition or 
subtraction of 1 to or from any other counting niomber? Olve 
an example to support your conclusion. 

4. By the above process can you get a nvmiber that Is not a count- 
ing number? Give an example to support your conclusion, 

5. Robert said, "The counting numbers are not closed under "the 
subtraction of ones but they are closed under the addition of 
ones." Shoi^r by an example what Robert meant. 

6. Perform the Indicated operations: 

a. (4 . 3) ) 876459 e. 3479 • l"^-^° 

b. l)97fe53B f. 97 . (If X Is 1) 

c. 897638 • (5 - 4) . g. l7 . (489-4-489) 

d. 896758 - I h. I . l5-ri^ 



3-9. The Number Zero 

Another special number Is zero. Occasionally you will hear 
It cailled by other names, such as "naught." When you ansvrer a 
telephone a voice may say, "Is this *one eight oh three*?" Of 
course, the caller Is not referring to the letter "o," and all of 
us understand that he means "one eight zero three." 

Although zero Is not Included In the covintlng nimbers. It Is 
considered as one of the whole numbers. Most of the time we use 
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It aooordlng to rules of the counting numbers, and in a sense It 
Is used to oountV If you withdraw all your money from the bank, 
you oan express your bank balance v;lth this special number zero. 
If you have ansv/ered no questions correctly, your test score may 
be zero. If there are no chalkboard erasers In the classroom, 
the number of erasers may be expressed by zero, in all these 
cases, no money In the bank, no correctly answered questions and 
no erasers, the zero Indicated that there are no objects or 
elements In the set of objects being discussed, if there are no 
elements In the set, we call It an empty set. 

The number zero Is the number of elements Ln the empty set. 
In this sense, some persons say that zero means "not any." Others 
say It means "nothing" because there la nothing in the set. As we 
shall see, these are rather confused and limited concepts of zero. 

On a very cold morning Paul v/as asked the temperature. After 
looking at the thermometer he replied, "zero." Did he mean there 
v/as "not any"? Did he mean "nothing"? No, he meant the top of 
the mercury v/as at a specific p jint on the scale called zero. 
Pred had an altimeter In his car so he could check the altitude as 
they drove In the Roclcy Mountains. On one vacation trip they 
drove to the Salton Sea. On the v/ay dovm Fred exclaimed, "Look, 
the altitude Is zerol" \Ihen the altimeter Indicates zero. It does 
not mean there Is "nothing," It means v/e are at a specific 
altitude which Is called zero. It Is Jus*: as specific and real as 
an altitude of 999 feet. 

We noticed that the sum of a counting number and one Is al- 
ways the next larger counting number. The sum of a counting n\Amber 
and zero is alv/ays the original counting number, por example, 
'4 + 0 = 4. V/e might express this fact in symbols C + 0 = C v/here 
C is any counting niomber. Or v/e might express the fact by saying 
that zero is the "identity element" for addition. 

The difference betv/een the same two natural n\;imbers is the 
special number zero. Por example, 4 ^ ^ = o. Did you notice that 
in this subtraction operation you do not get a counting number? 
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To put tha Idea In more elegant language, we would say that the set 
of counting numbers is not closed xmder subtraction. 

Let us look at the special number zero under the operation of 
multiplication. What could 3 • o mean? We might think of the 
number of chairs In 3 rooms if each room contains zero chairs. 
Thus, any number of rooms containing zero chairs would have a 
total of zero chairs. We might axprete this Idea in symbols by 
writing C • 0 - 0, where C is any counting number. 

The product 0 • 3 is even more dlfficiilt to explain. But we 
do know by the commutative property for multiplication that 3 • 0 
■0*3. We have seen that 3 • 0*0. Therefore, we must have 
0 ' 3 - 0 as we wish the commutative property for mxiltlpllcatlon 
to be true for all whole numbers. If a represents any whole 
niimber, we may express this by writing a-0-0*a-0. If a 
Is zero we must have 0 • 0 « 0. 

There Is a vexy Important principle expressed In the above 
symbols', but It may not be seen at the first glance. Did you 
observe that If the product of two or more whole numbers Is zero, 
then one of the nvmibers must be zero? por example, 4 • 5 • o • 0. 
In mathematics you will use this fact frequently. 

Let us see If zero follows the rules for division of coimtlng 
numbers • 

What could zero divided by 3 mean? if we have a room with 
zero chairs and divide the room into three parts. It could mean 
the niimber of chairs In each part of the room. V/lth this meaning, 

0-:-3 should be. 0. If then 0X3 should be zero, by the 
Inverse operation. Does this agree with the definition of multi- 
plication by zero? 

Occasionally students forget that the division of zero by a 
coimtlng number Is always zero and never a counting niamber. Por 

exan^le, ^ = 0, ^ / 7. 
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If y • 0, what la ^ ? la 0j7 a counting number? Lot uo 
•aaume that Oj7 la equal to aome number repx^sented by N. Thla 
meana that 7 ia equal to zero times aome number N, (7 » o k N), 
The product of any number by zero la zero, therefore, there la no 
number N that will equal 0j7. In more elegant language, we may 

aay that J la not the name of any counting number or zero. There- 
fore, we cannot perform thla operation. We cannot divide a count- 
ing number b y zero . 

Could we divide zero by zero? In symbolo the question la 

• ?". Or Ojt. If Ojry equals aome number n then by our defi- 
nition of multiplication, 0 x n - 0. \^at numbers could replace 
n? Could n be 3? Of course, n could be any counting nxomber 
or zero. Since OjJ5 could be any whole number, the symbol 

^ has too many meanings. Therefore, v/e should remember that we 
cannot divide either a counting number or zero by zero. 

Mary summarized the operations ^wlth the special number zero 
In these symbols. State them In words If u and v/ represent 
any whole numbers and C represents any counting number. 

a. w + 0 " w 

b. 0 + v; « w 

c. w - 0 = w 

d. 0 • w « 0 

e. w • 0 = 0 

f . If u • w e 0, then either u or w Is 

zero or both are zero. 

g. 0 -f C « 0 

h. C -r 0 has no meaning. 
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Exercises 3-9 
Select the symbols that represent zero: 

a. 1 + 0 m. 0 • C 

0 



b. 




, n. 




4 


c. 


0 


0. 


d. 


0 
TT 


p. 


e. 




q. 


f. 


7-7 




g. 


a 






• s . 


h. 


0 + 0 


4* 


i. 


1-1 


u. 




J. 


100 - 100 


V, 


k. 


0 • ^ 


W • 




1. 


4 • 0 


X. 


Perform the Indicated 


operations 


a. 


376 • 49 


r. 


b. 


678 • 946 


m. 


c. 


8984 -=-62 


n. 


d. 


9484 -f-62 


0- 


e. 


87 X $419.98 


p. 


f . 


69 X $876.49 


q. 


go 


$989.26(2 - 2) 




h. 


1 X |846.25 


r. 


1.* 


5 X $14.13 
679 -1 


s . 


J- 


t. 


k. 


379(146.8 - 145.8) 


u. 

_ V. 


Can 


you find an error 


In any of ' 


a 


and b are whble numbers . 


a. 


4-0 = 0 


c. 


b. 


0 ' 4 = 0 


d. 



To 

4 - k 
T~ 

4 I 

1 1 
? - 

14 • 25 
12-0 
0 + 12 

2 (4 + 6 H- 0) 

(2 • 4) -7-0 
4 

% 

36 36 



(34.6 - 33.6) X 897 
$397.16 -r- (4 - 3) 
$897.40— (3 - 3) 
(480 —2k) -f-20 
il846-f- (| + \) 

487.97 X ^ X 0 

49 • 0 • 47 • 97 
.^97.86 X 0 X 0 
(9 - 9) • ^ 

976 • 1^ 
l-"-^ X ^97. '16 



2*1 = 2 
1 • 2 = '2 
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e. 


If 


a 


• b 




0, 


a 


or 


b 




0 


f. 


If 


a 


• b 




1, 


a 


or 


b 




1 


£• 


If 


a 


• b 




2, 


a 


or 


b 




2 


h. 


If 


a 


• b 




3, 


a 


or 


b 




3 


i. 


If 


a 


* b 




c. 


a 


or 


b 




C 



3-10. Summary 

1. The set of numerals {1, 2, 3, 4, 5, . . .} is the set of 
symbols for the counting numbers. 

2. The set of numerals {0, 1, 2, 3, 4, 5, . . . } is +:he set of 
symbols for the v/hole numbers. 

3. The commutative property for addition: a + b-=i':b + a, v/here 
a and b represent "any whole numbers. 

4. The commutative propexsxiy.for multiplication: a * b = b * a, 
v;here a and b represent any ivhole numbers. 

5. The associative property for addition. a + (b + c) = (a + b), + 
c where a, b, c represent any whole numbers. 

6. The associative property for multiplication: a • (b • c) = 
(a • b) • c v/here a, b, c represent any whole numbers. 

7. The distributive property: a • (b + c) = (a • b) + (a • c) 

and (b + c) - a =^ (b • a) + (c • a) 
where a, b, c are; any whole numbers. 

8. Nev7 symbols: {set of elements); > is greater than; < is less 
than; / is not equal to. 

9. Set and closure. A set is closed under an operation if the 
combination 'of any two elements of the set gives an element of 
the set. The set of counting numbers is closed under addition 
and multiplication but' not under division or subtraction. 

IG. . . Inverse operations. Subtraction is the inverse of addition, 
but subtraction is not always possible in the set of. v/hole 
numbers. Division is the inverse of multiplication, but divi- 
sion is not always possible in the set of whole numbers; that 
isTZldi^ision of one whole number by another whole number does 
not alvrays yield a whole number. 
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11. The nxomber line and betweenness . Each whole niomber is asso- 
ciated, with a point on the niamber line. There is not always 
a whole niomber'b'etween two whole niombers, 

12. Special numbers: 0 and 1. Zero is the identity for addition; 
^ 1 is the identity for multiplication; multiplication by 0 does 

not have an inverse; division by 0 is not possible. 



How Are You Doing ? 

(Some Review Questions, Chapters 1-3) 

1. (^^^) three ^ ^ ^ten ^ ^ ^five* 

2. A girl went to the pantry v/ith only a 5-cup and a 3-cup 
container to get 4 cups of flour. Can this be done if nothing 
but the flour container is used in addition to the tv;o con- 
tainers? If yes, hoiiT? 

3. V/hat is the probability of throv^ing a 2 with one throv; of a 
die? 

4. Write MCXI in Hindu-Arabic numerals. 

5. V/hat is another viay of writing 1 

6. V/hen a clerk counts out our change after v/e have made a 
purchase, does he usually practice addition or subtraction? 

7. The base of the number system that has the easiest multipli- 
cation facts to learn is ? . . 

8. (20^°)three ^^'^^^^^^ expanded notation v;ould be: 
(2 X J + (0 X J + (1 X J + (0 X 1) 

9. If we vrere to use base 31 numeration we would have 

different symbols. 

10. The value of the 4 in (^512)^^^ is ■ times the value of 

the 4 in twenty-seven- 

11. The set of v;hole numbers differs in what (if any) way from 
the set of counting numbers? 

12. Is this statement true? "I can show that the set of whole 
numbers is closed with respect to the operation of. subtraction 
if I can find one example such as 12 - 8 = 4 to illustrate 
this." 
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13. (7 • 3) + (3 • 13) = (7 • 3) + (13 • 3). In the example 
shown, which property of the whole numbers Is Illustrated? 

14. In the set of counting nianbers the identity for multiplication 
is . 

15. Zero is included in our set of whole numbers in order that 
? (state one of the special properties of zeroj 

16. Use the distributive property and rewrite: (2 . 13) + (5 • 13) 

17. Use the associative property of addition so that the sum can 
be foimd easily: 136 + 25 + 75. 

l8.. Check by the inverse operation to see if 715 ~11 = 65. 

19. The number of counting nimibers between 6 and is . 

20. If we have the expression (7 • 3) + (6 • 5) * 3 and apply the 
associative property of multiplication we will have . 
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Chapter 4 
NON-METRIC GEOMETRY 



This yeai* you have been studying a great deal about numbers 
and their properties, but numbers are not. the only things In 
mathematics that interest people. Living as we do in the "Space 
Age," we hear much about points, lines, planes, and space. The 
study of ideas like these is called geometry. 

For over 4,000 years men have studied geometry in trying to 
understand better the world in which they lived. The geometry 
which we study is really the same as that studied by the Greeks 
over 2,000 years ago, A famous Greek mathematician named Euclid 
wrote many books about this geometry. Even today we call this part 
of mathematics "Euclidean" geometry, dor geometry is the same, 
but some of our x^ords and vjays of looking at things are quite 
different , 

In this chapter we will use numbers for counting only, V/e do 
not use the idea of distance or measurement. This chapter is 
called "non-metric" geometry, but it might also be called "no- 
measurement" geometry. Do you see that non-metric means no- 
measurement? 

Today when we are sending rockets toward the moon and satel- 
lites into orbit, the study of geometrical ideas is more Important 
than ever before. 

,4-1 , Points , Lines , and Space 

P oints . 

The idea of a point in geometry is suggested by the tip of a 
pencil or a dot on the chalkboard. A geometric point is thoiight 
of as being so small that it has no size. In geometry we do not 
give a definition for the term "point." \^liat we do instead is to 
describe many properties of points. In this v/ay we come to under- 
stand what mathematicians mean by the term "point," 
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Space 

We thlnlc of space as being a set of points. There Is an im-- 
limited quantity of points in space. In a v;ay, v;e think of the 
points of space as being described or determined by position — 
whether they aire in this room, in the world, or in the universe. 

Lines 

For us, a line is a set of points in space, not any set of 
points but a particular type of set of points. The term "line" 
means "straight line." All lines in our geometry are understood 
to be straight. A line is suggested by the edge of a ruler. It 
Is, suggested by the intersection of a side wall and the front 
wall of your classroom. 

A geometric line extends without limit in ieach of two directlc 
It does not stop at a point. The intersection of a side wall and* 
the frorfcv/all of your classroom stops at the floor and the ceiling. 
The line suggested by that intersection extends both up and down, ' 
indefinitely far. . 

You have probably heard people say, "as the crow flies." A 
crov; usually flies dii'ectly from one landing point to another. 
The expression therefore means "in a straight line." Crows do not 
flit about as bats do. The path of flight of a crow, then, suggest 
a geometric line. V/e- should understand that the "line" does not 
start or stop at the crow's resting places. It extends endlessly 
In both directions. 
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Think about two students holding a string stretched between 
them. In. any position v/here It Is straight, the taut string marks 
a portion of a line. It Is the line through one student's fingers 
and also through the other's. The line Itself goes beyond wHere 
they hold the string. The string Is not the line or any part of 
a line. It Just represents the line we Imow to be there. 

With the students' fingers In the same positions. Is there 
more than one possible position for the taut string? You probably 
think, "Of course not," and you are right. You now have discovered 
a basic property of space. 

Property 1: Through any two different point s In space there 
Is exactly one line. 

As you can see, there Is an unlimited quantity of lines In 
space! 

By using lines we can get a good Idea of what space Is like. 
Consider a point at a top comer of your teacher's desk. Nov/ 
. consider the set of all points suggested by the walls, the floor, 
axid the celling of your classroom. Then for each point of this 
set there Is a line through It and the selected point on your 
teacher's desk. Each line Is a set of points. Space Is made up 
of all the points on all such lines. Remember, these lines extend 
outside the room. 

Just as v/e do not precisely define "point" and "line," lie do 
not precisely define "space." We study Its properties and In 
this way understand It. We recall that this Idea of space Is like 
that which was known to the ancient Greeks. It has been studied 
by students ever since then. We can really imderstand Ideas like 
those of space and point only after a great deal of study. V/e 
can't expect to learn everything about them In a few days, a v/eek, 
or even this year. 

Class Discussion Problems 

1. Consider one of the lines that pas? through the pencil 
shaipener and the knob of the entrance door to your classroom. 
What objects In the room are "pierced" by this line? What objects 
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outside- the room are also "pierced" by this line? * » 

2, A mathematical poet might say, "Space is like th^ bristling, 
spiny porcupine." In what ways is this description like that in 
the discussion follovd.ng the statement of Property 1? 

Exercises 4-1 

1. For party decorations, creps -paper ribbons were draped betv/een 
tv;o points on the gymnasium walls. Does this shovj-, contrary 

to Property 1, that there may be several geometric lines through 
tvTO points? 

2. V/hen a surveyor marks the boundaries of a piece of land, he 
places stone "monuments" (small stone blocks) at the corners. 
A small hole or nail in the top of each monioment represents a 
point. He loiovTS that, if the mon^uments are not moved out of 
position, the original boundaries may be detei^nined at any 
later time. How can he be sure of this? 

3. A harp or violin player must learn, exactly v/here to place his 
fingers on the strings of his instr^iment to produce the sounds 
he v/ishes to hear. ' Sbmetimes a string vd.ll break and be re- 
placed by a nev; cne.* Hovf does he know, :rithout locking, where 
to place his fingers so that they will rest on the new .string? 



4-2. Planes 

Any flat surface such as the wall of a room, the floor, the 
top of a desk, a piece of plywood, or a door in any position sug- 
gests the idea of a plane in mathematics. Like a line in mathe- 
matics, a plane is thought pf as being unlimited in extent. If you 
begin at a starting point on a plane and follov; paths on the plane 
in all possible directions, these paths will remain in the plane 
but have no endings. A plane, then, would have no boundaries! 

V/e think of a plane as containing many points and many lines. 
As you look at the wall you can think of many points on It, and you 
can also think of the lines containing these points. The edge 
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where the side wall of a room meets the celling suggests a line In 
either the plane represented by the celling or the plane represent- 
ed by the side wall. The edges of the chalk tray represent lines 
In the classroom. At least one of these Is In the plane represent- 
ed by the chalkboard. Any number of points and lines could be 
marked on the chalkboard to represent points smd lines In geometry. 




Mathematicians think of a plane as a set of points In space. 
It Is not Just anjr set of points, but a particular kind of set. 
We have already seen that a line Is a set of points In space, a 
partlcialar kind of set and a different kind from that of a plane. 
A plane Is a mathematician's way of thlnldng about the "ideal" of 
a flat surface. 

If tv;o points are marked on the chalkboard, exactly one line 
can be drawn through these points. Is this Just tvhat Property 1 
says? This line Is on the chalkboard. The plane represented by 
the chalkboard contains the set of points represented by the line 
which you have drawn. 
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Thinl<: of two points marked on a piece of plyi/ood. Part of 
the line throtigh these points can be dram on the pljnvood (recall 
that "line" means "straight line"). Must the line through these 
tvjo points be on the plane of the plyv/ood? We can nov; cctfjclude: 

Property 2: If a line contains tv/o different points of a 
plane ^ it lies in the plane . 

Natice a pair of corners of the ceiling in the front of your 
roam. In how many planes is this pair of points contained? If 
one thinks of the ends of the binding of his tablet as a pair of 
points, he can see that the planes represented by the pages of the 
tablet contain these points. 

The question might be asked, "How many planes contain a 
specified pair of points?" The tablet vrith its sheets spread apart 
suggests that there are many planes through a specified pair of 
points. The front v/all and the ceiling represent tv;o planes 
through the point represented by, the two upper front corners of 
the room. Show by means of hand motions the positions of other 
planes through these two points. A door in several positions 
represents many planes passing through a pair of points — its hinges 
V/e can say, "Many planes contain a pair of points." 




Suppose next that \ie have three points not all on the sane 
line. Three comers of the top of your teacher* s desk is an 
example of this. The bottoms of the legs of a three-legged stool 
is another example. Such a stool will stand solidly against the 
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floor, while a four-legged chair does not always do this -jinless it 
is very well constructed. Spread out the thiomb and first two fin- 
gers of your right hand as in the figure on the previous page. 
Hold them stiffly and think about their tips as being points. Now 
tal<:e a book or other flat surface and attempt to place it so that 
it lies on the tips of your thumb and two fingers (on the three 
points). Can you hold the book against the tips of your thumb and 
two fingers? if jrou bend your vn?ist and change the position of 
your-'thumb and fingers, vriLll the book be in a new position? With 
your hand in any one position, is there more than one vray in which 
a flat surface can be held against the tips of your fingers? It 
seems clear that there is only one position for the flat surface. 




Property 3: Any three points not on the same line are in 
only one plane . 

Do you see v;hy this property suggests that if the legs of a 
chair are not exactly the same length that you may be able to rest 
the chair on three legs, but not on four? 

In the figure, there are three points. A, B, and C in a plane. 
The line through points A and B and the line through points B and 
C are drav;n. The dotted lines are drav/n so that they contain tv/o 
points of the plane of A, B, and C. Each dotted line contains a 
point , of the line through A and B, and a point of the line through 
B and C. The dotted lines are contained in the plane. V/hich 
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, property says this? The sets of points represented by the dotted 
lines are contained in the plane. The plane which contains A, 
B, and C can noi^ be described. It Is the set of all points v/hich 
are on lines containing tv/o points of the flgvre consisting of 
the lines throiigh A and B and through B and C. 

Class Discussion Problems 

1. A plane contains three points, suggested by the tv/o front 
feet of the teacher's desk and the pencil sharpener. Through v/hat 
objects in the room does this plane pass? VThat objects outside of 
the room? 

2. Place a ruler, edge up, upon your desk. Keep one edge of 
a surface, such as a piece of cardboard, in moving contact v/ith 
the desk top but at the same time keep the surface in contact v/ith 
the upper edge of the ruler. Make the svirface slope gradually, 
then steeply. In hov; many different sloping positions may the 
"surface" be placed? On your desk, near but not in line with the 
ruler, place an eraser, tack, marble, or some other small object 
that would sTiggest a point. Place the svirface on this object and 
the* upper edge of the ruler. In how many different sloping posi- 
tions may the surface be placed this time? How do these tv/o 
situations show v/hat is meant by Property 2 and Property 3? 

^ Exercises 4-2 

1, In a certain arrangement of three different points in space, 
the points can be foimd together in each and every one of many 
planes. How are the points arranged? 
\. 2, In another arrangement, three different points can be found 
together in only one plane. How are the points arranged? 

3. Photographers, surveyors, and artists generally use tripods to 
support their equipment. Why is a three-legged device a better 
choice for this purpose than one with four legs? How does 
Property 3 apply here? 
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4. How many different lines may contain: ■ 

a. One certain point? 

b. A certain pair of points? 

5. How many different planes may contain: 

a. Ore certain point? 

b. A certain pair of points? 

c. A certain set of three points? 

6. Why Is the vjovd "plane" used In the following names: airplane, 
aquaplane? Find out what the dlctlona3?y states about plane 
sailing, plane table, planography. 

*7. How many lines can be drawn through four points, a pair of 
them at a time. If the points lie: 

a. In the same plane? 

b. Not in the same plane? 

8. BRAINBUSTER. Explain the following: If two different lines 
Intersect, one and only one plane contains both lines. 



4-3. Names and Symbols 

It Is customary to assign a letter to a point and thereafter 
to say "point A" or "point B" according to the letter assigned. 
Short-cut arrangements like this are good, but we should be certain 
that their meanings are clearly understood, 

A dot represents a point. We shall tell which point we have 
in mind by placing a letter (usually a capital) as near it as 
possible. In the figure belov/, v/hlch point is nearest the left 
margin? V/hlch point Is nearest the right margin? 

A. 

B. C. . 

D. 
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A line may be represented In tvro x-irays, like this 

or simply like this - ' . In the first drairi.ng, what 

do the arrowheads siiggest? Does a line extend indefinitely in two 
directions? The draxring, then, suggests all the points of the line 
not Just those that can be indicated on the page. 

If we \sr±3h to call attention to several points on a line, we 
shall do it in this way: B 

A C 

and^the line may be called "line AB." A symbol for this same line 
is AB. Other names for the above line are "line AC" or "line BC." 
The corresponding symbols v/otild be or 

Notice how frequently the v/ord "represent" appears in these 
explanations. A point is merely "represented" by a dot because as 
long as the dot mark is visible, it has size. But a point, in 
geometry, has no size. Also lines drawn with chalk are rather 
wide, wavy, and generally irregular. Are actual geometric lines 
like this? Recall that "line" for us means "straight line." A 
drawing of a line by a very sharp pencil on very smooth paper is 
more like our idea of a line, but its imperfections will appear 
under a magnifying glass. Thus, by a dot we merely indicate the 
position of a point. A drawing of a line merely represents the 
line. The dravriLng is not the actual line. It is not xvrong to 
draw a line free-hand (without a ruler or straight edge) but we 
should be reasonably careful in doing so. 
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Just as we need to represent point and line, we find it 
necessary to "represent" a plane. Pigiire (a) is a picture of a 
checkerboard resting on top of a card table; figure (b) the same 
with the legs removed and figure (c) the checkerboard alone. 




(a) [J (b) (c) 

A table top suggests a portion of a plane. In this case the 
checkerboard suggests a smaller portion and the individual sections 
of the checkerboard still smaller portions of the plane. If we 
\\iBxit to^^raake a draining on a piece of paper, we use a diamond- 
shaped figure as above. Points of a plane are indicated in the 

* i» 

same way as points of a line: 




In the figure above, do points A and C seem closer to you than 
point B? If not, imagine point B as an opponent's checker at ^the 
far edge of the checkerboard. Then A and C would be checkers 
belonging to you. 
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In the above figure. A, B, G, and D are considered to be 
points in the plane of the checkerboard. A line is drawn throxign 
point A and point B. Another line is drawn throTigh point C and 
point According "-.o Property 2, what can be said about ^? 
Property 2 states, "If a line contains two points of a plane, it 
lias in the plane." What can be said about DC? 

It is possible that a line might pierce or "puncture" a plane, 
A picture of this situation may appear thus: 




The dotted portion of PQ would be hidden from view if the 
part of the* plane represented were the upper surface of spme object 
such as the card table. 

Once again, we see that the draining only "represents" the 
situation. ^ 
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This is a dravjing of an open, book: 




If all pages of the book except one of the upright set were 
removed, then the dra\irLng would change to thio: 




This now suggests the Intersection of tv/o planes, one containing 
the front and back covers and the other containing the single page. 
Since there is more than one plane in the figure, it now becomes 
necessary to label them. Let us assign letters to some of the 
points of the diagram. 
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A 






B 



How could v;e use Property 3 to Identify the planes of the . 
figure above? Remember that Property 3 states, "Any three points 
not all on the same line are In exactly one plane," X\rould the 
letters ABD sugsest the upright page or the book cover? Note that 
point A, point B, axid point D are " not all on the same line." Many 
people V70u],d agree, that the upright page Is suggested by these 
letters. The page In question suggests a plane and may nov; be 
designated as "plane ABD. " Pollov;lng this same arrangement, the 
book cover may be called, "plane ABC," but It seems that "plane 
ABE" v/ould be another v/ay of Indicating the book cover! To shov; 
that apparently tvro names for the same plane may be given, it might 
be possible to vn?lte plane ABC = plane ABE if v;e are certain of 
V7hat the equal sign means as used here. 

The notion of "set" vrill be helpful in explaining v/hat is 
meant by "equaX" v/hen applied this v;ay. Let's see v/hat facts can 
be ascertained about the situation described by the figure: 

1. Plane ABC is a set of points, extending beyond the book 
cover, 

2. Plane ABS is a set of pointy extending beyond the book 
cover. 

3. Points A, 3, C, E, and others not indicated are in plane 
ABC and are also in plane ABS. 

In other words, all elements of plane ABC, (a set of points) and 
elements of plane PSZ (a set of points) seem to be contained in 
both sets (planes), We shall say, "Tv/o sets are equal if and only 
if they contain the sane elements." According to this, plane 
ABC = plane . ABE. In other v/ords> v;e say set H is equal to set N 
if K and N are two names for the same set. 
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Exercises 



A. 



As one usually holds a page, v/hich indicated point of the 
figure above is to the left of CD? To the right? VJhich 
Indicated point is nearest the top of the page? The bottom? 



. C 



A* -8 G 



Transfer the points in the above figiare to a piece of paper by- 
tracing. Prom now on we shall refer to the copy you have made. 
With a portion of a line. Join A to B, then B to C, C to D, 
D to A in that order. Now Join A to E, B to P, C to G. V/hat 
familiar piece of fiimltxire might this sketch repre. nt? 
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3. Malce a tracing of the above figure. Join A to B, B to C, C to 
D, D to A, A to ,X, B to Y, D to V, and C to U. Ifnat has hap- 
pened to the table? 




(a) 




(9) 




(c) 



(f ) 




(1) 




4. Each of the ab.ove sketches represents one of the familiar 
objects listed belov/. Match the sketches v/lth the names. 
Cot Football field Line of laundry 

Ping Pong table High Jtmp Ladder 
Carpet Coffee table Open door 

Chair Shelf 

3. Make sketches representing each of the follov/ing: 

Desk Pyramid vilth square base 

Cube Cereal box 
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In the figure belov/. Is point V a point of PQ? Is point Q 
an element of the plane? Is V? Hov/ many points of ^ are 
elements of the plane? 




Figure (a) Figure (b) 

Figure (b) Is a copy of figure (a), except for labeling. Three 
boys named "Tom," v;ho are In the same class might be called 
T^, Tg, and Tg to avoid confusing one with the other. Similarly, 
three different lines may be denoted as , ^ , and ^ . The 
small number^jv^are not exponents. They are called "subscripts;" 
Plane ABD in figure (a) co3?responds to in figure (b). ^ 
in figure (a) corresponds to ^ In figure (b) . 

In the left-hand column are listed parts of flgiore (a). Katch 
these vrLth parts of figure (b) listed In the right-hand colxomn: 



Parts of Figure (a) 

1. W 

2. Plane ABC 

3. Plane ABD 
^. Plane EBA 

5. ^ 

6. The intersection of 
plane ABC and plane 



Parts of Figure (b) 



a. 
b. 
c. 
d. 



llr 



ABD 



*Does the second column 
siiggest an advantage of the 
subscript way of labeling? 
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8. In the figure at the right, (a) does J^^ pierce M^? (b) Also 



(c) iB the only line 



through P and Q? (d) V/hat 
Is the Intersection of 
and (e) Is J?^ In 

Kg? (f ) V/ould neet 
(g) Are^ and J?^ In the 
same plane? 




^-^L Intersection of Sets 

We nov7 shall introduce some useful and important Ideas about 

sets. 

Let set A = [1, 2, 3, 4, 5, 6, 7, 8, 9} 
Let set B = [2, 4, 6, 8, 10, 12, 14, 16} 

Let set C be the set of those elements which are In set A and 
are also in set B. We can vn?lte set C = (2, 4, 6, 8}. We call 
C the Intersection of set A and set B. 

Let set R be the set of pupils vith red hair. 
Let set S be the set of pupils who can swim. 

It might happen that an element of set R (a pupil ;d.th red 
hair) might be an element of set S (a pupil who can sx-rtm) . In 
fact, there may be no such common elements or there may be several. 
In axiy case, the set of red-headed svriLmmers is the intersection 
of set ;S and set R. 

A s.et i^rith no elements in it is called the "empty set." Thus, 
if there are no red -headed swimmers, then the intersection of set 
S and set R is the empty set. 

Let set H be the set of pupils in your classroom and let set 
K be the set of people under tv/o years of age. Then the inter- 
section of H and K is the empty set. There are no pupllj^; in your 
classroom under two years of age! 
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Vfe use the symbol fl to mean "intersection," that Is, E fl P 
means "the Intersection of set E and set P." Thus, referring to 
the sets mentloned^prevlously, v;e vn?lte: 
A n Bis (2, h, 6, 8) 

R n S Is the set of red-headed swimmers 
H n K Is the empty set. 




Is like a plns-pong table. Kg Is like the net. 

The figure above suggests tv;o planes and Kg. The llne^ 
seems to be In and also In Mg. Every pplnt In 11^ which Is also 
In Mg seems to be on the line ^ . Thus the following statement 
seems to be true: fl Mg = ^ . 

Some people talk about Intersections In a slightly different 
way than we have here. IVhen we say the Intersection of tv/o sets 
Is empty, they say that the two sets do not Intersect. V/hen we 
say the Intersection of two sets Is not empty, they say that the 
tv/o sets do Intersect. The Ideas are the same but the language 
Is a bit different. '^^r 

Exercises 4-4 

1. V/rlte the set v/hose members are: 

a. The v;hole numbers greater than 17 and less than 23 

b. The cities over 100,000 In population In your state 

c. The members of the class less than 4 years old 

2. V/rlte three elements of each of the following sets: 

a. The odd whole niambers 

b. The whole numbers^ divisible by 5 
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c. The set of points on the line below, some of which are 
labeled In the flgxire: P Q T u 

""^ ~^ R S 
3. Give the elements of the Intersections of the follov/lng pairs 
of sets; 

a. The x^hole numbers 2 throiigh 1& and the whole numbers 9 
throTigh 20 

b. The members of the class and the girls vd-th blond hair 

c. The set of points on line k. 
and the set of points on 
line ko 





d. The set of points on plane 
Mj^ and the set of points on 
plane Mg 



4. Let S =: (4, 8, 10, 12, 15, 20, 23} 

T =: (2, 7, 10, 13, 15, 21, 23} 
Find S n T. 

5. Think of the top, bottom, and sides of a chalk box as sets of 
points. 

a. What Is the Intersection of two sides that meet? 

b. What Is the Intersection of the top and bottom? 

6. Let S be the set of New England States, T be the set of states 
whose names begin with the word "New," and V be the set of 
states which border Mexico. 

a. List the states In the three sets, S, T, and V using the 
( } notation. 

b. What Is S n T? 
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c, IVhat is S n V? 

d. What Is V n T? 

♦7* The set of whole niambers which are multiples of 3 Is closed 
lander addition. 

a« Is the set of whole numbers which are multiples of 5 

closed xmder addition? 
b. Is the Intersection of the sets described In this exercise 
- closed under addition? Why? 
8. BRAINBUSTER, Explain why "intersection" has the closvire 
property and Is both commutative and associative. In other 
words. If X, Y, and Z are sets, explain rhy: 

a. X n Y Is a set. 

b. X n Y = Y n X. 

c. (X n Y) n z = X n (Y n z). 



^-5. Intersections of Lines and Planes 
Two Lines 

„Look at a chalk box and think of the edges as representing 
lines. Some of these lines Intersect and some do not. On the top 
of the box are some lines (edges) which Intersect and some v/hlch 
do not. If we thlnlc of the lines contained In the top and the 
bottom of the box, we see Intersecting pa;lrs, pairs which do not 
Intersect but have the same direction, and pairs i^hlch do not 
Intersect and do not have the same direction. Is this situation 
also true of the edges in your classroom? (An edge is the line of 
intersection of two walls, a v/all and the ceiling, or a v/all and 
the floor. ) 

Can you hold your two arms in a position so that they repre- 
sent intersecting lines? Can you hold them in a position so that 
the lines they represent do not intersect but have the same 
direction? Can you hold them in a position so that the lines they 
represent do not intersect and do not have the same direction? Are 
there any other possibilities as far as intersections of pairs of 
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lines are concerned? 

The possible Intersections of two different lines may be 
described In three cases. Plgxires are drawn to .represent the first 
two cases but not the third. As you read the third case, can you 
think of the reason It Is difficult to represent It In a figure? 
Look at the figure for Problem 8 of Exercises Could this be 

used for case three? 
Case 1. Jl and k Intersect, or 

•f n k Is not the empty set . 
^ and k cannot contain the 
same two points, l^fhy? 
Case 2. and k do not Intersect 

and ar^ In the same plane. 

^ Dk Is the empty 

set , and ^ and k are In the ^ 

same plane. ^ and k are 
said to be parallel. 
Case 3. and k do not Intersect and are not In the same plane. 

n k Is the empty set, and and k are not In the 
same plane. V/e say that and k are skew lines . 

In the BRAINBUSTER of section 4-2 you v/ere asked to explain 
v/hiy tv/o lines lie In the same plane If they Intersect. In the 




figure above are shovm tv/o lines which Intersect In point A. B Is 
a point on one of the lines and C a point on the other. By Property 
3, there Is exactly one plsme v/hlch contains A, B, and C. 

By Property 2, AB Is In this plane. 

By Property 2, AC Is In this plane. 

There Is exactly one plane v/hlch contains the two lines. 
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(a) 



(b) 



£ Line and a Plane 

There Is a way to arrange a line and a plane so that their 
Intersection contains only one point. Does one of the drav;lngs 
above suggest this way? There Is another way to arrange a line 
and plane so that their Intersection contains many points! V/hlch 
'drawing sxiggests this v;ay? There Is still another way to arrange 
a line and a plane so that their Intersection contains no points 
at all! If the first tv;o drav/lngs v/ere chosen correctly you won^t 
have difficulty In choosing the correct drawing this time. If we 
refer to each of the above arrangements as a "case," then these 
three 'bases" might be suggested also by the sides and edges of a 
chalk box, a shoe box, or the vxalls and edges of the room. 

Tv;o Planes 

Next, let us think of two different planes In Space. Suppose 
their Intersection Is not empty. Does the Intersection contain 
more than one point? Notice that the planes of the front v;all and 
of a side v/all of a room Intersect In more than one point. If you 
have two sheets of paper and you hold a sheet of paper In each 
hand. It might seem that the pieces or sheets of paper could be 
held so that they have. only one point of Intersection. But If v;e 
consider the planes o2 the sheets of paper and not Just the sheets 
themselves, we see that If they have one point In common. It follov/s 
that their Intersection v;lll necessarily contain other points. Can 
you hold the two sheets so that they aire flat and still represent 
planes that v/ould Intersect In only two points? Keeping the sheets 
as flat as possible, can you hold them so that they Intersect In a 
curved line like the arch of a bridge? 
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(d) (e) 

Let A and B be tvo points, each of which lies In tvio Intersect- 
Ing planes as In figure (d). Prom Property 2, the line AB must 
lie In each of the planes. Hence the Intersection of the two planes 
contains a line. But If, as in figure (e), the intersection con- 
tains a point C not on the line then the tv;o planes would be 
the same plane. By Property 3 there would be exactly one plane 
containing A, B, C. We nov/ state: 

Property ^: If the intersection of tv/o different planes is 
not empty , then the intersection Is a line. 




If the intersection of tv;o planes is the empty s^t, then the 
planes are said to be parallel . Several examples of pairs of 
parallel planes are represented by certain v;alls of a room or a 
stack of shelves. Can you think of others? 

In discussing the intersection of two different planes we 
'have considered two cases. Let M and N denote the tv;o planes. 
Case 1. M n N is not empty. M 0 N is a line. 
Case 2. M fl N is empty. M and N are parallel. 

Are there axiy other cases? \ifhy? 
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Exercises 4>->5 

List the three cases for the Intersection of a line and a 
plane. Indicate whether the Intersectlpn contains 0, 1 or 
more than, 1 point, ' . . 

Describe tv/o pairs of skew lines sugeested by edges In your 
room. . . 

On your paper, label three points A, B, and C so that AB Is 
not t?. Draw the Unas ^ and **^. What Is 1^ nt^*> ' 
Carefully fold a piece of paper in, half. Does the fold suggest 
a line? Stand the folded paper up on a table (or desk) so that 
the fold does not touch the table. The paper makes sort of a 
tent. Do th^5 table top and the folded paper suggest three 
planes? Is any point in all three planes? V/hat is the inter- 
section of all three planes? Are any txvo of the planes parallel? 
Stand the folded paper up on a table with one end of the fold 
toucMng the table. Are tlicee planes suggested? Is any point 
in all three planes? V/hat is the intersection of the three 
planes? 

Hold the folded paper so that Just the fold is '^on the table 
top. Are three pianes suggested? Is any point in 'all three 
planes? IThat is the intersection of the three planes? 
In each of the situations of Exercises h, 5, and 6, consider 
only the line of the fold and the plane of the table top. 
What are the intersections of this line and this plane? You 
should have three answers, one for each of 4, 5, aiid 6*, 
Consider three different lines in a plane. How many points 
_v;ould there be vriLth each point on at least two of the lines? 
ttpaw four figures showing how 0, 1, 2, or 3 might have been 
your answer. Why couldn^t your answer have been 4 points? 
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We have labeled eight points on the flgiore. Think of the lines 
and planes suggested by the figure. Name lines by a pair of 
pointo and planes by three points. Name: 

a. A pair of parallel planes. 

b. A pair of planes whose intersection is a line. 

c. Three planes that intersect in a point 

d. Three planes that intersect in a line. 

e. A line and a plane whose intersection is empty, 
ff A pair of parallel lines. 

g. A pair of skew lines. 

h. Thrt3e lines that intersect in a point. 

1. Pour planes that have exactly one point in common. 
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4-6. Segments ' 

Consider three points A, and C as In the figure below. Do 
we. say that any one of them Is betv/een the other txvo? No, we 
usually do not. 




We use the word "between" only when the. points In question are on 
the same line (or on the same natural path) . Look at points P, Q, 
and y above. These points represent points on a line. Is X be- 
tween Q and Y? Is Q betv/een P and Y? Is P betxveen X and Y? If 
you. have said yes, yes, -and no In that order, you are correct. All 
of us have a. good natural sense of what It means to say that a point 
is betv;een txvo other points on a line. V/e know that while Q is 
betxveen P and X there are many other points between P and X, but 
xve have not labeled any of these. 

You will observe, when vje say that a point P is between points 
A and B, that we mean two things: First, there is a line containing 
A, B, and P. Second, on that line, P is betv/een A and B. 

Let us look at the figure again. Is there some point betx^reen 
P and Q? We have not labeled any, but we understand there are many 
there. In fact, for any tv/o points, A and B, in space we under- 
stand the situation is like that for P and Q. There is a line con- 
taining A and B, and on this liiie, there are points betv/een A and 
B. 

Finally, v;e are able to say what we mean by a segment. Think 
of tv/o different points A and B. The set of points consisting of 
A, B, and all points between A and B is called the segment AB. 
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A and B are called the endpolnts . We name the segment with end- 
po,ints A and B by TSff. Another name for this segment Is BT. 

Every segment has^exactly tv/o endpolnts. As suggested above, 
each segment contains points other than Its endpolnts. Sometimes 
a segment Is called a line segment . It Is not xTrong to do so, but 
It Is unnecessary. Vfe understand, anjrvray, "that a segment Is a 
part of a line. 

^.-^^""^"^^^ 

In the figure above, v/e can name segments IB, CB, and CD. Are 
there other segments? Yes, there are segments CA, AD, and BD. You 
recall that earlier v;e learned something about Intersection of sets. 
V/hat Is the Intersection of and SH? 

Not only may v;e talk about Intersection of sets, but v;e also 
find It convenient to talk about the union of sets. The v/ord "union 
suggests uniting or combining tv;o sets Into a nex7 set. The union 
of tv/o sets consists of those objects v/hlch belong to at least -^bne 
of the two sets. For example. In the figure above, the union of 
AB and BC consists of all points of AB, together iTith all points 
of SC, that Is, the segment TfC. 

We use the symbol U to mean "union." That Is, X U Y means 
"the union of set X and set Y. " Suppose that set X Is the set of 
numbers [1, 2, 3, ^} and set Y is the set of numbers [2, ^, 6, 8, 
10}. Do you have any Idea of v/hat X U Y Is? Yes, It is Cl, 2, 3, 
4, 6, 8, lOj. In the union of two sets v;e do not think of an 
element v;hich occurs in both sets as appearing tvriLce in the union. 
Instead, it appears Just once. 
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Again, let. us think of the set of all pupils viho have red 
hair and the set of all pupils who can svrtjn. V/e may think: 
Let sot R be the set of pupils vrf.th red liair. 
Let set S be the set of pupils viho can svrtjn. 
a?hen R U S is the set of all pupils v;ho either have red hair 
(v/hether or not they can svriLm) or v;ho can swim (whether or not they 
have red hair). 

Exercises 4-6 

1. Drav; a horizontal line. Label four points on it. P, Q, R, and 
S in that order from left to right. Name tvjo segments: 

a. V/hose Intersection is a segment. 

b. Vfliose intersection is a point. 

c. V/hose Intersection is empty. 

d. I'/hose union is not a segment. 

2. Draw a line. Label three points of the line A, B, and C v/ith 
B betvieen A and C. 

a. vmat ±3 JS nW? ' 

b. V/hat is 17 0 EJT? 

c. Vhat is W? 
or d. imat is 7[Cr? 

3. Dravr a segment. Label its endpoints X and Y. Is there a pair 
of points of 3cy VTlth Y betv/een them? Is there a pair of points" 
^of XY v/ith Y betv;een them? 

4. ^aw two segments IS and ^ for v/hich W D'CIS Is empty but 
AB n CD is one point. 

5. ^aw tv;o segments P7T and for v;hich fl TS" is empty, but 
PQ is RS. 

6. Let A and B be tv;o points. Is it true that there is exactly 

. one segment containing A and 3? Drav; a figure explaining this 
problem and your ansv/er. 

7. Dvavi a vertical line . Label A and B tv;o points to the right 
of . i^abel C a point to the left of ^. Is Isfl^ empty? 

Is Acn>p empty? 
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8. BRAINBUSTER. In some old-fashioned geometry books the authors 
did not make any distinction between a line and a segment. 
They called each a "straight line." With "straight line" mean- 
ing either of these things, e:cplain. why xve cannot say that 
"through any two points there is exactly one straight line." 

9. BRAINBUSTER. Explain why "xmion" has the closure property 
and is both commutative and associative. In other words, if 
X, Y, and Z are sets, explain why: 

a. XU Y is a set 
b; XU Y = Y: JU X 
c. (X U Y)U Z = X U (Y U Z) 
*10. Show that for every set X, we have: 

X UX = X 

4-7. Separations 

In this section v/e shall consider a very Important idea — the 
idea of separation. We shall see this idea applied in three 
different cases . 

Let M be the name of , the plane of the front chalkboard. This 
plane separates space into two sets: (l) the set of points on 
your side of the plane of the chalkboard, and (2) the set of points 
on the far side (beyond the chalkboard from you) . These two sets 
are called half -spaces . The plane M is not in either half -space. . 

Let A and B be any two points of space not in the plane M of 
the chalkboard. Then A and B are on the same side of the plane M 
if the Intersection of IE and M is empty, that is, if 755 fl M is 
empty. Also, A and B are on opposite sides of the plane M if the 
intersection of 15 and jyi is not empty; in other words, there is a 
point of M between A and B. 

Any plane H separates space into , tv;o half -spaces . 

If A and B are in the same half -space, a5 0 M is empty. If 
A and B are in different half -spaces,- AB fl M is not empty. V/e call 
M the bo\mdary of each of the half -spaces. 
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Now consider only the plane M of the front chalkboard. Do you 
siee how the plane M itself could be separated into two half -planes? 
What could be the boundary of the two half -planes? Look at the 
next figure consisting of line,^ , . 

and three points. A, B, and C. Is J5 the empty set? Is 
the empty set? What about We may say that: 

Any line \^ of plane M separates the plane into two half -planes 
We call the two half-planes into which ^ separates M, the 
sides of^. We indicate the sides of >P by referring to the A-side 
of J or the C-side of ^ . Notice that in the aboye figure, the B- 
side ofj^ = the A-side of . The line^ is not in either half- 
plane . 

In the figure below the S-side of line k is shaded and the 
T-side of k is not shaded. 




Now consider a line^. How would you define a half -line? Can 
you say anything about segments in this definition as we did in 
defining half-planes and half -spaces? Ifliat would the boundary be? 
Is the boundary a set of points? 
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If point P separates the line In the flgiire Into two half-lines, . : 
are A and B on the same half -line? Are A and C on the same half- • 
line? Is P between B and C? 

Our third case should now be clear. Can you state It? 

It Is important to note that these three cases are almost 
alike. They deal with the same Idea In different situations. Thus: 

(1) Any plane separates space Into two half -spaces . 

(2) Any line of a plane' separates the plane Into two half - 
. planes . 

(3) Any point of a line separates the line Into tv/o half -lines 
There Is one other definition that Is useful. A ra£ Is a half- 

.llne together with Its endpolnt. A ray has one endpoint. A ray 
without its endpolnt Is a half -line . -We usually draw a ray like 

this, >. If A Is the endpolnt of a ray arid B Is another point * 

of the ray, we denote ^the ray by AB. Note that is not A^. We 
use the term ray in the- same sense in which it is used in "ray of 
light." 

In everyday language, we sometimes do not distinguish between ; 
lines, rays, and segments. In geometry we should distinguish 
betv/een them. A "line of sight" really refers. to a ray. You do 
not describe somebody as in your line of sight if he is behind you. ■ . 
The right field foul line in baseball really refers to a segment 
and a ray. The segment extends from home plate through first base 
to the ball park fence. It stopF^t the fence. The ray starts on 
the ground and goes up the fence, \ihat happens to a home run ball 
after it leaves the park makes no difference to the play in a 
major league game. 



A 
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Exercises ^-7 
Ih .t^^ at the right. Is the 

R-slde of J} the same as the S -side 
I "; - otj Is it the same as the Q-slde? 
mr'' Are the intersections ofi^ and . ' * 
jf and ^ empty? Are the inter- 
sections of >( and J* and |IT 
^ / empty? Considering the sides of 

^ , are the previous two answers v/hat you would expect? 
; 2. Draw a line containing points A and B. Vmat is aSD'ba? vmat 

is the set of points not in AB? 
•3. Draw a horizontal line. Label four points of it A, B, C and 
D in that order from left to right. 

Name tx^ro rays (using these points for their description): ^ 

a. V/hose union is the line. 

b. V/hose union is not the line, but contains A, B, C, and D. 

c. V/hose union does not contain A. 

d. Ifliose intersection is a point. 

e. V/hose intersection is empty. 

4. Does a segment separate a plane? Does a line separate space? 

5. Draw tyro horizontal lines k and on your paper. These 
lines are parallel. Label point F on . Is every point of 

^ on the P-side of k? Is this question the same as "Does 
the P-slde of k contain JP "? 

6. The, idea of a plane separating space is related to the idea of 
the surface of a box separating the Inside from the outside. 
If P is a point on the inside and Q a point on the putslde of 
a box, does PiJ Intersect the surface? 

*7. Expla'ln how the union of two half -planes might be a plane. 
*8. If A and '6 are point Sv. on the same side of the plane M (in 
space), must AB 0 M be empty? Can AB 0 M be empty? 
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4-8. Angles and Triangles 
Angles 

Some of the most important Ideas of geometry deal with angles 
and triangles. An angle Is a set of points consisting of two rays, 
with an endpolnt in common and not both on the same straight line. 
Let us say this in another way. Let BA and be tv;o rays such 
that A, B, and C are not all on the same line. Then the set of 
points consisting of all the points of BA together with all the 
points of BC is called the angle ABC. An angle is the union of two 
rays. The point B is called the vertex of the angle. The rays 
BA and BC are called the rays (or sometimes the sides ) of the angle. 
An angle has exactly one vertex and exactly two rays. 

An angle is dram in the figure below. You will recall from 
section 4-3 that we really mean "a representation of an angle is 
dravm." Three points of the angle 
are labeled so that the angle is 
read "angle ABC" and may be 
written as, "/ ABC." The 
letter of the vertex ig alv/ays 
listed in the middle. Therefore, 

/_ABC is /_CBA. Note that in labeling this angle the order of A 
and C does not matter, but B must be in the middle. Is / ABC 
the same as / BAC (not dravjn)? 

Prom the figure it looks as if the angle ABC separates the 
plane containing it. It is true that the angle does separate the 
plane. The tv;o pieces into which the angle separates the plane 
look somewhat different. They look like: 
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We call the piece on the. right the Interior of the angle and the 
one on the left the exterior . We can define the Interior of the 
/_mc as the Intersection of the A-slde of the line BC and the 
C-slde of the line AB. It is the intersection of two half planes 
and does not Include the angle. The exterior Is the set of all 
points of the plane not on the angle or In the Interior. 

Triangles 

Let A, B, and C be three points not all on the same straight 
line. The triangle ABC, written as A ABC, is the union of TS, 
and SC. you will recall that the union of tv/o sets consists of all 
of the elements of the one set together vrith all the elements of 
the other. V/e may define the A ABC in another way. The triangle 
ABC^s the set of points consisting of^A, B, and C, and all points 
of AB between A and B, all points of AC between A and C, and all 
points of BC betxreen B and C. The points A, B, and C are the 
vertices of A ABC. *We say "vertices" when referring to more than 
one vertex. Triangle ABC is represented in the figure. 




Angles of a Triangle . 

We speak of TiB, W, and W as the sides of the triangle. We 
speak of /_ABC, /_ACB, and /_BAC as the angles of the triangle. 
These are the angles determined by the triangle. Are the sides 
of the triangle contained in the triangle? Are the angles of a 
triangle contained in the triangle? You may wonder t^hy vre call 
^ABC an angle of A ABC when ^ABC is not contained in A ABC. 
(Read again the paragraphs on Angles.) V/e spealc of the graduates 
of a school even though graduates are not in the school. 

Note that a triangle is a set of points in exactly one plane. 
Every point of the triangle ABC is ' in the plane ABC . Look at the 
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figm-e on the previous page. Does A ABC separate the plane in 
v/hich it lies? Yes, it certainly seems to do so. It is true that 
it does. The A ABC has an interior and an exterior. The interior 
is the int?ersection of the interiors of the three angles of the 
triangle. The e::terior is the set of all points of plane ABC not 
on A ABC or In the interior of A ABC. 

Exercises 4-8 

1. Label tliree points A, B, and C not all on the same line. Dravx 
AB, tc, and BC. (a) Shade the C-side of ffi. Shade the A-side 
of BC. V/hat set is nov; doubly shaded? (b) Shade the B-side 
of AC. vniat set is nov/ triply shaded? . 

2. Label, three points X, Y, and Z not. all on the same line. 

a. Dravx / XYZ and / XZY. Are they different angles? V/hy? 

b. Drav/ / YXZ, Is this angle different from both of the 
other tv/o you have dravm? 

c. Each angle is a set of points in exactly one plane. Miy 
is this true? 

3. Drav/^a triangle ABC. • 

a. In the triangle, v/hat is 7!& fl IC? 

b. Does the triangle contain ariy rays or half-lines? 

c. In the drains extend AB in both directions to obtain AB. 
V/hat is AB n AB? a 

d. V/hat is AbH A ABC? 

4. Refer to the figure on the 
right . 

a. V/hat is Wn A ABC? 

b. Name the four triangles 
in the figure. 

c. IVhich of the labeled points, if any,' are in the Interior 
of any of the triangles? 

d. Which of the labeled points, if any, are in the exterior 
of any of the triangles? 

e. Name a point on the. same side of V.^!^ as C and one on the 
opposite side. 
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Drav; a flciire like that of Exercise 4. 

a. Label a point P not In the Interior of any of the triangles. 

b. Label a point Q Inside tv;o of the triangles. 

c. If possible, label a point R in the Interior of A ABC but 
not In the Interior of any other of the triangles. 

If possible, malce sk6*ches in xirhlch the intersection of a line 
and a triangle is: 

a. The empty set c. A set of one element 

b. A set of tv7o elements d. A set of exactly t lire e elements 
If possible, malce sketches in v/hich the intersection of tv/o 
triangles is: 

^r.; jH® ®"^P*y set c. Exactly foxir points 

b.i Exactly tv7o points d. Exactly five points. 

In the figure, v;hat are the follov;lng: 
a. ABC n 



b. 
c. 

d. 



A ABC n AB 
-Pi n ^ACB 




e. /^BCAfl /_ACB 
..f, B? n Z__ABC 

g. BC n / AC3 

h. /_^ABCn A ABC 

In a plane if tv/o triangles have a side of each in conimon, must 
their Interiors Intersect? If three triangles have a side of 
each in common, must some two of their interiors intersect? 
Drav; /_^ABC. Label points X and Y in the interior and P and Q 
in the exterior. 

a. Must every point of be in the interior? 
Is every point of PQ in the exterior? 

Can you find points R and S in the exterior so that RSO 
/ ABC is not empty? 
Can Wf) / ABC be empty? 



b. 
c. 

d. 
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4-9. One -to -One Correspondences 

In Chapter 3 we used the Idea of "one-to-one correspondence" 
in talking about counting nimbers. This Idea Is also useful In 
geometry. By "one-to-one correspondence" we mean the matching of 
each member of a certain set v;lth a corresponding member of another 
set. Before v/e use this Idea In geometry, let us revlev; our 
previous experience. 

One example used in Chapter 3 concerned primitive man as he 
kept* track of his sheep by matching each sheep in his flock with 
a stone. As you remember, the shepherd v;ould build a pile of 
stones each morning, composed of one stone for each sheep, as the 
flock "left the fold for the pastvire. In the evening he v;ould 
transfer the stones to a new pile, one at a time, as each sheep 
entered the fold. If all stones v/ere thus transferred, then the 
shepherd knev^ that all his sheep vrere safe in the fold for the 
night. This is true because for each stone there vias a matching 
sheep, and for each sheep there v/as a matching stone. 

Let us take another example. Suppose you have sold seventeen 
tickets to a school play. Let T be the set of tickets you have 
sold. Let C be the set of people v;ho are admitted to the theatre 
by these tickets. Is there a one-to-one correspondence between 
T and C? How do you know? 

Consider the set of cotmting numbers less than eleven. Let 
us form tvro sets from these numbers. Set A, containing the odd 
numbers: Cl* 3, 3, 7, 9} and set B, containing the even niambers:- 
(2, 4, 6, 8, 10}. Is there a one-to-one correspondence betv;een 
set A and set B? The ansv/er, of course, is yes, because every 
odd number can be matched v/ith an even number, . Let us demonstrate 
this by use of the following scheme: 

13-579 

^ ^ ^ ^ ^ 

2 4 6 8 10 

Is this the only \iay in which the elements of these tv/o sets can 
be matched? Form a different matching of your ovm. 
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The game of musical chairs Is fun because It Is based on not 
having a one-to-one correspondence. Why Is this? Is there ever 
a one-to-one correspondence at some stage In the game? 

Given set A: ' (a, b, c, d, e, f, g], and set B: (I, II, III, 
IV, V}. Is there a one-to-one correspondence betv;een these tvro 
sets? Demonstrate yovr answer by using the scheme used previously 
for the sets of even and odd numbers. 

Exercises ^-9-a 

1, Is there a one-to-one correspondence betv;een the pupils and 
the desks in your room? V/hy? 

2, Is there a one-to-one correspondence betv/een the states of the 
United States and the U. S, cities of over 1,000,000 in 

p opul at ion? V/hy ? 
3, , You have heard of the expression: "Let's count noses," D6es 
this imply a. one-to-one correspondence situation? If so, 
v/hat is it? 

4, Shov; that there is a one-to-one correspondence betv;een the 
set of even v^ole numbers and the set of odd v;hole numbers, 

5, If set R is in one-to-one correspondence v/lth set S and set S 
\>rith set T, is set R in one-to-one correspondence v/ith set 

T? V/hy? 

6, BRAINBUSTER. Establish a one-to-one correspondence between the 
set of even whole niambers and the set of whole numbers, 

Nov; let us see hov; v;e can use the idea of one-to-one corre- 
spondence in geometry. 
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Class Exercise and Discussion 



like 




Questions are scattered throughout the directions, Ansx^er the 
questions as you- go along. 

1. Draw a line and label It^. 

2. Choose a point not on line>^ and label It P. 

3 . Mark some jpolnt A on llne>/ . 

4. Draw line PA. 

a* Is PAOi equal to the empty set? 

b. Does the Intersection set of PA and ^ have only one 
element? VJhy? 

5. Choose two other points, B and C on . Draw PB and PC. 

a. Through each addltlonail point marked on can you draw 
a line that also goes through point P? 

b. Let all lines which Intersect >^ and pass through P be the 
elements of a set called K. How many elements of K have 
been drawn up to now? 

c. Does each Indicated element of K contain a point on^? 

d. Can each Indicated element of K be matched with an 
Indicated point on>/'? 

e. Do you think that, If more elements of K were dravm and 
more points on^ were marked, each element of K could be 
matched vilth a corresponding element of^ ? 
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• 6. Mark points D and E or\J. Draw elements of K that can be 

matched irith these points. Is It true that for each element 
(indicated or not) of K there Is a» corresponding element of 
-/ and for each element of ^ there Is a corresponding element 
of K? 

7. Draw an element of K. 

a. Does it Intersect y/? 

b. In how many points does It Intersect^? 

8. Copy and complete the folloiring sentence to make It true: 

'^o a through P and Intersecting ^ there corresponds 

^ ^ onj^ and to a on J there corresponds a 

through P and Intersecting^ . In other xvords, 

there Is a one-to-one correspondence between the set K of lines 
' and the snt^ of points. 

The facts you learn about number and the facts you deam In 
the study of geometry x^lll eventually be combined In a subject 
knovm as "coordinate geometry." Great advances In science and 
technology have been made because of this combination. To under- 
stand how this union of nximber and geometry Is accomplished, we 
shall once again call upon the Ideas of "line In the geometric 
sense," "number line," and "one-to-one correspondence." 

Exercises 4-9-b 

1. Describe a one-to-one correspondence betvreen the points A, B, 
and C v;hlch determine a triangle and the sides of the 
triangle. Can you do this in more than one way? 

2. Draw a triangle with vertices A, B, and C. Label a point P 
in the interior of A ABC. Let H be the set of all rays having 
P an an endpoint. We understand that the elements of H are in 
the plane of A ABC. Draw several rays of H. Can you observe 
a one-to-one correspondence betv;een H and A ABC? For every 
point of A ABC Is there exactly one ray of H containing it? 
For every ray of H is there exactly one point of AABC on such 
ray? 
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3. Draw an angle XYZ v/lth the vertex at Y. Draw .the segment 
Think of K as a set of rays In plane XYZ v/lth common endpolnt 
at Y, K Is the set of all such rays which do not contain 
points In the exterior of /_XYZ. YX and YZ are tv70 of the 
many elements of K, Draw another element of K, Does It Inter- 
sect For each element of K will there be one such matching 
point of XZ? Label ^D a point of YX and E a point of YZ. Draw 
BE. Is there a similar one-to-one correspondence between the 
set of points of and the set of points of EST? 

4. Describe a one-to-one correspondence between the set of points 
on the surface of a ball and the set of rays with common end- 
point Inside the ball. 

5. Describe a one-to-one correspondence between a set H of all 
lines In a plane through a point and a set K of all planes 
through a line In space. (Thlnlc of a revolving door and the 
floor under the door.) 

6. Let S be the set of all rays 
In plane ABD vrf.th endpolnt 
at P. (a) Is there a one- 
to-one correspondence between 
S and A ABD? (b) Is there 
a one-to-one correspondence 
betv/een S andAPCE? (c) Is 
there a one-to-one corre- 
spondence between A ABD and 
A PCS? VJliy? 



D 




B 
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4-10. Simple Closed Curves 

In nev/spapers and magazines you often see graphs like those 
in figures a and b. These graphs represent v/hat are called 
curves. I7e shall consider curves to be special tjTDes of sets of 
points. Sometimes paths that v/ander around in space are thought 
of as curves. In. this section, however, we confine our attention 
to curves that are contained in one plane. \Je can represent then 
by figures v/e drav; on a challcboard or on a sheet of paper. 

A curve is a set of points vrhich can be represented by a pencil 
drav/ing made v/ithout lifting the pencil off the paper. Segments 
and triangles are examples of curves vie have already studied. 
Curves may or may net contain portions that are straight. In 
everyday language v;e use the term "curve" in this sarae sense. Wien 
a baseball pitcher throx^s a curve, the ball seems to go straight 
for a v/hile and then "breal-cs" or "curves." 




Pig. a Pig, b Pig, c ~ . Fig. d Pig. e 

One important tj-pe of curve is called a broken-nne curve. 
It is the union of several line segments; that is, it consists of 
all the points on several line segments. Pig, a represents a 
broken-line curve. A, B, C, and D are Indicated as points on the 
ciirve. We also say that the curve contains or passes through 
these points. Figures b to 1 also represent curves. In Fig. b, 
points P, Q, and H are indicated on the ciirve. Of course, v;e 
think of the curve as containing many points other than P, Q, arid 
R. 
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A curve Is said to be a simple closed curve If It can be 
represented by a figure dravm in the follov/lng manner. The drav/lng 
starts and stops at the sane point. Otherv/lse, no point is touched 
tv/lce. Figures c, g, h, ^and 1 represent simple closed curves. The 
other figures of this section do not. Figure j represents tv7o 
simple closed curves. The boundary of a state like Io;7a or Utah 
on an ordlnarj'' map represents a simple closed curve. A fence 
which extends all the way around a cornfield suggests a simple 
closed curve. 




Fig. f Fig. g Fig. h 

The examples we have mentioned, including that of a triangle, 
suggest a very important property of simple closed curves. Each 
simple closed curve has an interior and an exterior in the.vplane. 
Furthermore, any curve at all containing a point in the interior 
and a point in the exLerior must intersect the simple closed curve 
As an exsunple, consider any curve containing A and B of Fig. g and 
lying in the plane. Also any two points in the interior (or any 
two points in the exterior) may be joined by a broken-line curve 
which does not intersect the simple closed curve. Fig. h indicatei 
this. A simple closed curve is the boundary of its interior and 
also of its exterior. 

We call the Interior of a simple closed curve a region . There 
are other types of sets in the plane which are also regions. In 
Fig. j, the portion of the plane between the t\^o simple closed 
curves is called a region. Usually a region (as a set of points) 
does not include its boundary. 
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^^e. 1 Pig. J 

Consider Jlgure J. The simple closed curve (represented by) 
Jj^ is in the interior of the simple closed curve Jg. We may obtain 
a natural one-to-one correspondence betvreen and Jg as follows. 
Consider a point such as P in rthe interior of J^. Consider the 
set of rays with endpolnt at P. Each such ray Intersects each of 

and Jg in a single point. Furthermore, each point of and 
each point of Jg is on one such ray. A point of corresponds to 
a point of Jg if the tvro points are on the same ray from P. Note 
that this procedure using rays would not determine a one-to-one 
correspondence if one of the simple closed curves were like that 
in Pig. 1. 

Exercises ^-10 

1. Draw a figure representing tvro simple closed curves ivhose 
Intersection is exactly two points. How many simple closed 
curves are represented iii your figure? 

2. In Pig. J, describe the region betireen the curves in terras of 
Intersection, interior and exterior. 

,3. Draw two triangles v;hose intersection 's a side of each. Is 
the union of the other sides of both triangles a simple closed 
curve? How many simple closed curves are represented in your 
figTore? 

h. In a map of the United States, does the union of the boundaries 
of Colorado and Arizona represent a simple closed curve? 
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5. Think of X and Y as bugs which can crawl anyvrhere In a plane. 
List three different simple sets of points In the plan^ any 
one of which will provide a boundary v^hlch separates X and Y. 

6. The llne^f and the simple closofi 
curve J are as shown In the 
figure. 

a. V/hat Is J ri/P ? 

b. Draw a figure and shade the 
Intersection of the interior 
of J and the C-slde of J'. 

c. Describe In terms of rays 
the set of points on Jl 
not In the interior of J. 

*7. Drav/ two simple closed curves, one in the interior of the 

other such that, for no point P do the rays from P establish 
a one-to-one correspondence betv/een the tv;o curves. Consider 
Pig. 1. 

*8. Draw two simple closed curves whose Interiors intersect in 
three different regions. 
9. BRAINBUSTER. Explain why the Intersection of a simple closed 
curve smd a line cannot contain e:cactly three points if the 
curve crosses the line when it intersects it.' 
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CHAPTER 5 
FACTORING AND PRIMES 

5-1* Primes 

In previous chapters we studied some. of the properties of the 
counting numbers. Here we shall discuss how they can be expressed 
as products of other counting numbers* For Instance: **** 

6 = 2x3 = lx2x3 = lx3x2 = lx6 = 6x]?* 

5 = lx5 = 5xi = 5xlxl* 
12 = 2x2x3=4x3=1x2x6 = 1x3x4. 
Are there other ways In which these numbers can be expressed as 
products of counting numbers? Express the following as products 
of counting numbers In various ways: 15, l8, 30. 

In the products listed above which are equal to 6, we see 
that 1, 2, 3 and 6 divide exactly Into 6. That Is, If 6 Is 
divided by any one of these four numbers, the remainder Is zero. 
Similarly 1 and 5 are the only counting numbers that divide 
exactly Into 5; while 1, 2, 3, 4, 6 and 12 are those which divide 
exactly Into 12. Two other ways of making the same statement are: 

1) The number 6 Is divisible by 1, 2, 3 and 6. 

2) The number 6 Is a multiple of 1, 2, 3 and 6. 

Thus 5 Is divisible by 1 and 5, or 5 Is a multiple of 1 and 
5; also, 12 Is divisible by 1, 2, 3, 4, 6 and 12, or 12 Is a 
multiple of each of the numbers 1, 2, 3, 4, 6 and 12. 

On the other hand, 12 Is not divisible by 5 since If 12 Is 
divided by 5 the remainder Is 2. For a similar reason, 6 Is 
not divisible by 4. 

From the point of view of this section, the number 1 Is In 
a class by Itself since every counting number Is a multiple of 1; 
that Is, every counting number Is divisible by 1. It Is not true 
that every counting number Is divisible by 2 (3 Is not); not 
every counting number Is divisible by 23 (24 Is not); not every 
cotintlng number Is divisible by 1976 (5 Is not). 

Every counting number Is a multiple of 1 as we have seen. 
What are the multiples of 2 which are greater than 2? Let us 
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look at one way to answer this question systematically: First 
write down the numbers, for Instance, from 1 to 30 Inclusive. 
The first multiple of 2 greater than 2 Is 4; cross out the 
h and every second number after that. To keep track, write a 
2 below each niimber you have crossed out. The list will then 
look like the following: 

12 3>^5^7^9 JL0^ 11 iS^ 
13 ^2 ^5 jl^ 17 JJSr^ 19 ^2 2^ ^2 ^2 
25 ^ 27 ^ 29 JiV2 

We neither cross out 2 nor write a 2 under It because that Is 
the number whose multiples we are considering. Tne numbers above 
which are not crossed out are 1, 2, and the numbers less than 31 
which are not multiples of 2. 

Our second step would be to go through the same table and 
cros-s^ out the multiples of , 3 which are greater than 3. Then 
the table would look like this : 

1 2 3 5 >g;3 7 ^ 11 J^^3 13 

>5f ^ 17 J^^3 19 ^ ^ ^ 23 

-2^2,3 25 ^2 ^ 29 ^^3. 

Here we have crossed out every third number beginning with 6, 
but we have not crossed out 3 since that Is the number whose 
multiples we are finding. (Some of the multiples of 3 had 
already been crossed, out since they were also multiples of 2.) 
Except for the numbers 1, 2, and 3, none of the ntunbers are 
multiples of either 2 or 3 . 

As a "class exercise, write out the numbers from 1 to 100 
Inclusive. First, cross out all multiples of 2 and 3 except 
2 and 3 as we did above. The number 4 and all multiples of 
k are already crossed out since any multiple of k Is also a 
multiple of 2. The next number not crossed out Is 5. So for the 
third step cross out every fifth number after 5 (that Is, 
beginning with 10), and write a 5 below each number crossed 
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out. For the fourth and fifth steps, similarly cross out multiples 
of 7 and 11 which are greater than 7 and 11. Keep track of 
the multiples as Indicated. Did you cross out any new numbers 
when you were considering multiples of ll? Would we cross out 
any new numbers If we considered multiples of 12? of 13? 

Prom the way In which the table was constructed you see that 
every number crossed out Is a multiple of a smaller number differ- 
ent from 1. Thepe numbers are called composite numbers . 

Definition: A composite number Is a counting number which 
Is divisible by a smaller counting number different from 1. 

The table which you have constructed with numbers crossed out 
as directed Is called the "Sieve of Eratosthenes" for the first 
100 numbers. It 3s called a "sieve" because In It you have sifted 
out all the composite numbers less than 100. Notice that when. we . 
crossed out the multiples of 2 and 3 less than 31, the 
composite" number 25 remained. However, the number 25 was 
eliminated when we crossed out multiples of 5 In the third step. 
Similarly, the number 49 was not crossed out In the Sieve of 
Eratosthenes until we crossed out multiples of 7. 

Except for the number 1> the numbers of the Sieve of 
Eratosthenes which are not crossed out are. called prime numbers . 

Definition ; A prime number Is a counting number, other than 
1, which Is divisible only by Itself and 1. 

Since It eliminates the composite numbers, the Sieve of 
Eratosthenes Is a good way of finding a list of all prime numbers 
up to a certain point. The composite numbers are sifted out. The 
prime numbers remain. Why are the remaining numbers prime numbers? 

The number 1 Is not Included In the set of primes partly 
because It Is divisible by Itself only. V/e shall have another 
stronger reason for this later on. 
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Exercises 5-1 

1. a. List the prime numbers less than 100. b. Now list the 

prime numbers less than 130 but greater than 100. 

2. a. How many prime numbers are less than 50? 

b. How many prime numbers are less than IOC? 

c. How many prime numbers are less than 130? 

Do problems 3, 4, and 5 first without using Eratosthenes' Sieve 
and then use it to check your results: 

3. List all the multiples of 5 which are less than 6l. 

List the set of numbers less than 50 which are multiples of 7. 

5. List the set of numbers which are less than 100 and are also 
multiples of both 3 and 5. 

6. In the table below, the numbers along the top represent 
values of a and those down the left side represent values 
of b. In each case if a is divisible by b, write the 
values of ^ in the a-column and b-row. If a is not 
divisible by b, write "no** in the a-column and b-row. 





a=l2 


14 


17 


18 


20 


25 


27 


b= 1 
















b=2 
















b=3 














b=4 












■ 




b=5 
















b = 6 
















b=7 















7. Express each of the following counting nijmbers as a product of 
two smaller counting numbers or Indicate that It Is Impossible 
to do this: 

a. 12 c. 31 e. 8 g. 35 1. 39 k. 6 m. 82 
,b. 36 d. 7 f. 11 h. 5 j. h2 1. ^il n. 95 

8. a. By what numbers Is 2h divisible? 
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The number 2h is a multiple of what numbers? 
c. Are the two sets of numbers you have found In a and 
b the same? Why or why not? 
9« W^lte 12 In all possible ways as a product of counting 
numbers greater than 1. 

10. List the pairs of prime numbers less than 100 which have 
a difference of 2. How many are these? Such pairs are 
called twin primes . 

11. Express each even number between/ 4 and 22 as a sum of 
two prime numbers. (An even number, recall, Is one divisible 
by ^. Most mathematicians believe that every even number 
greater than 2 Is the sum of two prime numbers but no 

one has been able to prove It. 

12. Are there three numbers that might be called prime triplets? 

13. a. Locate the numbers from 1 to 50 along a number line. 

b. Underline the numerals In every second position, starting 
with 1. 

c. Circle the numerals for the prime numbers. 

d. Did you need to circle any numeral that was not under- 
lined? If so, write all such numerals. 

14. What Is the Intersection of the set of prime numbers and the 
set of odd numbers less than 30? 



5"2> Pactor3 

The word "factor" Is commonly used In mathematics. Though 
the term may be new to you, the idea Is not. We know that 
5x2= 10. Instead of calling one of the numbers the multiplicand 
and the other one the multiplier, we give both of them the same 
name — factor . Thus, 5 and 2 are factors of 10; 6 and 
7 are factors of 42, since 6 x 7 = 42. Also, 42 = 2 x 3 x 7; 
so 2, 3, and 7 are factors of 42. 
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Example 1: Write 12 aa a produot of factors. 

12 « 1 X 12, 
or 12 - 2 X 6, 
or 12 ■ 3 X 4, 
or 12 ■2X2X3" 2^ X3 
When we say "the factors'* we mean "all the factors" of a num- 
ber. For example, the number 6 'has four factors, 1, 2, 3, and 6. 
The number one and the number Itself are always factors of a numbez 
Example 2: Find the set of factors of 20. 

The set of factors of 20 is {1, 2, 4, 5, 10, 20). 
The idea of factors is associated with multiplication. In 
mathematical symbols we define factor the following way: 
Definition . If a, b, and c are whole numbers and if 
ac » b, then the number a is called a factor of b. 
(Ihder these conditions c is also a factor of b.) 
Using the terms of the first section, we say that 3 is a 
factor of 12 because 12 is divisible by 3. In the symbols of 
l^he definition, we see that the number a is a factor of b if 
b is divisible by a. 

The number 1 has only one factor, itself. Each prime number 
has exactly two factors, itself and 1. A composite number has how 
many factors? ' ^ 

Consider the number 24. It can be written as 4 x 6. Both 4 
and 6 are composite numbers since they can be written as products 
of smaller counting numbers: 4=2x2 and 6 « 2 x 3. Thus 

24 = 2x2x2x3. 
However, 2 and 3 are prime numbers since they cannot be ex- 
pressed as products of smaller numbers. We cannot go any further 
in this process. We therefore say that 2x2x2x3 is a 
complete factorization of 24. 

Definition : If a counting number is written as a 
product of prime numbers, this product is called a 
complete factorization of the given number. 
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, Example 1: Find. a complete factorization of 20. 

20 = 4x5 = 2x2x5 = 2^x5; 
; HeriB ^ X 5 Is not a complete factorization of 20 since 4 Is 
/not a prime number, but 2x2x5 and 2^ x 5 are complete • 

"factorizations. The most compact complete factorization of 20 1 

racample 2; Find a complete factorization of 72. 

Method I Method II 

72 = 8 X 9 Using continuing short 



72 = 


(4 


X 


2) X (3 X 3) 




division 




72 = 


(2 


X 


2) X 2 X (3 X 


3) 


2 


72 


72 = 


(2 


X 


2 X 2) X (3 X 


3) 


2 


36 












2 


13 












3 . 


9 














3 



Using exponents, 
72 2^ X 3^ 72 = 2^ . X 3^ 

We might have used a fewer number of steps. 

Notice fchat In both examples, the only factors appearing In the 
last products are prime numbers. Not all the factors of 20 and 
72 (such as 4) appear In the final complete factorization. It Is 
convenient but not necessary to use exponents wherever possible. 
Note that 2x5x2 Is also a complete factorization of 20, 

but this Is the same as 2 x 2 x 5 except^-for the order of the 

2 

factors. Similarly, In* the factorization of 72, 2 x 3 x 2 Is 
the same as 2^ x 3 except for the brder of the factoi-'s. In fact, 
a very fundamental property of the counting numbers Is that unere 
Is ...'ily one way to write a complete factorization of any counting 
nvunber except for the order In which the prime factors appear. 
This property Is given a special name : 

The Unique Factorization Property of the Counting Numbers: 
Every "counting number greater than 1 can be factored Into 
primes In only one way except for the order In which they occur 
In the product. 
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The word "unique'' may be unfamiliar to some of you in this 
■ sense. It. merely means that there is only one factorization except 
for order. One might say that the Qnpire State Building is unique 
because there is no other building like it. 

Here v/e have another reason for excluding 1 from the set of 
prime. numbers^j^If we had called 1 a prime, then 5 o^ald have 
been expressed as a product of primes in many different ways: > 
5X1, 5x1x1, 5X1X1X1, ... Here the 'product would not be 
unique except for the order in which the factors are written. 

Exercises 5-2 

1. List the set of factors for each of the following: 

a. 10 b. 15 c. 9 d. 13 e. 27 f . 24 g. 11 

2. Factor the numbers listed in as many ways as possible using 
only two factors each time. Because of the commutative 
property, v;e shall say that 3 • 5 is not different from 5-3. 
a. 10 • e. 24 

^ b. 15 f . 16 

c. 9 g. 72 J 

d. 100 ■ h. 31 

3. Write a complete factorization of: 

a. 10 b. 15 c. 9 d. 30 e. 45 f. 50 g. 13 

4. According to our definition of factor, is zero a factor of 6? 
Is 6 a factor of zero? Explain your ansi^ers. 

5. a. What factors of 20 do not appear in a complete 
factorization of 20? b. mat factors of 72 do not appear 
in a complete factorization of 72? 

6. Find a complete factorization of: 

a. 105 e. 64 ^i. 301 

42 f . 345 J. j23 

c. Y5 g. 311 

d. 300 h. 1000 

Definition . If a v/hole number is divisible by tv/o it is an 
even nuinber. If a whole number is not divisible by two it 
is an odd number , 
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Tell whether these numbers are odd or even: 

V--a.v-.-2 X' 5'' V- '-^ ■ ■ f . ' 3 X 2 X 6 . 

b . 3 + 7 g. 128 - 37 

c. 6x5x3 h. 3 X 3 X 7 

d. 2 + 16 ' 1. 3 . (4 + 7) ■-■ .■ 

e. 7 + 8 J. 5 • (9 + 13) 

Classify each of the following as odd or even: 

^- ■'•^three °- ^^flve 

From the results of Pt»oblem 8 wbuld you say that divisibility 
Is a property of ,^ja nvuneral or a property of a number? Explain 
your answer. 

Copy the following table for counting number N and complete 
It through N = 30. 

N Factors of N Number of Factors Sum of Factors 

1 
2 
3 

if . 

5 

6 

7 
8 

a. Which nximbers represented by N In the table above have 
exactly two factors? 

b. Which nximbers N have exactly three factors? 

c. If N = p (where p Is a prime nximber), hov; many 
factors does N have? 

d. If N = pg (where p and g are different prime numbers) , 
how many factors does N have? What Is the sum of Its 
factors? 

e. If N = 2^ (where k Is a coxiritlng nximber), how many 
factors does N have? 



1 


1 


1 


1,2 


2 


3 


1,3 


2 




1,2,4 


3 


7 


1,5 


2 


6 


1,2,3,6 




^ 12 


1,7 


2 


8 


1,2,4,8 


4 


15 
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f . If N = 3 (where k Is a counting ntunber), how many 
factors does N have? 

g. If N = p (where p Is a prime number and k Is a 
■ counting ntmiber), how many factors does N have? 

h. Which nxmbers have 2N for the sum of their factors? 
These numbers are called perfect ntunbers . It Is unknown 
how many perfect ntmibers there are or whether there are 
any odd perfect nmbers. 



5-3. Divisibility 

To find the factors of a number, we can always guess and try, 
but It Is much easier If we can tell from looking at a nmber 
whether or not It. has a given factor. Prom Chapter 2 or from 
Sieve of Eratosthenes It Is clear that a nmber written In the 
decimal system Is even If the last digit Is even. At least this 
Is true as far as the sieve we have constructed goes. Thus: 

, A counting nmber written In the decimal system Is even 
If Its last digit Is one of 0^ 2^ X 3. If Its last digit 
Is not one of these . It Is odd. 

Suppose we see v/hy this Is so. To do this, remember how we 
found the multiples of 2 when we began to construct the Sieve 
of Eratosthenes. We started with the nmber and added 2 again 
and again. The last digits repeated In the pattern: 2,4,6,3,0, 
2,4,6,8,0,... This would continue no matter how far we extended 
the table. _ This shows that the even numbers are those whose last ■ 
digit Is one of the five ntmibers: 2, 4, 6, 3, 0. 

I" Problem ^ below you are asked to start with 5 and add 
5 again and again to show the following: 

A counting ntmiber expres.sed In the decimal system Is 
divisible by 5 If Its last' digit Is 0 or 5. Otherwise It Is 
not divisible by 5. 

V/nat about divisibility by 3? Can we tell by looking at the 
last digit? The first ten multiples of 3 are 
• 0, 3, 6, 9, 12, 15, 18, 21, 24, 27. 
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Each of the possible last digits, 0,1,2,3,4,5,6,7,8, and 9, 
appears in this list. On the other hand, none of the following 
are divisible by 3 even though each of the possible last digits 
appears here also: 

4, 7, 10, 13, 16, 19, 22, 25, 28, 31. 
We can see, then, that we cannot tell whether a number is divisible 
by 3 by looking at the last digit. . 

But suppose we add the digits of the multiples of 3.-_For 
12 we have 1+2=3; for 15 we have 1+5=6; for l8 we 
have 1+8=9. By this means we can form the following table: 



Multiple of 3 


0 


369 


12 


15 


18 


21 


24 


27 


30 


33 


36 


39 


Sum of dl'giits 


0 


369 


3 


6 


9 


3 


6 


9 


3 


6 


9 


12 


Multiple of 3 


42 


45 48. 


51 


54 


57 


60 


63 


66 


69 


72 






Sum of Digits 


6 


9 12 


6 


9 


12 


6 


9 


12 


15 


9 







Can you make any statement that seems to be true about the sum of 
the digits for all multiples of 3? You will see that in each 
case the sum of the digits is divisible by 3. Furthermore, if 
you add the digits of any number that is not divisible by 3 
(take 25 where the sum of the digits is 7), the sum of the 
digits is not divisible by 3. Can you see why this v/ill be true 
for all numbers? See Problem 3 in the next set. 

You may notice that every third sum of digits in the table 
above is divisible by 9 and every third multiple of 3 is 
divisible by 9. Hence we have the following test for divisibility 
by 9. 

A number is divisible £ if the sum of its digits is 
divisible by 9. Otherwise it is not divisible by 9. 

There are also somev/hat more complicated tests for divisibility 
by 11 and 13. These are dealt with in a supplementary unit 
on divisibility. 

Suppose we apply what we have learned about divisibility 
to a few examples: 
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Example 1. Find a ccrj.pxete factorization of 232. Since the 
given number has 2 as Its larit digit, it is even and has .2 as 
a factor. So 232 = 2 x ll6. Then Xl6 has, 2 as a factor and, 
xte have 232 = 2^ x 58. Then we have 232 = 2^ x 29. We can see 
that 29 is a prime number by lookinr, at our table of the Sieve of. 
EratosJ.henes Or by trying the prime factors: 2,3,5,7,11,13,17,19,23 
lesb Vlian 29. Some of you may be able to see why it is necessary 
only to try 2,3, and 5. 

A tabular way of finding the complete factorization is the 
following: 

232 116 58 29 
2 2 2 29 

where 2 is the first factor and II6 is the quotient; then 2 is a 
factor of 116 and '58 is the quotient, etc. a complete 
factorization then is on the second line. 

Exan^le Find a complete factorization of 573. Here the 
last digit is odd and hence 2 is not a factor. But the sum 
of the digits is 15 which is divisible by. 3. Hence 3 is a 
factor of 573 and, dividing, we have 573 = 3 x I9I. By our tests 
2, 3, and 5 are not factors of I91. Trial shows that 7, 11, and 
13 are not factors and hence I9I is a prime number. . li/hy is it not 
necessary to try any primes larger than 13? Therefore, 
573 = 3 X 191 is the complete factorization. 

Example 3. Find a complete factorization of 539. Our tests 
show that none of 2,3,5 are factors. If we try 7 we see that 
539 = 7 X 77 = 7 X 11 which is a complete factorization. 

It is Important to notice that the tests for divisibility 
which have been given in this section depend on the number being 
written in the decimal system. For Instance, the number 21 in 
the decimal system is written 30^^„^„ in the system base seven. 

06 veil 

This number 30^^^^^ Is not even In spite of the fact that l^s last 
digit Is zero. However, since 30^'^^^^ means (3 x seven) + 0, the 
fact that the last digit Is zero tells us that the number Is 
divisible by seven. If a riumber Is written to the base seven It 
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is very easy to tell whether or not It Is divisible by sevenj one 
merely looks to see if the last digit is zero. 

The property of one number being; a factor of another does not 
depend on the way it is written; for instance, seven is always 
a factor of twenty-one,* no matter how it is written. But the tests 
for divisibility which we have given here depend on the system of 
numeration in which the number is v/ritten. 



Exercises 5-3 

1. Find the smallest prime factor of each of the following: 

ia. 115 b. 135 c 321 d, 484 e, 539 f. 121 

2. Find a complete factorization of each of the following: 
a/ 39 c. 81 e. l80 g, 378 i. 576 k. IO98 
b. 60 -d. 98 f. 25S . h, ii32 j- 729 1. 232^1 

3. Notice the list of multiples of 3, In going from 9 to 12, 
the units digit decreases from 9 to 2 and the tens digit 
increases from 0 to 1; hence the sum of the digits decreases 
by 7 - 1, or a net decrease of 6. Similarly in going from 

18 to 21, the first digit increases by 1 and the second 
decreases by 7. Is this alv/ays true when the tens digit in- 
creases by 1?. What happens when one goes from 99 to 102, 
from 999 to 1002, etc? Can you see from this, that always for 
a multiple of 3, it is true that the sum of its digits isa 
multiple of 3? 

4. Show that the test given for divisibility by 5 always works. 

5. List the multiples of 9 and see if you can shov/ from this 
the test for divisibility by 9. 

6. Can you give a test for divisibility of 6 in the decimal system? 

7. Can you give a test for divisibility by 15 in the decimal 
yvsotm? 

8. Which cf the following numbers are divisible by 2; 

a. b. Illl3even °- ' l^^^slx ^' ^^^Hhree 
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; 9- Suppose a number Is v^rltten In the system to the base seven. 
Is it divisible by ten if its last digit is zero? Is it 
divisible by three if the sum of its digits is divisible by 
three? 

*10. Answer the above ^questions for a system of numeration to the 
base tv/elve. 

*11- Find a test for divisibility by 6 in a system of numeration 

to the base seven. 
*12. - Give a test for divisibility by 4 in the decimal system. 



5-4. Greatest Common Factor 

Consider the numbers 10 and 12. We see that both 10 and 
12 are even numbers. They are both divisible by 2, or we may say 
that 10 and 12 are ?nultiples of 2. Because 2 is a factor of 10 
and is also a factor of 12, we say that 2 is a "common factor" 
of 10 and 12. 

All v/hole numbers are multiples of 1. Thus 1 is a common 
^B-otor of the members of any set of whole numbers. Therefore, 
when we are looking for common factors we generally look for 
number's other than 1. 

IVhat factor other than 1 is common to both 12 and 15? Is 
2 a common factor? Since I5 is odd, 2 is not a factor of 15. 
Therefore it is impossible for 2 to be a common factor of 12 
and 15. ^However, 12 and I5 are both multiples of 3. ' Hence, 3 
is a common factor of 12 and I5. 

Do the numbers 12 and 30 have any common factors? 

Writing, the set of 

factors of 12 and 

the set of factors 

of 30 as shown at 

the right we see 



Set of 


factors 


of 


12 


Is 


(1,2,3,4,6,12) 


Set of 


factors 


Of 


30 


Is 


(1,2,3,5,6,10,15, 












30) 



6 are the common factors' of 12 and 30. 
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Do the numbers 10 and 21 have any conimon factors;? 
Writing the set of 



factors 


of 


10 and 


Set 


of 


factors 


of 


10 


is 


(1,2,5,10) 


the set 


of 


factors 
















of 21 


as 


shown at 


Set 


of 


factors 


of 


21 


is 


(1,3,7,21) 



the right we see that 10 and 21 do not have any conunon factors 
other than 1. 

So we see that for any set of whole numbers the niombers have 
the common factor 1. For some sets of whole numbers there is 
a common factor other than 1, and, for some sets of whole numbers 
there are several common factors other than 1. 

Recognizing common factors is useful in many ways. You have 

already used the idea of common factor in changing fractions to 

10 5 

lower terms. For example, in changing ^2 ^ 

common factor 2 of 10 and 12. 
12 

For -KTT we should see that 2 is a common factor of 12 and 

2^ 6 6 

30. The result is However, we see that for •=-=• there is a . 

6 2 
common factor 3 of 6 and 15. Thus t>e written as 

12 2 ^. 
Is it possible to change to — using a single number in- 
stead of using 2 and 3 in turn. Some of you may have wondered 

12 

why anyone would choose to change ^ by using both 2 and 3 
when it would be much quicker to use 6. 

Is 6 a factor of both 12 and 30? Referring to the earlier 
listing of these factors, we* see that 12 and 30 have the common 
factors 1, 2, 3, and 6. How does 6 differ from the other common 
factors? It is the largest of the common factors of 12 and 30. 
Such a factor is called the "greatest common factor." 

Definition : The greatest common factor of two whole numbers 
is the largest whole number which is a factor of each of them. 

Generp"' > I the gx^eatest common factor is more useful in 
mathema' l".han other common factors. Tnerefore, we are most 
interest-:-*d in the greatest common factor. 
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Let's try another example.. Suppose we "wish to find the 
^greatest common factor of 12 and l8. We could write the set 
of factors of each: 

Set of factors of 12 is (1, 2, 3, 4, 6, 12) 
Set of factors of l8 is (l, 2, 3, 6, 9, 18) 
The set of common factors of 12 and 18 is (1, 2, 3, 6). The 
largest member of the set is 6. Therefore, .6 is the greatest 
common factor of 12 and 18. 

Similarly, suppose we wish to find the greatest common factor 
of 24 and 60. Writing the factors of each: 

Set of factors of 24 is (1, 2, 3, 4, 6, 3, 12, 24) 
Set Of factors of 60 is (1, 2, 3, 4, 5, 6, 10, 12, I5, 

20, 30, 60) 

The set Of common factors is (1, 2, 3, 4, 6, 12). The greatest 
Of these factors is 12. Therefore, 12. is .the greatest common 
factor of 24 and 60. 

Exercises 5-4 

1. Write the set of all factors for each of the following. List 
these carefully as you will use these sets in answering 



Problem 2 below 
a. 6 



c- 12 , e. 16 



b. 8 d. 15 . f. 21 

2. Using your answers in Problem 1 above, write the set of common 
factors in each of the following cases: 

°- 12, 15 e. 12,15,21 

^- ^'^2 d. 6,8,12 f. 8,12,16 

3. Write the set of all factors for each of the following, 
a. 19 c. 36 e. 45 
^' 28 d. 40 f. 72 

4. Using your answers to Problems 1 and 3 above, write the 
set of common factors for each of the following. 

a. 19,23 c. 28,40 ' e. 4o,72 

^' ^^'^^ 36,45 f. 19,36,45 
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Using your answers to Problems 2 and 4 above, write the greatest 
common factor for each of the following cases: 

a. 8,12,16 .. c. 28,^40 e. 40,72 

b. 16,36 d. 36,45 f. 8,127l6,36 
Plri^ the greatest common factor In each of the following cases: 



a. 


15, 25 






f • 


15, 30, 36 


b. 


18, 30 






g. 


12, 24, 48 


c. 


24, 36 






h.- 


40, 48, 72 


d. 


25, 75 






1. 


15, 30, 45 . 


e. 


32, 48 






J. 


20, 50, 100 


a. What 


Is the 


greatest 


common 


factor 


of 6 .and 6? 


b. What 


Is the 


greatest 


common 


factor 


of 29 and 29? 


c . What 


Is the 


greatest 


common 


factor 


of a and a where 



a Is any counting number? 
a-™~1^at Is the greatest common factor of 1 and 6? 

b. What is the greatest common factor of 1 and 29? 

c. What is the greatest common factor of 1 and a where 
a represents any whole number? 

Let a and b represent any tw6' different whole numbers where 
a < b. 

a. Will a and b always have a common factor? If so, what 
is the factor? 

b. Let c represent a common factor of a and b. Can 
. c = a? Is so, give an example. 

c. Can c = b? If so, give an example. 

Suppose 1 is the greatest common factor of three numbers, 
a. Must one of the three numbers be a prime number? If not, 

write a set of three composite numbers whose greatest 

common factor is 1. 
^ Can two of the numbers have a greatest common factor 

larger than 1. If so, give an example. 
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11. Let A be the set of all factors of l8. Let B be the set 
of all factors of 42. 

a. Write the set of factors of A. 

b. Write the set of factors of B. 

c. What Is the Intersection 'set of set A and set B? 

d. What are the common factors of l8 and 42? 

e. How do the answers for parts c and d compare? 

12. If C Is the set of factors of 30 and D Is the set of 
factors of 51, what Is the Intersection set of sets C 
smd D? 

13. If E Is the set of factors of 39 and G Is the set of 
factors of 52, what Is the Intersection set of E and G? 

14. In finding the greatest common factor for a set of ntmibers* It 
Is sometimes troublesome to write out all the factors. Try 
to find a shorter way of obtaining the greatest common factor. 
Asstune that you are to find the greatest common factor of 

;.36 and 45- 

a. Write a complete factorization of 36 and of 45. (List 
all of the prime factors of 36 and of 45) . 

Example: 36 = 2 • 2 • 3 • 3 = 2^ • 3^ 
45 =?•?•? =?•? 

b. What is the greatest common factor of 36 and 45? 

c. Compare the list of prime factors of 36 and 45 arid the 
greatest common factor of 3^ and 45- Can you see a 
shorter way of obtaining the greatest common factor? 

15. a. Write a complete factorization for I8 and for 90. 
b. \ihat is the greatest common factor of 18 and 90? 

16. Factor completely each number in the following setsiarid find 
the greatest common factor for each set of numbers. ^ 

a. (24, 60) e. (24, 60, 84) 

b. (36, 90) ♦f. (42, 105, 147) 

c. (72, 108) ♦g. (165,234) 

d. (25, 75, 125) *h. (306, 1173) 

*i. (2040, 2134) 
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♦17. a. What Is the greatest common factor of 0 and 6? 

b. What Is the smallest common factor of 0 and 6? 

c. What Is the smallest common factor for any two whole 
niombers? 

♦l8. You have learned atout operations with whole niombers; addi- 
tion, subtraction, multiplication, and division. In this 
section we studied the operation of finding the greatest 
common factor. This Is sometimes abbreviated G.C.P. For this 
problem only let us use the symbol " A " for the operation 
O.C.P. For any whole niombers, a and b and c, 

a A b = G.C.F, for a and b 
or aA c = G.C.F, for a and c 

Example 12 A l8 = 6 

9 A 15 = 3 

a. Is the set of whole niombers closed under the operation A ? 

b. Is the operation A commutative; that Is, does 
a A b = b A a? 

c. Is the operation a associative, that Is, does 
a A (b A c) = (a A b) A c? • ' 



5-5, Remainders In Division 

Anotheir-way to find the greatest common factor Is to make use 
of a relationship among the parts of a division problem. To under- 
stand this method let us review the division process. 

The question "What Is the result of dividing l6 by . 5?" may 
be stated "How many 5»s are contained i6 
In. 16?" We can find the answer by 
repeated subtraction as shown at the - 5 

right. By counting the number of times 
a 5 Is subtracted we obtain the 
answer 3 with a remainder 1. 
Does 16 = (5 + 5 + 5) + 1 ? 



- 5 
1 
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Olhe usual way of finding the answer to this division problem 

Is shown below: o « ^ ^ 

3 Remainder 1 

5 JIl?" 
1 

To check the answer we use the following Idea: 

16 = (5 X 3) + 1. 

In the division problem above, the l6 is called the dividend 
the 5 is the divisor , the 3 is the quotient , and the 1 is 
the remainder. 

Let's try another example. Divide 253 by 25. 

1 0 

2 5 j 2 5 3 
2 5 

^,3 

Does 253 = (25 X 10) +3? - 
In general, for any division problem: 

dividend =>• (divisor x quotient) + remainder 
Using mathematical symbols, where 

"a" represents the dividend, 

"b" represents the divisor, 

"q" represents the quotient, 

"R" represents the remainder. 
Uiis division relation may be expressed as follows: 

a = (b • q) + R 
Consider the following example in division: 

2 4 Remainder 23 
2 5 j 6 2 3 

5 0 
12 3 
10 0 
2 3 
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We can vn?lte this problem In the form 

623 = (25 X 2^!) + 23. 
This follows the general form: 

dividend = (divisor x quotient) + remainder 
or 

a = (b* • q) + R 



Exercises 5-5 

1. Copy and complete the following table. Do this carefully 
as you will use the table In answering Question 2. 





DIVIDENi) 


(DIVISOR 


QUOTIENT) + REMA INDER 


EXAMPLE 


9 


4 


o 


1 


a. 


12 


6 


? 


0 


b. 


14 


, 3 


? 


? 


c . 


29 


? 


3 


2 


d. 


37 


5 


? 


? 


e. 


38 


9 


? 


? 


f . 


41 


13 


? 


? 


g. 


59 


? 


5 


9 


h, 




11 


6 


0 


1. 


77 


? 


3 


17 


J. 


81 


? 


? 


0 



2. Use the table In Problem 1 in answering parts a , b, and c. 
a. Compare the divisor and quotient in each part. Does one 
of these always have the greater value in a division 
problem ? 



b. Compare the quotient and dividend. Which one has the 
greater value, if the dividend and divisor are both 
counting numbers? 

c. Compare the divisor and the remainder. Which one always 
has the greater value in a division problem? 

d. Can the dividend be zero? Is so, give an example. 
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e. "Can the dlvlspr bo zero? If so, give an example, 

f. Can the quoti'ont be zero? If so, give an; example. 

g. Can the rema.1r;aer be zero? If so, give an example," 

3. Using the table in Problem 1, answer the following questions, 
.a. Can any whole number appear as a dividend? If not, give 
an example, 

b. Can any whole ni appear as a divisor? If not give 
an exampl e , 

c. Can any whole nu^.. appear as a quotient? If not give 
an example, 

d. Must the remainder always be some whole number? Explain. 

^4 Copy and complete the following table for the division relation 

a = (b . q) + R 





a 


b 


q 


R 


a. 


15 


? 


7 


9 


b. 




10 


9 


8 




50 


12 


9 


9 


a. 


100 


? 


9 


0 


e. 


283 


17 


9 


9 


f . 


630 


? 


25 


5 



5. Using the liable above answer the following: 

a. Can R be gi%ater than b? If sq give an example. 

b. Can q be greater than b? If so, give an example. 

c. Can -R be greater than the quotient q? Is so, give an 
example . 

d. Can any whole number be a possible value of b? Explain, 

e. Can any counting number be a possible value of b? Explain, 

f . Can any whole number be a possible value of a? Explain. 
5. Using the division relation, a = (b • q) + R, 

where R < b, answer the follov/ing: 
a. If b = 4.» v/rite the set of all possible remainders. 
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b. If b = li, describe the set of all possible remainders. 

c. If all the possible remainders In a division problem are 
the whole numbers less than 25, what Is b? 

d. If b = K, which one of the following represents the 
number of all possible remainders. 

(K), (K -f 1), or :^ (K - 1). 

In Chapter 5, Section 4, we learned hoif to flrad the greatest 
common factor of two numbers. By using the division 
rela-tlon we have another method for doing this. 
EXAMPLE: (a). Find the greatest common factor of 12 and 8. 
(l) First, divide the larger number by the smaller: 

12 divided by 8 = 1 Remainder 4 
(2^ Second divide the divisor, 8, by the remainder, 4: 

3 divided by 4 = 2 Remainder 0 
(3) The 4 Is the last divisor used which gives a 
remainder of 0. Tbio greatest common factor of 
8 and 12 Is 4. i2t 
EXAMPLE: (b) . Find the greatest common factor of 35 and 56. 

(1) First, divide the larger number, 56, by the smaller 
number, 35. 

1_ Remainder 21 

3 5 J5T 
3 5 

(2) Second, divide the divisor, 35, by the remainder 21. 

1 Remainder 14 

2 1 ja 5 
21 
rr 

(3) Next, continue dividing the last divisor by the last 

0. 



remainder until the remainder Is 
1 Remainder 7 

1 ^ )2 1 , 

1 4 7 jn 



2 Remainder 0 
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The last divisor used is the greatest common factor. 

The 7 Is tha greatest common factor of 35 and 56. 

Note that Vfhen 14 Is divided by J the remainder 

Is 0, The 7 is the last divisor used. 
Using the above method, find the greatest common factor for each 
of the following pairs of numbers: 

a. 32 and 92 *d. 124 and 836 

b. 81 and 192 *e. 336 and 8l2 

c. 72 and 150 *f. 1207 and 1349 



5-6. Review 

1, Do the computations Indicated • Check all problems after part 



a , 


using th^ inverse operation. 






a. 


13 + 729 + 206 + 48 


f . 


308 X 47 


b. 


500 - 399 


g- 


3612 -f H- 


c • 


57 X 89 


h. 


23nH X 601 


d. 


4269 + 3 


1. 


H5 - 366 


e. 


1325 - 


J. 


8301 -r 5 



2. Perform the following arithmetic operations, Show work and 
answers In base seven numerals. 

a. 21 -1-34 c. 4l6 - 352 

seven seven seven 'i^evcn 

b. 352 ^ t 416 „ d. 306 1"^^. 

' seven ^ seven sev<-^n ^ slvc 1 

3. List the set of all common factors; for .^ach of ^-^^e f oIjoWI^v- ; 

a. 18, 42 c. 24> 60 
• b. 21, 33 .d. 73 

4. List, In bas^ seven numerals, the set of a?' comnon facto:/s 
for each of the following: 

^- 30seven' SOg^ven ^-^^vev^ 

b. 42 , 60 ^ *d. 10^ , lOO ^ 

seven seven sev(iP ten 

5. DO the computations Indicated. Check all problems after part 
a, using the Inverse operation. 

a. 985 + 726 573 + 1548 

b. 90,703 - 70,309 check 
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c. 60,004 - 54,927 check ' 

^- 237 X 405 , check 
e. 32,396 4- 89 check 
*f . 167,544 276 check 
**g. 14,411^ 2401 check 
6. Find the greatest common factor of the numbers given in each 
of the following parts: 

b. 28, 56 29, 92 

Find the greatest common factor for each of the following 
sets. Write your answers in base seven notation. 

a. 15„ , 33 

■^seven' seven 

b. 26 , 50 

seven' -'seven 

c. 66 . , 110 

seven seven 

I. Perform the following arithmetic computations. Express all 
answers in lowest terms. 

b. I X I e 10 5 

c. 8 + I ' f 7 4 

5 9 " 9 

. Consider three lines in a plane. 

a. If no two of the lines are parai; how many points of 
intersection do the three lines \ -v'e? Draw figures 

to illustrate your answer. 

b. How many points of intersection do the three lines have 
if only two of the lines are parallel? 

c. How many points of intersection do the three lines have' 
if all the lines are parallel? 

Acsume you are In a room whose walls, floor and ceiling are 
all rectangular in shape. 

a. How many examples can you find where three planes sugt:-^T id 
b3r the walls (or floor or ceiling) intersect in a point? 
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b. How many examples can you fl.^u where two such planes 
Intersect In a line? 

11. Which of the following are divisible by 2? 

^- lO^two ^°^seven 

12. Which of the following are multiples of 3? 
^- ^^thvee ^' ^^seven 
^- ^3^0 ,r ^- ^"^elght 

°- ^Vlve ^^nine 

13. List each of the following under one of these two headings: 

Composite Numbers Prime Nutibers 

l^Hwo =^°two 

^- 15 Wn 103 

d. 91 h.- 35nine 

14. a. Draw two angles such that the Intersection of their 

Interlorjs is the Interior of a triangle. 

b. Draw two rays whose union Is a line. 

15. Write In words the numbers represented below: 

a. 700,003 b. 803,040 

c. 610,502^ d. 129,047 

;l6. a. Write the set of all possible remainders In a division 
problem, if the divisor Is 5. 

b. What. Is the divisor If the largest possible remalnd^: i/» 

division problem Is 13V 

c. Write the set of all pof^sible factors of 31. Explain why 
the.."e are only two members In this set. 

17. Write :he numbers represented by the following, using numerals: 
a . eight hundred one 

b. three hundred seven thousand 

c. twenty one thousand twenty four 
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d. million 



*18. a. Is the set of prime numbers cjLosed under the addition 
operation? 

b. Is the set of prime numbers closed under the multlpllcatlor 
operation? •• 

*19. Suppose a, b, f, and g are four different numbers. They 
are all multiples of f. The greatest common factor of a 
and b Is g. Using one of the symbols (<, =, or >) , 
describe the relationship between each of the following. 

a. f 2 a c. f ? g 

^- ^ 1 '° d. Write a number for each of 

the letters to Illustrate 
these relationships. 
'20. Assume the numbers in Question 19 are not neces-,arlly 

different. Using the symbols (<, =, or >) , describe the 
possible relationships for the following, 
a- f I g b. a 2 f 

S 1^ " d.a_?b 

21. a. The factors of 7 are 1 and 7. v/hlch property of whole 
numbers permits us to write 1 x 7 ;= 7 x 1? 

b. A complete factorization of 12 Is 12 = 2 x 2 x 3 or 

12 = 2 X 3. Which two properties of whole num'bers permits 
us to wrl be 2 X 2 X 3 = 2 X 3 X 2 = 3 X 2 X 2? 

c. Except for order, what is the greatest possible number 
of sets of prime factors of any one given counting number. 

^® ^^""^ through 50 Hr^ written on separate 

sheets of paper and mixed up In a hat. If one piece of paper 
Is dravm from the hat and then returned each time, what is 
the chance thac the numeral drawn represents a number divisible . 
by each of the following? 

10 b. 5 c. 2 d. i 

23. Refer to Question 22. iVhat Is the least number of pieces of 
paper you must draw from the hat to be assured of having a 
numeral divisible by each of the following? 
a. 1 b. 2 c. 3 d. 5 
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*24. Is there a one-to-one correspondence between the following 
set of numbers? If so, set up the correspondence. 

a. The set of counting numbers from 1 through 11 and 
the set of whole numbers from 0 through 10. 

b. The set of odd numbers between 50 and 30 and the 
set of even numbers between 17 and U?. 

c. The set of all multiples of 3 which are less than 

and the set of all multiples of 7 which lie between 
100 and 200. 



5-7. Least Common Multiple 

You have already . learned a great deal about multiples of 
numbers : 

that all whole numbers are multiples of 1; 

that even numbers [0, ?, 4, 6, ...,} are multiples of 2; 

that (0, 3, 6, 9, are multiples of 3, 

Similarly we can list the multiples of any counting number. 

The number 2 is an even number, ar the number 3 is an 
odd numoer. Usually we do not think of such numbers as having 
much in comruon. Yet if we look at the set cf multiples for 2 
and the set of multiples of 3 we see that they do have some- 
thing in common. Some of the multiples of 2 are also 
multiples of 3. For example, 6 is a multiple of both 2 and 
3. There are many such numbers divisible by both 2 and 3. 
The set of these numbers is v^ritten as follov/s: 

(6, 12, 13, 24, 30, ...,} 
Definition : Numbers which are multiples of more than one number 
are called common multiples of those numbers. "Common" means 
belonging to more than one. Thus 6 and 12 are common 
multiples of 2 and 3. 

Let's try another example. List the common multiples of 3 
and 4. First, we list the multiples of each: 

Set of multiples of 3: (0, 3, 6, 9, 12, 15, iS, 21, 24, . . . ,] 

Set of multiples of 4: (0, 4, 3, 12, I6, 20, 24, ...,} 
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Ttie numbers that these sets have In common are the common 
multiples of 3 and 4. This set Is written as follows: 

{0, 12, 24, 36, 48, 
OJils set Is the Intersection of the two previous sets. 

Common multiples are very useful In arithmetic. For example, 
let us add ^ + ^. We write | as | and i as. |, Then 

3 . 2 3 4- 2 5 „ ^ ^ 

IS 'E — 5 — ^ t* ^® ® common multiple of 2 and 

3, In doing such problems you my have called the 6 a "common 
denominator." It Is a common multiple of the denominators of the 
given fractions. 

Since 6, 12, l8, and so on, are multiples of 2 and 3, we can 
use any of these numbers In adding i + i. Notice that the 
number, 6, which we did use Is the sr.iallest of those possible. It 
Is also the smallest of the common multiples of 2 and 3. The 
number, 6, Is called the least common multiple of 2 and 3. 

Definition; The least common multiple of a set of counting 
numbers Is the smallest counting number which Is a multiple of 
each member of the set of given numbers. 

Note that 0 Is a common multiple for any set of whole numbers 
However, In adding or subtracting fractions, 0 cannot be used as 
a common denominator. Can you write i with a zero denominator? 
Because we cannot do so, we are Interested only In the least 
common multiple other than zero. 

Suppose we wish to find the least common multiple of 12 and 
18. First, we list the sets of multiples of each: 

Set of Multiples of 12: {0, 12, 24, 36, 48, 60, 72, 84, ...,) 
Set of Multiples of 18: (0, 18, 36, 54, 72, ...,) 

The set of common multiples of 12 and 18 Is {0, 36, 72, 
108, •••,), The smallest counting number In this set Is 36, 
Therefore, 36 Is the least common multiple of 12 and l3. 
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V/hat is the least common multiple of 2, 3, and H? 
Set of Multiples of 2: [0, 2, k, 6, 8, 10, 12, .••,) 
Set of Multiples of 3: (0, 3, 6, 9, 12, 15, ...J 
Set of Multiples of 4: (0, 4, 8, 12, l6, 20, •.-,] 

The set of common multiples of 2, 3, and 4 is: (0, 12, 24, 36,. 

What is the smallest counting number in this set? According 

to our definition, the least common multiple of 2, 3, and 4 is 12 



1. V/rlte the set of all multiples less than 100 for each of the 
following. 

a. 6 
b- 8 

c. 9 

d. 12 

2. ■ Using your answers in Problem 1, write the set of all common 
^ multiples, less than 100 for each of the following, 

* a. 6 and 8. d. 8 and & 

b. 6 and 9 e. 3 and 12 

c. 6 and 12 f . 9 and 12 

3. Using your answers in Problem 2, write the least common 
multiple of the elements o£L each of the following sets. 

a. 6 and 8 d. 8 and 9 

b. 6 and 9 e. 3 and 12 

c. 6 and 12 f. 9 and 12 

4. Find the leas-^ common multiple of the elements of each of 
the following sets: 



Exercise 5-7 



a . 



c . 



b . 



(2, 5) 

(4, 6] 

(2, 3, 5) 

(3, 4, 6) 



e. (2, 5, 

f. (4, 5, 6) 

g. [2, 6, 7) 

h. (8, 9, 12] 
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5. Find the least oommon luultlple of the elements of the following 
sets: 

a- t2, 3J g. (2, 13) 

^- 5) h. (7, 11) 

°- 7) 1. (3, 13) 

^- 7) J. (11, 13) 

f2. 11) k. [2, 3, 5) 

(5, 11) 1. (23, 29) 

6. Refer to Problem 5 and answer the following questions: 

a. To which set do the numbers ^, 3, 5, 7, n, 13, 23, and 

29 belong — the s§t of composite numbers or prime numbers? 

b. Prom your answers in problem 5, what appears to be an 
easy way to find the least common multiple In those cases? 

7. Find the least common multiple for each of the following sets: 
^- f^. 6) f. (10, 12) 

b- i^. 3) g. (12, 15) 

°- f-^' 10) h. (4, 6, 10) 

^ t^' 9) 1. (10, 15, 30) 

e. (8, 10) (i^,.6^ 8) 

8. In Problem 7, to which set- of numbers, composite or prime, 
do each of the numbers, 4, 6, 8, in parts a through 
J belong? 

9. Compare the questions and your answers In Problems 7 and 8. 
Ttien answer the following: 

a. If c and d are composite counting numbers can c 
or d be the least common multiple? Write an example 
to explain your answer. 

b. If c and d are composite counting numbers, must c 
or d be the least common muitlple? Write an example 
to your answer. 

LO. a. Ifnat j,s the leapt common inultlple of 6 and 6? 

b. V/hat is the leasu common multiple of 29 and 29? 

c. Vlhat Is the least common multiple of a and a where a 
Is any counting number? 
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11. a. What IS' the least common multiple of 1 and 6? 

b. V/hat Is the least common multiple of 1 and 29? 

c. What Is the least common multiple of 1 and a where 
a represen^^s any counting number? 

12. a. If a and b are different prime numbers, can a or 

b represent the least common multiple of a and b? 
b. If a and b are different prime numbers how can v/e 
rcpxocent the least common multiple of a and b? 
*c. IT a, b, and c are different prime numbers, what is 
the least common multiple of a, b, and c? 

13. Study the following examples. Tl-y to discover a shorter way 
to detemvine the least common multiple. 

EXAMPLE A: To find the least common multiple of 4, 6, and 8: 
First, write a complete factorization for each number. 



(1) 

(2) 
(3) 

EXAMPLE 
(1) 



4 = 2^ 6 = 2- 3 8 = 2^^ 



The least common multiple is 

,2 o o . o3 



(2) 
(3) 



^ . 3 or 2h. 
Note that 2'" • 2 . 3 • 2"^ = 192 v/hlch Is a common 
multiple of k, 6, and 8, but not the least. 

B: To find the least common multiple of 12 and l3 

A complete factorization for each number: 

12 = 2^ • 3 18 = 2 • 3^ 

The least common multiple of 12 and l3 is 



3=) 



3^) 



a common multiple of 12 and 



the least common multiple of 



2'' . 3'^ or 36. 
Is (2^ • 3 • 2 
18? 

Is (2^ • 3 . 2 

12 and l8? 

Now find the least common multiple of each set In the following 
parts. 

a. 12, 16 d. 10, lii 

b. Ih, 16 e. 16, IS 

c. 9, 15 f. ^, 5, 6 
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■ ' ' \. 183 
^$ Q$ 9 #k. 250, 200 

8f 9, 10 324, 144, l8o 

i. 12, 20, 22 #m. 306, II73 

J. 9, 16, 20 

*14. a. Is there a greatest common multiple of 3 and 5? If so, 
write an example. 

b. Is there a greatest common multiple of 4 and 6? If so, 
write an example. 

c. Is there a greatest common multiple of any set of counting 
nu.nbers? 

*15- a. May we consider 0 as a multiple of zero? (Does 0x0 
« 0?) 

b. May we consider 0 as a multiple of six? (Does 
6x0=0?) 

c. May we consider 0 as a multiple of a if a is any 
whole number? 

d. Assume the least common multiple was defined as "the 
smallest whole number" instead of "the smallest 
counting number V/hat would be the least common 
multiple for any set of counting numbers? 

e. Using the correct definition for least common multiple, 
is there a least common i:;ultiple for any counting number 
and 0? 



5-8- Summary 

In this chapter you studied whole numbers for the laost part. 
Also, you have studied some important subsets of whole numbers. 
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These subsets are shown In the sketch below: 



ZERO 



ONE 





WHOLE 


NUMBERS 












COUNTING 


NUMBERS 










PRIME 


NUMBERS 



COMPOSITE NUMBERS 



Note that zero Is a member of the set of whole 
numbers, but not a member of the set of counting 
numbers. Ihe ONE, the PRIME NUMBERS> and the 
COMPOSITE NUMBERS are members of the set of 
COUKTING NUMBERS and also members of the set of 
WHni MUKBERS. 1 

E iber of the set of counting numbers Is a 

mc of the set of whole nuiiibers. 

^ You learned that a PRIME number Is any counting number, 
other th^n 1, that Is divisible only by Itself and 1. Ttie 
nvunber 1 is not a prime number. We chose not to Include 1 
as a pT L.n6 number because any number can be expressed as the 
product of primes In many different ways If we Include 1 In 
the set of prime numbers. 

A COMPOSITE number Is a counting number, other than,l, that 
Is not prime. Composite numbers have more than two factors. 

The term "factor" was used Instead of the words multiplicand 
and multiplier. The number, a.. Is a FACTOR of b If b Is 
divisible by a. Hie set of factors of a nimiber contains all 
counting numbers which are factors. A COMPLETE FACTORIZATION of 
a number represents the number as a product of prime numibers. 
For a prime number this is the mi:aber itself. For a composite 
number there are two or more factors. The UNIQUE FACTORIZATION 
PROPERTY of counting numbers refers to the fact that every composite 
number can be expressed as the product of primes in only one way, 
except for order. 
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A COMMON FACTOR of a set of whole niimbers Is a niimber that is 
a factor of each member of the set of numbers. The GREATEST COMMON 
FACTOR of a set of whole nvimbers Is the largest counting number 
which Is a factor of each member of the set of numbers. A common 
factor can never be greater than the largest member_of the set. 

The whole number, b. Is a MULTIPLE of the whole number, a. 
If a • c = b, whei?e c Is also, a whole number. A COMMON 
MULTIPLE of a set of numbers Is a multiple of each member of the 
set of numbers. The LEAST COMMON MULTIPLE Is the smallest 
counting number which Is a multiple of every member of the set of 
numbers. The least common multiple cannot be less than the largest 
member of the set of numbers. 

Exercises 5-8 

1. Find the greatest common factor of the numbers in each of the 
following sets of numbers. 



a. 


(2v 3) 


s- 


{23, 


43) 


b. 


{6, 8) 


h. 


{66, 


73) 


c. 


(7, 14} 


1. 


{39, 


51) 


d. 


{15, 25) 


*J. 


{74, 


146) 


e. 


{12, 36) 


*k. 


{45, 


72, 252) 


f . 


{15, 21] 


**1 . 


{44, 


92, 124) 



2. Find the least common multiple of the numbers In each of the 
sets of numbers in parts a. through 1. In Problem 1. 

3. a. Find the product of the members of each set of numbers 

in Problem 1. 

b. Find the product of the greatest common factor and the 
least common multiple for each set of numbers In problem 
one. (Refer to youi^answers for Problem 1 and 
Problem 2.) 

c . How do your answers for a and b compare? 

4. a. Write the set of all composite numbers less than 31. 
b. Write the set of all prime numbers less than 51. 

[sec. 5-8] 



193 



Let a and b represent two counting numbers. Suppose that 
the greatest common factor of a and b Is 1. ' 

a. What Is the least common multiple of a and b? Qlve 
an example to explain your answer. 

b. Would your answer for part a. be true If you started 
with three counting numbers a, b, and cv (Remember, 
the greatest common factor Is 1.) Give an example to 
explain your answer. 

a. Can a pUme number be even? Give an example to explain 
your answer. 

"b. Can a prime number be oad? Give an example to explain 
your answer. 

c. How many prime numbers end with the digit 5? 

d. "" With the exception of two prime numbers, all primes 

end with one of four digits. Write the two primes 
which are exceptions. 

e. Write the other four digits which occur In the ones 
place for all primes other than the , exception you 
found In part d. ' ^^^t;; 

Suppose the greatest common factor of two numbers Is the 
seuneas their least common multiple. What must be true 
about the numbers? Give examples to explain your answer. 

a. What is the least common factor of 2867 and 6431? 

b. What is the greates t common multiple of 2867 and 6431? 
112 tulip bulbs are to be planted in a garden. Describe 

all possible arrangements of the bulbs if they are to be 
planted in straight rows with an equal number of bulbs per 
row . . 

Two bells are set so that their time interval for striking 
is different. Assume that at the beginning both of tne 
bells strike at the same time. 

a. One bell strikes every three minutes and the second 
strikes every five minutes. If both bells strike 
together at 12:00 o^clock noon, when will they again 
strike together? 
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b. One bell strikes every six minutes and the second bell 
every fifteen minutes. If both strike at 12:00 o'clock 
noon, when will they again strike together? 

c. Find the least common multiple of 3 and 5 and of 
6 and 15. How do these answers compare with parts 
a» and b.? 

11. a» Can the greatest common factor of some whole numbers ever 
be the same number as the least common multiple of those 
whole numbers? If so, give an example. 

b. Can the greatest common factor of some whole numbers ever 
be greater than the least common multiple -of those numbers?" 
If so, give an example. 

c. Can the least common multiple for some whole numbers ever 
be less than the greatest common factor of those whole 
numbers? If so, give an example. 

*12. a. Is It possible to have exactly four composite numbers 

between two consecutive primes? If so, give an example, 
b. Is It possible to have exactly five consecutive composite 
numbers between two consecutive primes? If so give an 
example . 

♦13. Given the numbers 135, 222, 733, 1065. Without dividing 
answer the following questions. Then check your answers by 
dividing. 

a. Which numbers are divisible by 3? 

b. Which numbers are divisible by 6? 

c. Which numbers are divisible by 9? 

d. Which numbers are divisible by 5? 

e. Which numbers are divisible by 15? 

f . Which numbers are divisible by 4? 

♦14. V/hy Is It Important to learn about prime numbers? 
15. BRAINBUSTER. Ten tulip bulbs are to be planted so that there 
will be exactly five rows with four bulbs In each row. Draw 
a diagram of this arrangement. 
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BRAINBUSTER. Do you think there Is a largest prime number? 
Can you find It or can you give a reason why you think there 
Is no greatest one" V 
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Chapter 6 
THE RATIONAL NUMBER SYSTEM 

6-1 , History of Fractions . 

Man has not alvrays known about fractions. Historically, he 
Introduced fractions when he began to measure as well as count . 
If he divided a piece of string Into two parts of equal length, 
then each part was |- as long as the original string. 



If he had to pour 4 cupfuls of water to fill a container, 



0 



I CUP 



then he said that the cup held ^ -the amount of water In the 
container. 

The Egyptians worked with fractions . At first they used 
only unit fractions and the fractions, j and ^ . Unit 

fractions are fractions with numerators of 1, such as i, i, i, 

etc. The Egyptians used the notation for ^, that 

is, the numeral for 5 with a special mark written over it. 
When they had to use other fractions, they expressed them in 
terms of unit fractions: 

- I = i J 

. 15 _ 1 . 1 

2? - 2 F . 

The Rhlnd Papyrus ClTOO BC), copied by the scribe Ahmes from 
an Older document now lost, has a set of tables showing }iow to 
express fractions in terms of unit fractions . 

The Babylonians usually used fractions with denominators of 

60, 60^ (5600), and 60^ (2l6,000), etc. because the base of 
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their system of notation was 60. Since we borrowed our units .of 
t^lme from the Babylonians, we also divide an hour Into sixtieths, 
called minutes, and a minute into sixtieths, called seconds. 

Roman children primarily learned about fractions with denomi- 
nators of twelve. They did not have symbols for fractions but " 

they did have names for fractions such as 3^ ^ ^ ^ ... Do we 
use any measures today that use the idea of twelfths? 

Over the years many other notations were used. Our present 
notation with the fraction bar " — " came Into general use In 
the 16th century. 



6-2. Rational Numbers 

In the rest of this chapter we are going to look at fractions 
In a new way. You already know a great deal about fractions. 
Are you sure you know why your methods work? 

Reasons are Important. Do you sometimes ask "Why?" when 
your parents tell you something. Knowing why helps you to 
understand your parents* rules. You may find It easier to 
remember how to work with fractions when you know why the rules . 
work. 

You have learned that a number may have several names. 
Several names or numerals for the same number are 6, VI, 2 • 5, 

5 • 2. Some other names for this number are the fractions ^ , 

12 18 24 ^ ^ ^ , 

> — > ip • Each fraction Is a name for a certain number. 

The fractions J > § > g > ^ ^ ^ ^ represent one number. 
The fractions 2 ' f ' § ' ^ ' TO ' if represent another number. 
Such numbers are called rational numbers . Numerals for other 
rational numbers are j > § ^ ^ • What are some other names for 
these numbers? 

How do you check the division problem: 

12 + 5 = 4? 
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You multiply 3 by 4 to see if you get 12. When you divide 12 by 
5 you are finding an answer to the question: 

3 times what number equals 12? 
or ^ ' 

5 . ? = 12 

You will find it better to use a letter such as "x" instead 
of for the number you are seeking, so write 

5 • X = 12. 
If you replace x by k, the number sentence, 

5 . X = 12 

no 

is true. Mathematicians usually write ^ instead of 12 + 5. So 
they write, ~ = 4. 

V/ith our new symbol for division we write, 

^ = 4 because 5 • 4 = 12, 



^ = 5 because 2 -5 = 6, 
^ = 5 because 2 • 5 = 10, 
^ = 7 because 9 • 7 = 65 . 



Because ^ = 


k we can replace 


4 by 


12 
3 




3 • 


12 
3 ~ 


12. 


Similarly, 


2 


6 

• 2 = 


6 , 




2 . 


10 

T = 


10, 




9 . 


9 


63. 



4 = 12 and write 



By what number should x be replaced to make the number 
sentence 

5 . X = 12 

true? Yes, x = 4. But if you look back in the last paragraph 
you will see that we wrote 

J • f =12. 
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Both 4 and -j- are correct replacements for x. The numerals 4 
12 

and y stand for the same number. Likewise, 
If X « |. , then 2 . X = 6, 

If ^ * 5 ' 5 • X = 7. 

Di scussion Problem^ . 

1. (a) If X 

(b) If X 

(c) If X 

(d) If X 

(e) If X 

2. For each of the following give a fractional name for the 
number represented by x. 

5, 
15, 
1, 
2, 
15. 

5* If a and b are counting numbers, give a fractional 
name for the number represented by x In b • x a. 

In general. If a and b are whole numbers, , and ^ Is not 
zero, |- Is the number x for which b • x = a. Because It Is 
simpler, a symbol such as b • x Is usually written bx, and 
8 • X Is written 8x. The multiplication symbol Is still 
-necessary In writing a symbol such as 8 • 5. Why? You have heard 
that division Is the Inverse of multiplication. Here v/e have 
used this to change the question r- = ? 

D 

*o b • ? = a. 
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= , 2 . X Is what number? 
63 

= -g- , 9 • X Is what number? 

= ^ * 2 . X Is what number? 
5 

= J / 5 • X Is v/hat number? 
4 

= ^ , 9 • X Is what number? 



(a) 


2 


• X = 


10, 


(f) 


6 


• X 


(b) 


9 


• X = 


65, 


(g) 


4 


• X 


(c) 


' 2 


• X =. 


5, 


(h) 


7 


• X 


(d) 


3 


• X .= 


5, 


(1) 




• X 


(e) 


9 


X = 


4, 


(J) 


1. 


• X 
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A symbol " ^ " where a and b are numbers, with b not 
zero. Is called a fraction , If a and b are whole numbers, 
with b not zero, the number represented by the fraction, ^ , 
Is called a rational number ; any number which can be written In. 
this form Is called a rational number . For example, 0,5 
represents a rational number because the same number can be 
written ^ A fraction Is a name for a rational number Just as 
numeral Is a name for a number. Different names for the same 
number are: 



The names 



are fractions , 

Sometimes ^ Is a whole number. This happens when b Is a 
factor of a, and only then. 

Sometimes Is not a whole number. Is there a whole number 

7 k ' 

for which 5x = 4? Is j a whole number? 

Tv/o fractions which represent the same number are called 

equivalent fractions . But it will not often be necessary to 

use this term. 

Exercises 6-2 

1. Give 7a.n example of each of the following kinds of numbers. 

(a) Counting number. 

(b) V^Tiole number. 

(c) A whole number which Is not a counting number, 

(d) A rational number which Is not a whole number. 

2. Which of the following represent r»atlonal numbers? 

(a) ^ (e) 1 

(b) f (f) ^ 
(°) 3^ (g) 0.2 
(d) 4 (h) 0.13 
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3. Copy and complete the following statements. 



(a) 


If 


X 


6 

" J ' 


then 


5x « _ 




(b) 


If 


X 


9 


then 




9 . 


(c) 


If 


X 




then 


2x « _ 




(d) 


If 


X 


10 
- -TP , 


then 


X = 


10 . 


(e) 


If 


X 


-f. 


then 


X =s 


7 . 


(f) 


If 


X 


18 
4 

"J' 


then 


X = 




(g) 


If 


X 


then 


X = 





4. For problem 3, In which cases is the number x a whole 
• number? Vflienever x Is a whole number write It with a 
single digit. 

5- Copy and complete the followijig statements. 



(a) 


If 


X 


1 

~ 5 ' 


then 


X = 


(b) 


If 


X 


4 

~ T ' 


then 


X = 


(c) 


If 


X 


11 
~ T ' 


then 


X = 


U) 


If 


X 


= f . 


then 


X = 


(e) 


If 


X 


0 

= 5 > 


then 


X = 


(f) 


If 


X 


123 
= "Tl ' 


then 


X a 



For problem 5, In which cases Is the number x a whole 
number? When x Is a whole number, write It with a single 
digit . 
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Without dividing or factoring, decide which of the following 
statements are true. As an example, to show that ■ 8, 
multiply 8 by 21 to see if you get i68. 

(t>) ^ - 16 
(c) 

(d) ^-13 ■ 
(e) 

For each of the following, write a number sentence which 
describes the problem In mathematical language. Use x 
for the unknown number, and tell, in each case, for what 
It stands . 

Example: Sam's father is sawing a twelve-foot log Into 6 

equal lengths. How long will each piece be? 
Answer: If x Is the length of each piece In feet, then 
6 • X « 12. 

(a) If 12 cookies are divided equally among 3 boys, how 
many cookies does each boy receive? 

(b) Mr.. Carter's car used 10 gallons of gasoline for a 
l60-mlle trip. How many miles did he drive for each 
gallon of gasoline used? 

(c) If It takes 20 bags of cement to build a 30-foot walk, 
how much cement is needed for each foot of the walk? 

(d) Thirty-two pupils were divided Irito k groups of the 
same size. How many pupils were In each group? 

(e) A teacher has 12 sheets of paper to distribute evenly 
In a class of 24. How much paper v/111 each pupil 
receive? 
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6-3 • Propertlea of Rational Numbers 

You have aeen that the whole number 3 can be written, ^ , 
which ahowB that 3 is a rational numler. In a similar way, you 
oan show that each whole number is a rational number. 

When you studied whole numbers you learned that the whole 
^numbers had certain properties. Learning about rational numbers 
is made easier by knowing that the rational numbers have some 
of the same properties. 

You remember that the sum of two whole numbers is always 
a whole number, and the product of two whole numbers is always a 
whole number. That is, if a and b are -whole numbers, there 
Is a whole number c for which a + b « c and a whole number d 
for which a • b ■ d. The set of whole numbers has^the closure 
property for addition and multiplication. 

The set of rational numbers also has the closure property 
for addition and multiplication. The sum of two rational numbers 

is a rational number. You know that + + 

+ S + ^^l". The product of two rational numbers 

is a rational number. Notice that J^T^l^'f *7°|f' 
^ • ^ = ^ . In precise language we state: 

1) The set of rational numbers is closed with respect to 
the operations of addition and multiplication. 

You know that 3+4=4+3 and 3 • 4 « 4 • 3 because, for 
the v^hole numbers, addition and multiplication have the commutative 
property. These operations also have the commutative property 

for the rational numbers . You knov/ that I- + I- = |- + I- , and 

^ ^ ^ ;>D55 

2 3 3 2 

5 * 5 " 5 * 5* * precise language we state: 

2) The operations of addition and multiplication for the 
rational numbers have the commutative property , that is: 

a + b = b + a and a • b = b • a 
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You also remember that 5 + (5 + 4) = (5. + 3) + 4, and 
5 . (3' . 4) = (5 • 3) . 4, because addition and multiplication 
have the associative property for the whole numbers. For the. 
rational numbers also, these operations have the associative 

property . You know that i + (i + i) = (i + i.) + | , and that 
• ( J • j) = (|- • j) • J . In precise language, we state: 

3) The operations of addition and multiplication for the 
rational numbers have the associative property , that is: 

a + (b + c) = (a + b) + c , and a (be) = (ab)c . 
What is 3 • (2 + 3)? From the, distributive property you 
know that you get the same result if you think of 5 • 5 = 25 
as you do if you think of 5 • 2 f 5 • 3 = 10 + I5 = 25, For the 
whole numbers, multiplication is distributive over addii^ion. 
The distributive property also holds for the rational numbers . 
You have us,ed this property for the rational numbers when you 
multiplied 4^ by 5. In our symbols, 5 • (^) = 5 • (4 + = 

5 •4 + 5* ^=20 + 1 p 21. In precise language, we state: 

4) The operation of multiplication is distributive over 
addition for the rational numbers; that is: 

a(b + c) = ab + ac 
Among the whole numbers were two special numbers 1 and 0. 
Tnese are also rational numbisrs . 

5) Among the rational numbers are special numbers 0 and 1; 

0 is the identity for addition and 1 is the identity for 
multiplication ". 

When we say that 0 is the identity for addition we mean, 
for instance, that 0+3=3+0=3; that is, that adding zero 
to any niimber does not change it. This can be expressed in 
symbols as: 

0 + a=:a + 0 = a, 
no matter what number a i^s . Similarly when we say that 1 is the 
identity for multiplication, we mean, for instance, that 

1 * 5=5 •1=5; that is, multiplying any number by 1 does not 
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change it. This can be expressed in symbols as: 

1 • a = a • 1 = a . 
You can see that 1 is a rational number by Writing it as 
the fraction . To see that 0 is a rational number you should 
remember that 0 divided. by any counting number is 0, If 

X = Y , 1 • X = 0 and x must equal zero. In defining a 

rational number, ^ , v;e said that . b could not be zero. You can 

see the reason for this by seeing what happens to ^ . 

If X = ^ , then 0 • x = 5 . There is no number x for 

which 0 • X = 5 so there is no number ^ . 

These five properties of the rational numbers let you see 
the reasons for some of the rules you state for fractions. Let 

us use these properties to show I" " I§ • If x = ^ , then 2x = 5 . 
Since 2x and 5 are names for the same number> 

5 • (2x) = 5 ' 5 . 
By the associative property, 

(5 • 2)x = 5 • 5 
10 X = 15 



Bnt X is a name for ^ , so 



2 10 

'if you v;rite the last equation, 

2 5 . 2 ' 

you see that you would have arrived at the same fraction if you. 
had multiplied the numerator and denominator of ^ by 5. 
Generalizing, we get 

. Property _1 . If the numerator and denominator of a fraction are 
multiplied by the same co unting number , the number represented 
is not changed . If tha . numerator and denominator are divided by 
felie same counting number , the number represented is not changed. 
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You saw that |. and ^ are fractions for the same number. 

Other names for this number are: f > § ^ jf • By what numbers 

should you multiply the niomerator and denominator of |- to get 

these fractions? , Since in |- the niomerator and denominator have 
no common factors except 1, this Is called the simplest form of 
the fraction . 

To find the simplest form of ^ we find the greatest 

common factor of 72 and 45, v?hlch Is 9. Then 

72 _ 9 > 8 ^ 8 
^5 " 9 • 5 " 5 • 

You may prefer to take more steps and do It this way: 

72 ^ 3 ' 24 _ 24 ^ 3 * 8 _ 8 
45 3 • 15 " 15 " 3 • 5 " 5 • 

To write the fraction ^ In simplest form, we find the 
greatest common factor Ic of a^ and b ; where a = kc and 
b = kd ; then by Property 1 . 

a _ kc c 

F " ca* - a" • 

Exercises 6-3 

1 . Which of the following represent rational numbers? 



(a) 


7 


(s) 


1+5 


(b) 


6 

2 


(h) 


2.15 


(c) 


2 

5 


(1) 


0 
7 


(d) 




(J) 


5.0 


(e) 




(k) 


§ 


(f) 


4-2 


(1) 


0.0 
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2V Write each of these nvimbers In three different ways . 



(a) 


• 1 ■ 




12 
T 


(b) 


2 

5 


(g) 


0 

5 


(c) 


1 


(h) 


H 


(d) 


12 

-r 


(1) 


i 


(e) 


0 • 2 


(J) 


6 



Write In simplest form. 



(a) 


2 
F 


. (f) 


(b) 


12 
IF 


(g) 


(c) 




(h) 


(d) 


14 
21 


(1) 


(e) 


8 


(J) 



48 



40 
^00 



„4. Each of the following Is true by one of the properties 
rational numb^re . Name the property in each case. 



(a) f- 



2 
5 



C. 

5 



2 
5 



(b) |(f . f ) = (| • J) • I 

(c) 5(2 + 5)' = 5 • 2 + 5 • 5 

(d) |(4 + 6) = |(4) + |(6) 

(e) 1-1 = ^ 



(f) 

(1) 1+ (| + |) = (1; + 
(J) 5(6 . 7) = (5 • 6) 



208 
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|i:^5^ Carry rout the indicated operations in each of the following: 

6. "'Three dollars are divided equally among 4 people. 

(a) How much will each person receive? 
x^v^ Use a fraction to express the part of a dollar each 
person will receive. 

7. Which would you prefer to receive, one of eight equal parts 
of five dollars, or five of the eight equal parts of one 
dollar? 

8. Draw diagrams and shade parts of the diagrams to show: 

(a) th"?ee of the 5 equal parts of one unit, 

(b) one of the 5 equa?. parts of three units. 

(c) Represent the shaded part of your diagrams in (a) and 
(b) by a rational number. 

• (d).^ How could your diagrams in (a) and (b) be thought of 

as representing the commutative property of multiplica- 
tion? 

9. A man owns a ranch which contains 6 square miles of land. 
He makes a will dividing the ranch equally- among 8 sons. 
How many square miles of land will each son receive? 

10. What Is the difference between 55 of the 6? equal parts of a 
rectangle, and one of the 6? equal parts of 53 rectangles, . 
assuming that all rectangles considered are equal in size? 

11 . Find five pairs of counting numbers which can be used as 
values for n and d to make the following numiber sentence 
true: 

5n = 2d. 

Compute 2. in each case. What is the general rule? 

12. Use the number sentence 2x = 3 to show that ^ ^ ^ •3. Hint: 
If 2x and 3 are names for the same number then i(2x) = i • 3. 
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6-4.- iFteclprocals 
You know that 



2 • I = 1, 5 • J = 1^ i • ^. = 1^ I 



5=1, 51 



= 1 



Let us recall our definition of a rational number and see 
how these products are related to our definition. 



a amd b are 
whole numbers, 
b 0 

bx = a 
^ b 



Let 
Let 



a = 1 
•b = 51 



1 and 51 are 
whole numbers, 
51 V 0 

51x = 1 

X = i 
X 51 



We know that Is the rational niimber by which we can multiply 

51 to obtain 1 . 

By what number may we replace x In 

24x = 1 



so that we have a true sentence? The answer Is 

Now let us consider. the equation 

bx = 1. 



2^ 



Then 
and 



(b Is a counting number.) 



The number ^ Is called the reciprocal of b. Also, b is 

1 

called the reciprocal of ^. If the product of two numbers is 1., 
the numbers are called reclprocala of each other . 
Some pairs of reciprocals are: 

1 

152 



Y and 7 , 
What is the reciprocal of 1? 



21 and and 62 . 
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V/e have seen that counting numbers and numbers like 4 
1 1 

, and ^ have reciprocals. Does ^ have a reciprocal? Is 

there a number by which ^ may be multiplied to get 1? You may 
know the answer from arithmetic . ■ ' 

We know that ^.4=3 and 3 • i- = 1^ so 

i • i^' ' ^) = (|- 4) . 1 

= (3) • i = 1 , 
using the associative property. 

- We see that if ^ is multiplied by 4 • j the product is 1 . 

But 4 -1 = 1.. Hence, the reciprocal of J is i . 

7 8 

.Vfliat is the product ^ • y? my? We can see why the product 
is 1, by recalling that ^ = 8 • i , 

i-f = F- (8 -^Mj.S) .1 = 7 .i = l. 

Prom your experience In multiplying numbers represented by 
fractions you probably know, without showing all the steps, 
that J . H ^ "^^ steps show why this Is a true sentence, 

making use of the properties of rational numbers that v/e know. 

The examples lead us to the conclusion that |: . ^ = i, 

D a ' 

provided neither a. nor b Is zero. 

Property 2. The reciprocal of the rational number f Is the 
rational number ~ , If a 0 and b / 0. 

Exercises 6-4 

1. Find the products. 

(a) (9)(^) • (d) (45)(t^) 

(b) (^)(26) (e) (|)(5)(i) 

(c) (i-)(ll) (f) 92(^) 
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(g) {J)(^)(7) (i) (^)(^) 

(h) , • (J) (^)(^) 

Write the reciprocals of the rational numbers. 

(a) 11 (e) f 

(b) 201 (f) ^ 

In the following, letters represent rational numbers, all 
different from zero. Write the reciprocals. 

(a) m (b) s (c) i. (d) f (e) ^ 

Find X so that these sentences are true: 

(a) 5x = 5 (c) 15X =19 

(b) 7x = 2 (d) 56x = 18 

(e) rx = k, r ;^ 0 

Write the following as sentences involving multiplication, 
and find n in each. 

(a) 8 + 7 = n (e) 1492 + I5 = n 

(b) 15 + 20 = n (f ) 6 + 500 = n 

(c) 100 + 17 = n (g) 5 + ^75 = n 

(d) 2 + 11 = n (h) 64 + 56 = n 

Write the set of numbers consisting of the reciprocals of the 

members of the set, Q, where 
♦ 

Q = li> j> ^> ^> g-j Y> -gi ' 
[sec. 6-4] 
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(a) When Is the reciprocal of a number greater than. the 
number? 

(b) ViTien Is the reciprocal of a number less than the number? 

(c) men Is the reciprocal of a number equal to the number*? 

(d) If n is a counting number, can we correctly -say. that 
one of the following Is always true? 

(1) n > i, (2) i> n, (3) n = i 

The product of what number and n is 1, where n Is a 
number such that 2n = 19? 

(a) Find n If 8n = 36. 

(b) Find q If 36q =8. 

(c) VJhat can you say about the numbers n^ smd q? 

THe population of Gary Is 16,000 and of a neighboring city, 
Davis, 30,000. . 

(a) The population of Davis Is how many times the population 
of Gary? 

(b) The population of Gary Is how many times the population 
of Davis? 

■I. , " 

(c) What can you say about the answers for (a) and (b)? 
If l4n = 5, then (i)(l4n) = (i)(5). (a) Vihy? (b) Use 

the equation In (a) to find the number by which we can 
multiply n (given by l4n = 5) to obtain 1. 

If ax = b and by = a, and a and b are not zero, 
X and y are reciprocals. Why Is this true? 
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6-5 . Using The Number Line . 

Recall how the number line, was constructed In chapter 5. 
V/e started with a line and selected a point which we called "O" . 



0 

After selecting a unit of length, we marked- off this dis- 
tance on the ray, starting at 0 and extending to the right . 
After doing this again and again we can label the endpolnts of 
the segments 1, 2, 5, and so on, and have the picture shown 
below: 

"o" i 2 3 4 5 6 ? 8 9 1^ 

The counting number at each point shows how many segments of 
unit length are measured off from 0 to that point . 

To add 5 and 2. on the number line, we start with 0 and 
lay off a distance of 5 equal units . Then we measure off 2 
more equal units to the right. The union of these two segments 
Is that whose left end Is at 0 and whose" right end Is at 5; 
the length of this segment Is the sum of the lengths of the other 
two segments. Thus, we have a picture on the line which shows . 
the sum: 5+2=5. Can you see how to subtract on the 
number line? 

To multiply 5 by 4 ^^the number line we can start from 0 
and lay off four segment s^of length 5 as shown below: 




0 3 6 9 12 



This also gives a means of division. If we divide the segment 
with endpolnts 0 and 12 Into four equal parts, each part will 
be of length 5. Hence the same picture can represent both 

12 = 4 X 5 and TP = 5 . 
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If we think of 12 as designating 12 feet, the line shows that 

there are four yards In twelve feet and hence 

•J- =4, or, twelve-thirds Is equal to four. 

In words: "Twelve feet Is equal to four yards" may also be 
written "twelve thirds -o.^-a-yard Is equal to four yards," since 
one foot Is one thlrd-of-a-yard . 

The same number line can also be used to represent the 
number of yards In, say, 13 feetT^Here the segment can be laid 
off four times with a segment of length 1 foot left over. Then, 
since one foot Is one third of a yard, we have 

which can be read as follows: thirteen feet Is equal to four 
yards and one third of a yard . This same equality can also be 
written In the form "I' 

13 = 4 . 3 + 1, 

which can be read: 13 feet Isjqual to four yards plus one foot. 

Suppose we consider another example and seek to represent 
on the number line the number of feet In 43 Inches. Here you 
should draw the number line showing the. equation: 

43 = 3 • 12 + 7, 

which- can be read: 43 Inches Is equal to three feet and 7 Inches. 
Using fractions this could also be written 

tI = ^5 • ]^ = 3 ^ 

expressing the fact that 43 twelf ths-of-a-foot Is equal to 3 
feet plus 7 twelfths-of-a-foot . 

Though the number line helps to show these relationships 
In the beginning. It becomes rather awkward If the numbers 
Involved are larger. Suppose we consider the fraction ^ with- 
out constructing thCnumbe'r line. . If we divide 85 by 23^ we 
have the quotient 3 and the remainder 16, that Is, 

85 = 23 • 3 + 16 
Another way of writing this Is: 

1^ - , + 16 _ ,16 
5^ - 3 + 23 - 355- . 

215 
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So far we have shown on the number line only segments 
whose lengths are whole numbers of units. We could Just as well 
have considered fractions by labeling the points differently. 
For Instance, we might have: 

I 2 3 4 

I I 1 T I I 1 r ' ■ ' ■ ' ' ' 

Ql 2 5 4 9±i« 9 \0 U_ ^ \Z 



We could see from this Just as well as from the previous nvimber 
line that 12 • (^-^ = 4. Also we can see that ^ = 4 + j 

from the same number line . 

Recall that Property 1, near the end of Section 6-5, 
expressed the fact that we can multiply the numerator and 
denominator of a fraction by a counting number without changing 



the number v/hlch It repx^esents. If the denominator Is small, 

1 2 

we can show this on the number line. For Instance, j = ^ 
can be seen from the following: 



0 . i I I 

1 r^^^ 1 1 1 1 \—- 

0 I 2-1 4 9 I 

•J 1 T 

Property 1 gives us a way to simplify certain fractions- 
It can also be used to show whether or not the numbers represented 
by two fractions are equal. 
Example 1. Suppose we have the question: 

This can be ansv/ered by finding the simplest form of each 
of the fractions as follows: 

6 2 • 3 2 ^„rt 8 2 ' 4 2 

Since each number Is equal to y , the given numbers are equal to 
each other. 
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Example 2. Is ^i- equal to || ? By the same method we have 

15 5-3 5 ^"°^" 5~r5 = 5 • 

Since I Is not equal to i the given fractions do not represent 
the same number. — 

Example 3 . is ^ equal to ^ ? Now, 

^ - 2 anrt 1^ _ 7 . 2 7 
- 5 and 5^ =1^--^ = -L. . 

Is I equal to ^ ? Is the answer as clear as It was. In the first 
two examples? Whatever your answer Is, can you give a reason? 
We found that It Is easier to compare fractions If they have the 
same denominator. This suggests another method which we may ' 
use to answer the question, "is | equal to ?" We can rewrite 
the two fractions with a common denominator, that Is, having 
the same denominator. This denominator must be a multiple of 
both 5 and 11. The least such denominator Is 55, since this Is 
the least common multiple of 5 and 11. Then 

shows that since we multiplied the denominator by 11 to get 
5 • 11, we must also multiply the numerator by 11, that Is, we 
must also fill In the question mark with an 11. Thus 



= 3 • 11 _ 2^ 
5^TT 55 



and similarly 



IT 



Are g. and || equal? You know that 33 divided by 55 Is not the 
same number as 35 divided by 55. Therefore ^ Is not equal to 



5? • 
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Exercises 6-5 

X. On a sheet of paper, draw a figure similar to the one shown 
below. Make each line segment 4 Inches long and allow ^ 

Inch between llne3. 



■<4 IN.- 



mcr 



Divide each segment Into the following ntimber of parts: 

(a) 2 parts (Shown on drawing above.) (d) 5 parts 

(b) 4 parts (e) 6 parts 

(c) 8 parts (f) 5 parts 

On a sheet of paper make a drawing of a ntimber line like this: 
1 — I 1 1 1 



I 



6 



Use a unit length of 1 Inch. As closely as you can, locate 
each of the following points on your number line as shown 



for (a) : 










(a) 2| 






(c) 


(e) ^ 


(b) i| 






(d) ^ 




(g) If 


a 

b ~ 


6 

J ' 


locate ^ on the 


number line . 


(h) If 


12 • 


X 


= 4, locate x 


on the ntimber line 



[sec. 6-5] 

:218 • 



ERIC 



3. (a) Consider the points labeled A, B, C, D, E, and F on 
the number line: 



B A c F 

■^5 — ' — F-^- — r 



Give 3 different fraction names for each of the points 
A, B, C, D, E, and F as: 



12 . ^ 



(b) Is the rational number located at point B less than or 
greater than the one located at A? Explain your 
answer. 

(c) Is the rational number located at C less than or 
greater than that at A? Explain your answer. 

Interpret on the number line the following: 

(a) f = 4 (b) 20 ^ 5 ^ . ^ 

Express each of the following as a whole number added to a 
rational number less than 1: 

Show on the number line the equality: § = ]^ 

Answer the questions In Problems 1 and 2 of this section 
using the method of Example 3, page 209. 

Show how to subtract on the number line for each of the 
following: 

(a) 3 - 2 (b) 9 - 5 

In Example 5 we found whether two fractions represented the 

same number by writing each of them as equivalent fractions 

with equal denominators. Could we also have found whether 

they represented the same number by writing each of them as 

equivalent fractions with equal' numerators? Remember that 

we called two fractions "equivalent" If they represented the 
same number. . 
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6-6 . Mul^'ipllcatlon of Rational Numbers 

• You recall that 5 • j = 1 ^and 5 • j = 2. In general if 
a and b are whole numbers, where b is not zero, 

b • ^ = 1 and b • § = a- 
What lioes ^ • 2 equal? You can find an answer if you, can 
find a number x for which 

X = |- • 2. 

But then, x and ^ • 2 are names for the same number, so 

that 

7x = 7(^ • 2). 
Using the assoclt?,tl 'e property for multiplication 

7x = (7 v|-) • 2 = 5 • 2 = 10. 

5 - 2 10 
x=2^ = ^. 

c 5*2 
Yoa started with x = 5- ^ 2, and you have shown that x = ^ 

In general, if ^, b, and c are whole numbers and b is not 
zero, 

^ . a c * a 

^ b = • 

Similarly, you can find a number x for which 

Since X and j • ^ are names for the same number 

5x = 5(f • f). 
Using the associative property, 

5x = (5 ' f ) • f 

5x = 2 • |- 
2 • 5 
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'But 5x and — >^ are names for the same number. Thus 

7 • (3x) - 7(^^). 

7 • (3x) =2.5. 
Using the associative property for multiplication, 

(7 • 5)x = 2 ., 5. 
*' V 2 • 5 2 • 5 10 

You started with x » j - , and you have shown that x = | | ^ , 
so 

This example shows that: 

To multiply two rational numbers written as fraotlons . you 
find a fractions whose numerator Is the product of the numerators 
and whose denominators Is the product of the denominators. 

In symbols. If ^ and ^ are rational numbers. 



a • c_ _ a * c ac 
F d b . d ° bd' * 

You can use this property to reduce i^- to simplest form. 

Instead of Property 1, In this way 

Similarly, 

, i-f-l-f-|--M- 

You can even show Property 1 for the rational number |^ this way 
If k Is not zero: 

k ' a ka 
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Exercises 6-6 

Find the following products mentally. Give answers In 
simplest form, 

(^) I - J (b) f (c) ^ - ^ 

(g) I • 9 (h) I . 2 (1) 2 . I 

(J) ^' j (Jc)'i- ^ (1) | - 4 

(m) 8 . J (n) (| • ^) . i (o) ^' ^' ^ 

ip) 10 ' ^ (q) ife-ife (^) TO'ife 



1 .1 

3 5 



(s) ^-100 (t) |. 8 (u) I 



2. Find the products 


In simplest form. 




(a) i ..^ 






(d) i - 50 


(e) f-i 




(g) 36-5^ 


(h) 1 • ^ 


- (1) 72 • 1 


(J) f • 1 








M M ■ § 


(0) 


5; Often factoring may make the computation of products like 


those In Problem 2 


easier. For example 


In part (e) 


2.1 2 ' 1 2 " 


' 1 2-1 


2 . 1 1 


5 F " 3 . - 5 




I" 3 . 4 ~ 1^ ~ 



Use this method fop parts h, m, n, and o of Problem 2. 
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Find each product as a fraction In simplest form. Before 



fraction. For example - 


(4) 


= M 




(a) 8 • (2|) 






(2f) 


(c) 12 . (5|) 




(2i) • 


(4) 


(e) (4) • (f) 


(f) 




(If) 



Find the number r for which the following statement Is 
true. 

The label on a can of paint states that the can contains ^, 

of a pint. If you use | of the paint, how many pints did - 
you use? 

Here Is a recipe for fruit punch to serve 6 persons: 
^ cup orange Juice 

^ cup lemon juice 

^ cup grapefruit Juice 

1 cup pineapple Juice 
1^ cups water 
1 ^ 

^ cup syrup 

(a) What amount of each Ingredient would you use to make 
punch for 4 persons? 

(b) \Jhat amount of each Ingredient would you use to serve 
8 persons? 

On a road map 1 inch represents 10 miles. If the distance 
on this map from your house to school measures 1^ Inches, 
how many miles do you live from school? 
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6-7. Division of Rational Numbers 

In this chapter you learned that you could write 5 + 5 as 

^ . If a and b are any two numbers where b Is not zero, 

you* can write ^ Instead of a b. If a and b are rational 

numbers, ^ and ^ , for example, you can write 



* 2 1 



1 

2 

1 



Notice that the bar between ^ and ^ Is longer than the other 
two bars . 

. When you studied Inverse operations you learned that multi- 
plication and division were Inverse operations. This means that 

1=4 If 2-4 = 8 

and only then. This same relation holds between multiplication 
and division If a, b, and x are rational numbers, and b Is 
not zero. That Is, 

^ = X If bx = a 
and only then . For example 

= X If |k = I 



and only then. Here x = 5 makes both statements true. Other 

"5 6 
names for x are and ^ . 

As another example, look at 

1 
2 

J- 



X. 2 



How do you find x? You can find x without using rules for 
division. 

X = If = I 
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and only then . In the right hand equality ^ x and J are both 
names for the same number. Now multiply this number by ^ , the 
reciprocal of ^ , and use the associative property to get 

1 • X = |. . I 
X = I . ^ 

But at the beginning of the example you had 



so 



T 



T' 



Using only rules we have had earlier we have shown In the 
example the reason for the following statement . 

To find the quotient of two rational numbers written as 
fractions you find the product of the numerator and the 
reciprocal of the denominator. In symbols: 

a 

F ad 

It Is not even necessary to remember this statement about 
dividing one rational number by another If you divide In the 
following way. 



4- 



You merely have to look at the denominator and decide what 
number you must multiply it by to get the number -1-,- then multiply 
numerator and denominator by that number. Here is another 
example . 
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5 



1 



In an earlier . chapter you learned that the whole numbers 
were not closed for the operation of division. In this 
section we have shown a method for finding the quotient of any 
two rational numbers, a and b, b not zero. The operation 
of division does not allow dividing by zero. Is the set of 
rational numbers, with zero omitted, closed for the operation of 
division? 

Exercises 6^7 

1. Express each of the following as a ratio of two whole numbers 



(a) 




(g) 


hi 


(b) 




(h) 




(c) 


4.1 

r * T 


(1) 




(d) 


12+1 


(J) 


11 ^ 11 

27 * T 


(e) 




(k) 


i + i 

5 2 


(f) 


^ + ^ 

9 9 


(1) 


2*5 



Write each of the following quotients in simplest form. 
Factor numbers whenever it is to your advantage. 

12 

T7 



iro 




(g) 


1 


■I'" 






• ? 




(b) \ 
.T" 


'•'4- 


(h) 


5 






(c) 1 


(f) 1 


(1) 



12 

52^ 
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Find the following quotients. Express each answer as a 
whole number, or as a whole number plus a number smaller 
than 1 . 



(a) 


1*1 
? * H 


(d) 


2 * 3. 


(g) 


5 




(b) 




(e) 


f*^ 


(h) 


7 


+ 4 


(c) 


2+1 


(f) 


i*^ 




3 


-I 



Find the following quotients In simplest form. Start by 
putting each fraction In simplest fom before dividing, 

(a) _i_ 



~8" 



(d) 


J*F 


(g) 


6*8 

* 1? 


(e) 


4 ^ 12 
F * IF 


(h) 




(f) 


5? * ^ 


(1) 


TO * 1' 



(b) 

(c) l + f 

Do you think division Is commutative? Find each quotient 
to see If you are right . 

Do you think that division Is associative? Find each quo- 
tient to see if you are right. 

(a) j§ is how many times' as large as ? 

(b) y is how many times as large as ^ ? 
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6-8 . Addition and Subtraction of Rational Numbers 

We have examined the elements of the set of rational numbers. 
We know that there are many names for the same rational number. 
We have used the operations of multiplication and division. Only- 
two operations remain to be considered: addition and Its Inverse 
operation subtraction. Let us look at the addition operation 
first . 

We are all familiar with the Idea that i + J-«2 • ^ = 
ji 1 5 5 

also • T = T + T + T + T • Continuing with other 

5 5 5 5 5 5 

rations^, numbers, let us find a single fraction for: 

i + i 

5 5' 

Using what you already know let us write this as: 

2_o.l_l.l 
.5" 5"55 



and 



Then 



2,4 _ /I , Ix , /I , 1 , 1 , ix _ ^ . 1 _ 6 
or we may write 

I + i = (2 • i) + (4 • i) 



= (2 + 4)| - 6 « ^ 



using the distributive property to get the second line . 

What Is the riBSUlt of adding f" to §• # where a, b, and c 

are whole numbers and b Is not 0? f" + §• 'nay be written 

a • ^ + c • ~ . By the distributive property this Is equal to 



, ^\ 1 _ a + c 
(a + c) . r- = —r- — . 



[sec. 6-8] 

228 

EKLC 



221 



If a, b, and c are whole niunbers and b Is not 0, then 
S* F " ^ b ^ • be read In words: The sum of two 

numbers whose fractions have the same denominator Is the sum of 
the numerators divided by the common denominator. 

Let us look at a more difficult addition example: 

The least common multiple of the denominators 4 and 10 Is 20. 
We write each fraction with a denominator 20. You recall that 

l = H|.i§ ana ^.jL^.l*. 

Then 

^ To = i§ IS ' ^^"^5^ = i§ • 

4r + i « 3 ' 3 . 7 ' 2 9^14 23 
iTT ^ TF 10^ +15- S=Sy*"30 = 30 • 

The sum of any two rational numbers ^ and |» may be found 

similarly. A common multiple of b and d is bd. 

a _ a * d _ ad ^ , c b * c be 

F^F-r-sr-Ba- 3- = rT-^ = ca- 
using what we know about adding rational numbers whose fractions 
have the same^^j^nominator we have: 

a . c ad . be 

_ ad + be 
EH • 

Thus we may say: 

If a, b, c, and d are whole numbers and b and d 
are not zero, then 



Also 



a c _ ad + be 
b 3" bd • 

In the following set of exercises you will see again that 
the commutative and associative properties of addition as well 
as the distributive property hold in the rational number system. 
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Exerolses 6^8a 

1. Find each of the following sums. 

(a) f + j (d) 4+1 (g) J + ^ 

(b) l + l (e) 1 + ^ + J 

(c) 1+4 (f) ^ + 1 

2. Does It appear that the addition operation for rational 
numbers Is commutative? 

3. Find each of the following sums. 

(a) (5- + f)+| (e) (^ + |)+f 

(b) i+ (f (f) 1+ (| + f) 

(c) + (g) (if + f)-*-^ 

(d) + + |) (h) if + (| + ^) 

4. Does It appear that the addition operation for rational 
numbers Is associative? 

5. (a) Is. It true that + + § for all rational numbers 

fandf? . 
(b) What property of addition Is shown In Part (a)? 
*6. (a) Is It true that (f + f) + f = f + (f + f ) ^11 
rational numbers f* > » ' 

(b) What^prlnclple of addition Is shown In Part (a)? 
7. (a) A ribbon clerk sold three pieces of ribbons of ^ yard, 
i yard, and ^ yard. How much ribbon did she sell In 
all? 

(b) If the first and third pieces were ribbon which sells 
for 25/ per yard and the second was ribbon which sells 
for 20/ per yard, how much was the total cost? 
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8t In a reolpe bhie ingredients include ^ Ih. butter, ^ lb. 

sugar, ^ lb. ooooa, and ^ lb. peanuts. What is the total 
weight of these ingredients? 

Keeping in mind both the oommutatlve and associative 
properties of addition we can find the sum of 2^ and 3^ quite 
easily. ' 
4+ 3|. (2 + J) + (3 + |) 

- (2 + 3) + + ]|) by commutative and 

- (2 + 3) + + ^) associative properties. 

Does this look familiar to you? You probably arranged your 
work a little differently but didn't you work similarly? You 
probably wrote your problem vertically instead of horizontally. 
You could also work the preceding problem this way. 

Exercises 6-8b 

1. Find each of the following sums: 

(a) 4 34 (°) 14 30 

2. Find each of the following sums in two different ways: 
(a) W B^^l^ (0) . 1-^ 
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3. Find eaoh of th6 following? 



(a) 


1 1 


(8) (j • + • 


^) 




,1 10 






(o) 




(i) (| + |)f 




(d) 




(J) (|-|g)*(f- 




(e) 








(f) 








(a) 


Compare yoyr reaulta in 5(g) and 5(h). 




(b) 


Compare your results In 5(l) and 5(j). 





4. 



5 . Find the nvunbers : 

J + J (b) (5 + 5)*(^ + ^) (c) f+l 

6. In each of the following examples, see If you can do the 
work In your head first . Then check by working out each 
exeunple on paper. 

(a) 1 + (^ + ^) (b) (1 +^) 

7. Based on your results In 6(a) and 6(b) would you say that 
division Is associative? 

8. In the magic square below, add the numbers In each column. 
Then, adding across, find the sum of the numbers In each 
row. Now add the numbers In each diagonal. (Top left 
comer to lower right corner, etc . ) 





4 




5 




10 


4 


x4 


33 



[sec. 6-8] 

232 



225 



9. A man spends ^ of his salary for 'rent, j for food, ^ 'for 
clothing, and for charity and service. The rest he 
saves. Out of each dollar he earns how much does he save? 



Since subtraction Is so closely related to addition we need 
not go through all the steps In developing the Ideas again. 
As with addition. If the fractions have the same denominators, 
then we simply subtract the niimerators and place this difference 
over the common denominator. For example: 

12 9 ^ 12 - 9 3 
7 7 7 7 

Since subtraction Is the Inverse operation of addition, 
meatns the same as 



12 

T 



In symbols this relation of two rational numbers may be 
written 

c a c " a 

^ - ^ = — ^ — where b Is not 0 and c Is 
larger than or equal to a. 

Remember that the rational numbers of this chapter, are not 

:closed under subtraction. 

If two fractions have different denominators, we can rewrite 

each of them with a common denominator. Let us use this 

4 c - . 

example: te" - ^ • 

D ( 

4 5 7^ 



1 - I = (i • I) . (5 . ^) 

5 7 ^5 7' ^7 5^ . 



_ 28 2^ 
~ 55 " 35 

_ 28 - 25 

35 " 

35 
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Check your answer by addition. 

As in the operation of addition of rational numbers this same 
procedure may be applied to the general case §• - ^ • 

c a _ /c . b\ /a . d\ 

_ cb ad 
ba" " bd 

_ cb - ad 

bd • . 

Hence ^ - § = — if (cb) is greater than or equal to (ad) 

and b and d are not zero. 

Class Exercises 



(a) 




if) 


11 

12 


2 

" 5 


(k) 


lE 9 


(b) 




(g) 


a 

b " 


c 

d 


(1) 


ife " ife 


(c) . 


§ § ^ 


(h) 


1- 


2 

T 


(m) 


(J. ^\ 2 
^12 " T^^ ■ T?* 


(d) ' 




(i) 




1 


(n) 


^ §) - S 


(e) . 




(J) 


1- 


16 
5? 


(o) 





2. Express these rational numbers in other ways. 

(a) § , (b) 2j , (c) I , (d) 5f . 

We now know how to subtract any two rational numbers when 
the result is a rational number. Look at this problem: 

^ 2 

2 1 

5j and 2^ may be written in fractional form. 
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Should we check by addition here? 

You probably learned a little different way of subtracting 
and would do this same problem, in this way: 



4 ' 



4 



c 0 



Checking to see If the -answer Is correct we find: 



2w + 



5I = 2 +1 + 5+1 
= (2 + 5) + (| + ^) 



By associative 
property of 
addition. 



= 3.f 

In the subtraction problem below It will be convenient for us to 
rewrite rational numbers In fractional form. . We have written 
the rational number ^ as^ . Now let us write it in still 

another way. By using the associative, law you may write 

Can you write 



8^ = 8 + i = (7 + 1) + i = 7 + (1 + i) =-7+1 . 
out the reasoning, as-JLs done above, for writing 7^ as 6 + |. ? 
For 12§ as 11 + ^ ? For l^J as 12 + |- ? 
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In the following problem: 

we find It convenient to write 6^ as 7j since ^ is greater than 
J. Therefore, ^ Is not greater than j . 



4- (8 




(2 




- (7 




(2 




- (7 








- (7 


^|)- 


(2 




- (7 


- 2) + 







-5+1 

You may have written this 

^ " 7j = 7^ 
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Exercises 6-80 
Subtract. Express answers In simplest forms. 



(a) 






(f) 


14 


11 


(k) 




(b) 


24 
TF ■ 




(g) 




- 4) - 2 


(1) 


Compare your 


(c) 


8 

5 ■ 


2 
3 


(h) 


i 


7 
" 3 




results for J 
and k. 


(d) 




1 
' 3 


(1) 




Too 


(m) 


From your work 


(e) 




-4 


(J) 






) 


In J, k, and 1, 
do you think 



multiplication 
Is distributive 
over subtrac- 
tion? 



John lives -i^ of a mile from school. Jane lives ^ of a mile 
from school . 

(a) Estimate who lives the farthest from school. 

(b) Show that your estimate was correct. 

Vic, Mel, and Bob built a club house. Vic lives j of a 
mile from the club house. Mel lives I* of a mile from the 
club house,;; Bob lives J of a mile from the club house. "^In 
the diagram below, A represents the home of the boy nearest 
the club house, B , the next and C, the farthest. Which 
boy lives at A? at C? at B? How much farther Is B 
from the club house than A? How much farther Is C than 
A? 
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4. The length of a field. Is JC^ rods. The width of the same 
field Is 15J rods . Find the difference between the length 
and width of the field. 

5* Jake ran the 100 yd. dash In lli seconds. Bruce ran It In 
if 9 
10^ seconds. How many more seconds did It take Jake to run 

the 100 yds. than It did Bruce? 

6. Mary Is making a chintz apron that requires 1^ yds. of 
material. She has yds. of chintz. How much material will 
she have, left? 

7. Jim left the house at 5:15 P.M. It took him ^ hour to pick 
up the papers for delivery, 1^ hours to deliver them, and ^ 
hour to return home. He ate supper and was at the movies by 
7:45 P.M. How much time did It take hlftino eat and get to 
the movies? 

8. - Mr . Twiggs changed the price of potatoes In his store from 

a pbund to 3 pounds for l4^. 

(a) Did he raise or lower JbHe price? 

(b) How much was the Increase or decrease per pound? 

. (a) Is the difference of 17^ and 6^ more or less than 11? 
(b) How csm you tell without working out the example? 

. Is the number represented by a fraction changed If you sub- 
tract the same number from both numerator and denominator? 
Give an example. 

. Pill In the blanks In the magl3 square below so that the sum 
of the numbers In each row Is the same. Then find the sum of 
the numbers of each column and both diagonals. 



2 

3 


12 


1 

2 




9 

ta 


7 

12 


J_ 
3 




JL 

6 
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6-9 . Ratios Expressed by Rational Numbers 

In your use of numbers, you probably noticed that you can 
compare tv/o numbers by subtraction or -by division. Of the two 
numbers, 6 and 2, we can say that the first number is 4 more 
than the second, or that the first number is three times the 
second. We can also say that the ratio of the first number to the 
second is 5 to 1 or 5 . In comparing the numbers 9 and 2, we 
sometimes say that the ratio of these nxambers is 9 to 2 or !• , 
Nine is four and one-half times the number 2, 

Definition: The ratio of a number c to a 
number d, d / 0, is |- . 

If c and d are counting numbers, the ratio. |. is a 
rational number. 

In a class there are 56 pupils of whom 16 are girls. The 
ratio of the number of girls iri the class to the number of class 

members is or ^ , 

9 

4 ii 
Thus ^ of the class members are girls: 56 • (|.) = 16. The 

ratio- of the number of pupils in the class to the number of girls 

in the class is or , There are two and one-fourth times as 

many pupils as girls in the class. Notice that |. = 2 + ^ . 

If a car travels 258 miles in 6 hours, the ratio of the 
number of miles traveled to the number of hours of travel is 

43 " ^ 

or or 45. This ratio, 45, is usually called the rate that the 

car is traveling and is often expressed in terms of miles per 
hour. In examples of motion, like that of a moving, car, you may 
have used a formula _ 

d = rt, 

where d represents number of units in the distance traveled; r, 
the rate of travel; t, the time of travel. If d = 258 and t = 6, 
then 

6r = 258, . 
r = 45; 
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r Is the ratio of 258 to 6 or the rational number ^5^. Other 
names f or '=g^ are and 45. 

Ratio Is very useful in many applications of mathematics. 
In the remainder of the work, this year as well as next, we will 
see many other examples of ratios . Some of the applications of 
ratio are Illustrated in the exercises . 

Exercises 6-^ 

1 . Express the ratios of the following as rational numbers in 
simplest form: 

(a) 3 feet to 10 feet.. 

(b) A test grade of 75 to a test grade of 90. 

(c) 56 pounds to 12 pounds. 

(d) I to J . 

(e) ^ inches to 2 inches. 

(f) 90 cents to 75 cents. 

(g) 15>000 people to 25,^00 people. 

(h) 90 degrees to 55 degrees. 

2. A plane flies 26OO miles in 5 hours. 

(a) At what rate ^es the plsuie fly per hour? 

(b) What is the ratio of the number of miles traveled to 
the number of hours of flying time? 

5« The ratio of 5 inches to one yard can be said to be ^, or if 
we change yards to inches, the ratio is In using ratio 

we must be sure what units we are using. What advantage may 
there be in calling the ratio of 5 inches to one yard ^ ? 

4. The scale on a map is 1 inch to 20 miles. 

(a) Express this scale as a ratio. 

(b) On the map how many miles are represented by a segment 
of length ^ inches? 
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Centervllle Is a small city with city limits forming the 
sides of a rectangle, 3 miles In length on the longer side, 
and 2 miles In length on the shorter side. Using a scale 
of 1 Inch for ^ of a mile, how long and how wide will the 
map of the city have to be? 

A map of the United States Is draivn on a scale of 10 Inches 
to 5000 miles . 

(a) Express this scale as a ratio, 

(b) On this map how many miles will be represented by one 
foot? 

(c) The distance from Washington to Chicago Is approximately 
750 miles. How far apart will these cities be on the 
map? 

In a scale drawing of the floor plan of a school building 1 
Inch represents 6 feet , 

(a) Express this scale as a ratio. 

(b) (Si th^~~scare drawlrig ladw^ feet are represented by a 
segment of length of 20 Inches? 

(c) In (b) what Is the ratio of the length of the segment on 
the drawing to the number of feet represented by this 
segnent? 



X 


1 


2 


3 


4 


5 


6 


3X 


3 


6 


9 


12 


15 


18 



Find the ratio of each number In the second line of the table 
to the corresponding "ntimber In the first line of the table. 
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2 


4 


5 


8 


Id 






5 


10 




20 




30 


40 



Assume the. ratio of each pair of corresponding numbers 
(numbers In the same vertical column) In the table Is the 
same. VJhat are the missing numbers? 

10. On a thermometer an Inch of mercury represents a temperature 
of 4o degrees, (a) How many Inches of mercury will 
represent a temperature of 60 degrees, assuming that the 
temperature scale starts at 0 degrees? (b) temperature 
of 67 degrees? 

11 . -A^^quaijtf of "canned orange Juice sells for 5^ cents and a 
gallon of . the same Juice' sells for 4l»98. Find the ratio of 
selling price In dents to the nvmiber of pints. In both cases. 

12. The cost of a bicycle on January 1, 1961 Is ^ of the cost 
of the same bicycle on January 1, 1959. (a) What Is the 
ratio of the cost on the latter date to the cost on 
January 1, 196I? (b) If the bicycle cost $66 on January 1, 
1961, what was Its cost two years ago? 

13. _ ■ ■ .:_ . ■ 

The length of the bar above the scale Is 2 Inches. Find, 
without measuring, the length of the bar below the scale. 

14. A man Is 5 feet 7 Inches tall and his son Is 6 feet 2 Inches 
tall, (a) What Is the ratio of the height of the father to 
the height of the son? (b) The son^s height Is how many 
times the father's height? (c) The father's height Is how 
many times the son 's? 
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6-10. Decimal Notation 

In your everyday experiences you probably have used decimal 
notation for rational numbers. For example, we speak of a 
quarter to mean 25 cents or one-fourth (one quarter) of a dollar. 
We often write 0.25 as a name for ^ . Since ^^^^Is a name for 
one fourth, we see that 0.25, and ^ are different names 

for the same rational number. As ratios, these number names In 
this example express the ratio of the number of cents In a 
quarter to the number of cents In a dollar. 

Names for the rational number n, for which lOn = 3 Is a 
true statement, are 0.3, ^ , and O.3Q. you will notice 
that the decimal notation for ^ is 0.3. In printed symbols, 
or names for numbers between 0 and 1, a zero Is usually used In 
the first place to the left of the decimal point so that the 
decimal point will not be overlooked. Also the O.^ln the one's 
place emphasizes that there are no one's In the number or that 
the number is between 0 and 1. 

Decimal notation for j^ - ^Q - Is O.OO3. 

The numeral 1.8? Is read one and eighty-seven hundredths. 
In money we would speak of #1.8?. The decimal form, I.87, is 
a name for 1 + , which In turn Is a name for the rational 
number . 

Some "decimal" names we often use for rational numbers are: 
i = ^= 0.25 1=3^= 0.50 or I = = 0.5 



2 10 



= 0.125 



Suppose we wanted to write ^ in decimal notation. We know 
that = 7 + 8, so let us divide. 

0.875 
8) 7.000 

7 

We see that ^ may be written as 0.875. We can check this result 
by testing to see if J = 0.875 (or is a true statement. 

We see that 

875 5 • 7 • 5 • 5 5 5 5 7 7 

im - 5 • 5 • 5 • 2 . 2 . 2 = 5 ' 5 ' 5 2.2.2 = 
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We might observe that, when using decimals for names of 
some rational numbers, the name of the number can be obtained 
by division. 
For example. 



0.75 , 

^IT^ }=0.75. 

0.3125 c 

16 ;5. 0000 ^=0.5125 



4 8 

15 0.31-95 ..Is read 

three thousand one hundred 
twenty-five ten thousandths 

.80 

0.3125 = 0(1) + 3(3^) + Kjfe) + 2(^) + 5(1^) . 

In addition of rational numbers we make use of the distribu- 
tive property. 
For example, 

llj '-^ 1^ = 52(^) + 55(ife) 

= (lfej)(32 + 55) = {^H87)=^ , 

If we wish to use decimal notation, we can replace 
by 0.01, ^ by 0.32, and ^ by 0.55, 

0.32 + 0.55 = 32(0.01) + 55(0.01) 

= (0.01) (32 + 55) = (0.01) (87) = 0.87. 

If you are not sure of the last product, (0.0l)(87), you 
may recall that 

(0.01)(87) = (ii5)(87) = 3^ or 0.87. 



244 
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This, and other examples, may convince you that decimal notation 
makes some work seem easier to do . If we wrote this addition 
problem In a column, we would need to write only 

0.52 
. + 0.55 

In decimal notation, we add tenths to tenths and hundredths 
to hundredths, using the distributive property. 
Let us consider another example, 

J + I = ^ + I = + 2) = |(5) = I 

or In decimal notation 
0.75 + 0.50 = 0.01(75 + 50) = 0.01(125) = 1.25. 
In columnar form, we would have 

0.75 
+ 0.50 

In this example, we have used 

f = T?^= 0-75, | = ^= 0.50, 

0.75 = (0.01)75, 0.50 = (0.01)50, 

and (0.01)125 = 1.25. 

In order to see why (0.0l)l25 = 1.25, replace 0.01 by 3^ to 
obtain 

(0.01)125 = 1^)125 = = 1 . ^ = 1 .25. 
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Exercises 6-10 

Express the rational numbers In decimal notation: 

(a) I (e)^ (1) I 

(b) i (f) J . (J) ^ ' 

(c) I (g) ^ (k) i 



In the last three parts use four decimal places. 

Write the decimals as rational niombers In simplest form: 



(a) 


0.75 


(e) 


0.56 


(1) 


0.825 


(b) 


1.75 


(f) 


2.56 


■ (J) 


0.875 


(c) 


0.6 


(g) 


0.140 


(k) 


1.506 


(d) 


5.6 


(h) 


0.012 


(1) 


2.008 



3. V/rlte the decimals In Problem 2 In words. 

k. Addi $10.57, $4.17, $5.92, $21.72, $5.06, J&5.09 

5. Add the rational numbers In fractional form and then change 
each to. decimal notation and add: ^'^'^^2^1' 

6. Add then\imbers: 1.4, 5.75, 10. 06, 5.7, -096, 9-99. 

7. The lengths of sever;..*. Meces of lumber have been measured 
to the nearest 0.1 * foot. The lengths are: 

6.5, 8.2, 9.7, 1.6, 2.8, 5.9 

(a) Find the sum of these lengths. 

(b) Find the difference In length between the shortest and 
longest piece . 

8. Find the products, changing the decimals to fractions If that 
helps you: 

(a) 4(0.01) (d) 240(0.01) (g) (0.l)(O.Ol) 

(b) 25(0.1) (e) 1492(0.01) ""(h) (2.5)(1.2) 

(c) 556(0.001) (f) 675(0.1) 
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'^,j^.. '\lr±te In decimal notation correct to the nearest .001: 

(d) (B) ^ ' 

1; . I (e) ^ (h) ^ 



(c) I (f.) 2^ (1) 



1000 



*(J) ^ . 

10. Use the distributive property to show why the sum of 
: 5-25 and 6.71 Is 9-96. 



6-11. Ordering 

We have had methods of finding whether two fractions repre- 
sent the same number. It Is often Important to know whijh of 
two given unequal fractions represents the larger number. If, 
In one store you can get three apples for a dime, and In another 
two apples for a dime. It Is easy to see that apples are 
cheaper In the first store since you get more for a dime there, 
mils can also be seen by noticing that In the first store you get 
fQ or an apple for a cent, and at the second you get only -2- 
of an apple for a cent. We know that ^ Is greater than "^^ 
Yq > which can be written 

1^ > A • 

On the number line 



? 10 10 10 To ^ 
' -* ' ' ■— — ' ■ 1 y 

occurs to the right of . 

The problem would be harder. If In the first, store, you 
could get 5 apples for five cents and In the second store 8 
apples for I3 cents. Then we would have to answer the question: 

. ^^|>^^ 
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It would require careful drawing to answer this by use of the 
number line. There are at least two better methods of finding 
the answer. 

Method I. Convert both fractions Into decimal form and 

8 

w**^ *^«w*^««. ^ = 0.60 and ^ = 0.6l... as may be 

seen from the following division: 



0.6l 
15) B.66 
8 
?0 

12 



He 

It Is only necessary to carry the division to two places to see 
that the decimal values of the two fractions are different. 

Method II. Here we use the method of example 5 of section 5} 
that Is, we find two fractions with equal denominators which 
represent the given numbers. Since the denominators are 5 and 15, 
the smallest denominator which we can use for both fractions will 
be the least common multiple of 5 and 15 ^ which Is 65. Then 

1 = 2-1^ = ^ and 8=4-:-^ = ^ 



5 " 5^ =^ ana ^ = = ^ . 

Since ^ > ^ is also true that 3^ > 5 • 

Either method shows that If we divide a number line Into 65 
equal divisions, the point representing ^ ^ ^ '^^5 ... lies 

Just to the right of the point representing ^ =^ = .6000. 

A fraction In which the numerator Is greater than the 

denominator Is often called an Improper fraction . The number 

which such a fraction represents must be greater than 1. To 

see why this Is so, consider the fraction This Is greater 

than rr which Is equal to 1. Thus Is greater than 1. 

11 -xcAP , -^-^ "5452 

Similarly Is greater than 1 since It Is greater than ^^gg- 

which Is equal to 1 . 
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Exercises 6-11 

For each of. the following pairs of- fractions, tell which 
represents the larger number: 

(a) jjandl (b) ^ and ij (c) 1| and ^ ' 

mich Is cheaper, five oranges for eleven cents or four oranges 
for nine cents? 

Brand A of pineapple Juice conies In cans of I5 ounces each 
and brand B In cans of 8 ounces each. If brand A sells 
for 23 cents a can and brand B for 12 cents a can, which Is 
cheaper? 

If the numerator of a fraction Is greater than twice its 
denominator, show that the number which the fraction 
represents Is greater than 2. 

If two fractions have equal denominators and If the numerator 
of the first Is greater than the niomerator of the second, 
then the number represented by the first Is greater than the 
number represented by the second. Suppose tv/o fractions 
have equal numerators; hoy/ can you tell by comparing the 
denominators which fraction represents the larger niomber? 
(Try a few pairs of fractions first to see how it goes.) 
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Chapter 7 
MEASUREMENT 

V 7-1. Counting; and- Measuring 

Many of the questions people ask In their work or In every- 
y day living begin with "How much?" or "How fast?" We ask, "How 
many people went to the ball game?" or "How much meat shall I 

V buy?" or "How fast can a Jet travel?" The answers we want for 
J. these questions are all alike In one respect: they all Involve 

> .numbers. But the answers to some of them are found by counting . 

.while answers to others are found by measuring . 

When we ask, "How many people w6nt to the ball game?" we find 
the answer by counting. Each person Is a separate, whole 
object. There are no fractions of people at a ball game. They 

; are not all exactly alike, nor are they all the same size, but 
each Is a person . When we count them we use only the counting 
numbers, and our answer Is a counting number. There are 78 or 
79 people: It Is Impossible that there should be 78^ or 79! 
people . 2 

When we ask, "how long Is this rope?" we cannot find the 
answer Just by counting, because the rope Is one continuous 
thing; It is not made up of separate parts which we can count. 
We must find how long It Is by measuring. Then the answer Is a' 
number of units . We may say It Is 45 Inches long, or ^ feet 
long, or l:if yards long. We use a rational number to answer the 
question, but often not a counting number. To answer the ques- 
tion, "How fast can a Jet travel?" we must use two units. We 
may say, "it can travel 1200 miles per hour," using a unit of 
distance and a unit of time. 

In this chapter we are going to study ways to measure things 
that are continuous, men we ask the question, "How many?" we 
are^ thinking of a set of objects and wish to have some measure 
or-how many there are. We sometimes call this a discrete set. 
When we ask such questions as, "How much?" "How long?" "How fast'" 
etc., we are seeking to describe something thought of as all In ' 
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one piece, without any breEtks . When we think of something this 

way, we call It a continuous set. Sets of people, houses, 

animals, marbles or Jacks, are discrete sets; we want to know 

"How many?" A rope, a wire, a road, or a flaga^ole are all 

thought of as being continuous 'since they are like line segments 

we can count a number of line segments but we cannot count the 

number of all points on a line segnent . Cloth, a blackboard, a 

football field, and a pasture may be thoujtht of as regions 

« 

enclosed by simple closed curves, and hence are continuous; we 
can count football fields but we do not usually count a football 
field. 

Propertied of Contj.iiuous Quantities 

Continuous quantities which we wish to measure may have 
different natures. Some continuous quantities or sets are 
thought of as line segments. Some may be thought of as enclosed 
by simple closed curves, and some may be thought of as \*olumes 
or capacities. For example, your height or your dog's leash 
may be thought of as a line segment . Your gymnasium floor may 
be thought of as the region enclosed by a simple closed curve . 

The sizes -of line segnents and of simple closed curves can 
be compared without actually measuring them. To see which of 
two boys Is taller, the boys might stand back-to-back to compare 
the position of the tops of their heads. A similar method can 
be used to find out which of AB or (515, shown below. Is longer 
The use of the symbol 55 was taught In Chapter 4: It Is a 
short way of writing "the segment AB." 

A * 
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To compare these segments, lay the edge of a piece of paper 
along W5 and mark points C and D . on this paper so that they 
match the points In the picture. Place the edge of the paper • 
along IS with point C on point A. Whe'^e does point D fall? 
If It Is between A and B, JS Is longer than if d 

falls on B, the segments are the same length.' We -say that 
segments of the same length are congruent . If B Is between C 
and D, Is longer than aS. 

We wish to consider .the set of all points which either lie 
on a simple closed curve or are contained In the Interior of the 
simple closed curve. Such a set of points will be called a 
closed region. 

Look at the closed regions below. Copy them by tracing 
them on a sheet of thin paper. * 
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To compare the size of the closed region A with the size 
of the closed region B,. cut out a copy of figure B and 
place It on the closed region A. Figure B separates A Into 
the part covered by B and the part not covered by B. We 
say that the area of A Is larger than the area of B. 

When we use methods like this to compare the sizes of line 
segments or of closed regions, we assume these properties of 
geometric continuous quantities: 

^°^ . ^ . S 2. Property . A geometric figure nay be moved wlthbut 
changing its size or shape. 

Comparison Property. Two continuous geometric figures or 
sets, of the same kind may be compared to defcerralne whether 
they have the same size, or which one Is the larger. 
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Exercises 7"! , 

1, 'Indicate which of the following questions you would answer 
by counting and which by measuring, 

(a) How many people are In this class? 
(b) How far Is It to the moon? 

(c) How big a crowd went to the picnic? 

(d) How cold Is It today? 

(e) How old are you? 

(f) How much water Is there In the swimming pool? 

2. Tell which of the following are continuous quantities and 
which are discrete objects, 

(a) Your height , 

(b) Your weight , 

(c) The size of your family. 
The length of this page , 
The odd numbers between 0 and 10, 
The amount of air In this room. 

Use a strip of paper or string of the same length as rT 
located on the following line: 

R A T S W P 
« » « • ' • > 



(e 
(f 



Use 15T to compare the following line segments , Indicate 
whether the segments named are congruent or which of the two 
Is longer, 

(a) W and 'SF. (b) rT and TtT, (c) ST and JS. 
(d) IT and IT, (e) HT and W, 
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Select the closed region below which you think Is the smallest 
Wl'lte sentences comparing the size of the smallest closed 
region with the size of the closed regions of each of the ' 
other figures. Use one of the symbols, >, =, <, and the 
form shown here: 

The closod region of figure < the closed region of 

figure ? . 





(a) Which of the four closed regions below do you think Is 
the largest? List them In what you think Is the order 
of their sizes, putting the largest one first. 





(b) Make three copies of Figure A, and use them to compare 
the Closed region A with the other closed regions . . (Cut 
up the copies of Figure A If necessary.) 
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(c) Was the list you made for Problem 5a correct? 

6. (ft) Use the edge of a piece of paper to mark off the lengths 
of the four line segments In the closed curve In 
Figure E below. Then use the strip to compare the 
length of the closed curve In Figure E with the length 
of the closed curve In Figure F. VJhlch curve has the 
greater length? 
(b) Use a copy of Figure E to compare the sizes of the 
closed regions E and F. Which closed region has the 
larger area? 



E 




F 



7. Draw a square and label the vertices ABCD. Cut out your 
square closed region and then cut along TS. Put the two 
parts together In some other way so that they do not form a 
square, arid trace .around the boundary of the new figure. 

(a) How does the new closed region compare In area with the 
closed region of square ABCD? 
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(b) How do the lengths of the closed curves compare? 
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In Problems 4-7 we have assumed two more properties of 
geometric continuous figures, or sets. 

'^^^^^"fi Property . If two geometric continuous figures, 
or sets, are both made up of parts such that every part of one 
can be matched to a part of the same size In the other, then 
the two continuous figures, or sets have the same size. 

Subdivision Property. A geometric continuous figure or 
set may be subdivided. 



7-2 . Subdivision and Measurement 

The subdivision property of a continuous quantity Is the 
basis for the process we call measuring. We will use some 
examples to help you understand this Idea. 

Each of the next three figures Is a picture of a line 
containing the same segnent, JS. Point C subdivides segment 
AB Into two segments AC and CB. How do segments M and 1? 
compare in size? Are they congruent? 



A c 

1 



^ /-I 

^00 
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. In the next sketch, IS 
and E, so that the length of 
the length of segment ES Is 

A D 

< ' \ — ' 



Is subdivided by two points D 

Is the length of ICS and 
also J the length of SB. 

E B 
' ' ► 



How does the length of TE compare with the length of TCff? 
Of B5? Of ISET? 

AB can be subdivided In other ways so as to compare the 
length of one line segment with the length of another line 
segment . Suppose we choose a segment of any length less than 
the length of 7l5. We shall call the length of the segment "n" . 

« 

n 

I 1 

< . !! ^ D i D , !! 1 > 

A FB G 

Use a strip of paper or a compass and mark off segments of 
length n on AB. (Begin at point A.) In the figure above 
- a segment of length n Is marked off 4 times so that TF Is 
as long as 4n. The symbol "4n" means "four times as long as 
n . . 

Point P Is between A and B. If a fifth segment of 
length n Is marked off, segment TS Is as long as 5n, and B 
Is between. A and G. So a5 Is longer than 4n but shorter 
than 5n. Since M Is obviously longer than VS, we say that 
T!S Is approximately equal to 4n. There Is a symbol for the words 
"approximately equal to". It Is a wavy equals sign like this, "S;". 
We could use this symbol and state that the length of % 4n. 

In the previous example we compared the length of JS wltn 
the length of another segnent whose length is called n . We did 
this by subdividing AB into congruent parts, each of which 
has the length n. We found that the length of » 4n. This 
process is called measuring and the segment of length, n, is a 
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uiilt of measurement. The number, 4, Is the measure of AB when 
It Is measured by unit n. (IF also has the measure 4.) 

Make two measuring units, one congruent to segment r and 
the other congruent to segment s. Measure W with unit r. 
How many r units in length is Wl 



N 



' • 1 



Measure W with the s unit . How many s units In length Is 
Wl 

You should see that If you measure a segment with units of 
different size, the measure obtained does not tell you the 
size. You must also know the size of the unit of measurement 
that Is used . The measure of NP" Is not the same when the unit 
r Is used as when the unit s Is used. 

The length of a segment Includes both the measure and the 
unit of measurement. In the example where we used n as a 
unit, the length of AB w 4n. The symbol AB (with no bar 
above It) means the length of segment AB. The length can be 
given by the statement, AB w 4n. 

Notice how these words are used. 

4 Is the measure. 

n Is the unit of measurraent . 

4n Is the length. 



Exercises 7-2 



"c" 



Copy on paper segment TB and the line segment marked 
below (or use a compass) to compare the length of aI with 
the length of segment c . 



1 
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2. (a) Uae the olosed region B as a unit to compare the areas 
of the two olosed regions. Copy Figures A and B. Cut 
out or trace Figure B and subdivide the closed region 
A Into parts the same size as B. 




(b) The size of closed region A Is approximately 

times the size of B. 

3. (a) Compare the length of curve D with the length of curve 



C. 0 




(b) Compare the size of the closed region D with the size 
of the closed region C. ^ 

4. Look at the box A In the figure. We could think of the 

solid A as subdivided Into parts the size of box B, as shown 

In C. The solid box A Is about times as large as the 

solid B. 
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(a) What unit of measurement did you uae In Problem l? 

(b) What WAS the measure of JBT 

(t) What unit of Measurement did you use In Problem 2? 
(b) What was the measure of the closed region A? 

(a) In Problem 3a, suppose you use one segment of the 
ourve C as a unit of measurement, and call the measure 
of this seenent "t" . Then what Is the length of ourve 
C? 

(b) Using the same unit of measurement "t", how long is 
ourve D? 

(o) How does the length of ourve D oompare with the length 
of ourve C? 

(d) In Problem 3b, what unit, of measurement did you use? 
What Is the size of the olosed region D? 

In Problem what was used as the unit of measurement to 
measure the volume of Box A? How large Is solid A? 

9. Draw a triangle ABC. On each side of the triangle plaoe a 
point which subdivides the side Into two congruent segments. 
Name these points D, E, and P, as shown In the sketch. Draw 
se©nents BEf, EF, and W. 

F 



(a) Use a strip of paper to determine which segments are 
congruent. (You should find three sets, with three 
segments In each set.) 

(b) There are 11 simple closed curves In this figure. Some 
are triangles and some are four-sided figures. Name all 
the simple closed curves. 

[sec. 7-2] 

260 

o 

ERIC 



5. 
6. 

7. 




Copy triangle EPC by tracing It, and compare the area 
c"? the closed region EPC with the areas of the other 
triangular closed regions . 

What sets of closed regions are the same size? (One set 
should have four members and two sets should each have 
5 members. ) 



7-3 • Subdividing Units of Measurment 

You have seen that the sizes of continuous quantities can 
\)e found by measiurlng. To do this, you must use a unit of 
measurement . The unit of measurement must have two character- 
istics: 

1. It must be of the same nature as the thing to be 
measured — a line segment to measure a line segment, a 
closed region to measure a closed region^ and so on. 

2. It must be possible to move the unit, or to copy it 

acc irately, so that it can be used to subdivide the thing 
that is measured. — 
Often people use anything suitable which is conveniently at 
haiid for units of measurement. Things which you always have 
with you are your hands, fingers, arms,, and feet, lliese parts of 
the body are often used as units to measure line segments. 

Class Exercises 7-3 

1 . Use the length of the middle section of your little finger as 
a unit of measurement to measure 

(a) the length of your desk; 

(b) the length of this page. 

C . Use the length of your foot to measure the length of your 
classroom; 

3. Compare your answers to Problems 1 and 2 with the answers 
of your classmates. How do you explain any differences? 
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^''^at-object^^ w make a convenient iwilt to measure the 
volume suggested by a desk drawer? 

|;V:5-, Can you think of some object that can be moved and that could 
be used as a unit of measurement for the surface of your 
■ ^esk? Could you use a sheet of paper from your notebook? 
Place^everal sheets side by side, and count the nur'>^-- of 
notebook-sheet units On the surface of your desk. What Is 

/ the measure of the surface? How large Is the surface? 

;. ,6. Did you and all of your classmates use the same 'sized 

notebook-sheet unit? If not, what was true of the measure? 

Cutting Units of Measurement 

Probably your notebook-sheet units did not exactly cover 
the desk top a whole number of times. In such cases we often 
cover the uncovered surface with parts of units. Let us see how 
this is done.. 

You know what a rectangle is . It is a simple closed curve 
composed of four line segments, with intersecting line segments 
forming four "square corners." The four edges of a page in this 
book form a rectangle. Find some rectangles in your classroom. 
For each, point out the square corners and the interior of the 
rectangle. 

Suppose we wish to measure the large rectangular closed 
region in the next diagram using the small rectangular closed 
region as a unit . 

Units may be laid side by side on the large rectangular 
closed region as shown to cover it as completely as possible. 
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It may happen that, as nearly as we can tell, the rectangular 
closed region can be covered "exactly" by some arrangement of the 
units, as shown In the figure. 




The measure of the rectangular closed region Is then obtained 
simply by counting the number of units. If we call the number 
of units In this region "A," we can v/rlte A « 6 to mean, "The 
size of this rectangular closed region Is about. 6 units." 
Notice that the symbol "« " for "approximately equal" has been 
used, since It Is not possible to lay on the units so that we 
can say the measure Is exactly 6. 

The size of a closed region Is called Its area. Me say 
that the area of the rectangle above Is 6 units. By this we 
mean that the size of the rectangular closed region Is 6 units. 
Strictly speaking, a rectangle does not have area since It Is a 
simple closed curve. We are likely to find that we can cover 
only a part of the rectangular closed region. Some of this, region 
will stick out around the edges of the measuring units. Th'^^ 
part left over will not be shaped so that we can fit any more 
whole units on it. In the figure below, the shaded part (///// ) 
is not covered. 




Figure 7-1 
[sec. 7-3] 
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We can deal with this situation by cutting some of our units Into 
.smaller pieces. We can use these to cover the exposed portions. 
In doing this patchwork we must be careful to cut only one unit 
at a time . .,^Ttfe must use all the pieces of one unit before start- 
ing to cut t^e' next one,. (Why must we use all of one unit before 
cutting another unit?) 

Make several rectangular units of the size used here. Cut 
them, one at a time, to cover the exposed part of Figure 7-1 . 
How many of these units did you use? Did you have a part of a 
unit left over which was not used? If so, does the left-over 
part seem to be more or less than half a unit? 

If you have worked with reasonable care, you have probably 
used three full units and exit some from another. If the 
unused piece left over from this last unit Is more than half a 
unit, you would write the area of the rectangle as approximately 
15_^unlts, since It seems to be as much as 15 but not as much as 
152 ""^^^ • the remaining piece seems to be less than half 
a unit, you must have used more than half a unit, so you would 
write the area as approximately 16 units . It Is not as much as 
16 but Is more than 15^. v/hlch of these answers did you find? 

In the measuring Just done, we have assumed that the result 
does not depend on how the i^ectangular units are placed on the 
large figure. For example. It Ts unlikely that all your class- 
mates cut the units In the same way In piecing out the border. 
Yet we have assumed that the same answer should be obtained by 
everyone. The assumption that the area obtained does not depend 
on the way the units are placed on a figure can be tested. r4easure 
the same rectangular closed region above with the same unit, but 
lay on the units so that the longer sides of the units are 
vertical, as shown on page 258, rather than horizontal. 
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Do you find that the area of the rectangle Is the same as before? 
Should It be? The assumption that a continuous quantity can be 
measured by covering It with units In any way you find convenient 
Is very^lmportant . If we found different areas for our 
rectangle, then a single rectangle would seem to have two 
different sizes. To agree with our assumption that continuous 
quantities of the same kind can be compared, we accept the fact 
that the whole rectangle must have greater area than any part of 
it. • 

To measure this rectangular closed region we used as a unit 
of measurement a smaller rectangular closed region. We could 
equally well have chosen some other figure as a unit of area. 



Exercises 7-3 

1. Copy the figures below for use as units of area, and cut out 
several copies of each figure. 
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(a) Measure the area of a ai>eet of notebook paper, using 
each of these figures as a unit of measurement . 
. (b) Vfere any of the figures hard to use as a unit of 
raeasiirement? If so, what was the reason? " 

(c) Ve.z tha measure the same number for any two of the 
f:lgarea? 

If you are a Boy Scout, you probably measu-e distances by 
"steps" or "paces." How long is your classroom when measured 
by your "pace"? 

Could you measure the space occupied by a box by finding how 
many marbles of a certain size it will hold? Can you think 
of a differently shaped object which would be better to 
measure this space? 

BRAINBUSTER. Look at the two triangles shown below. Angle 
CAB is a right angle, IS has the same length as W, and 
the triangles, have heights of the same length. 





(a) Copy the triangles and cut out the triangular closed 
regions. Cut each closed region into pieces which can 
be assembled to form a rectangular closed region like 
the one below, in which m has the same length as 705. 




\ 
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(b) Cut one of the triangular closed regions Into pieces 
which can be assembled to form the other triangular 
closed region, 

(c) If you: found this problem too easy, try It again when 
the second, triangle looks like this. 



M 




7-^. Standard Units of I,ength 

In Section 3 you used measuring units of various kinds . 
Some of these you made so that your unit was different from those 
of your classmates even when they were made in the same way« 
Other units that you used were the same for everyone in the 
class. When a unit is agreed upon and used by a large number of 
people, it is a standard unit . You can buy a ruler with the same 
size units as your classmates' rulers so easily that it may 
seem strsmge to you to learn that it took a long time and much 
hard work to see that making these units the same would simplify 
things. Primitive people have little heed for a unit that is 
the s'dime as everyone else's. If a: caveman liked a bow that 
belonged to a friend of his, he could borrow it long enough to 
find a piece of wood that matched. What few possessions early 
man had could be exchanged without worrying much about the size. 
When civilization developed, and man began to have items of 
value, then the size was important. If one person has a 
diamond and another wants to give gold for it, the first person 
wants to be sure that the gold is pure and the weight honest. 
The story is told that King Hiero of Syracuse hired the Greek 
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: mathematician Archimedes to find a way to tell whether the gold- 
smith who had made his new gol^ crown Jiad cheated him. Archimedes 
at first found the problem difficult but finally discovered k 
way to do this. The idea came to him while he was taking a bath 
and he was so excited that he jumped out and without waiting to 
dress, ran through the streets yelling "Eureka" which means "I 
found It." The goldsmith lost his head because a mathematician 
found a new way to measure . 

This section deals with linear measures. "Linear" is an 
adjective and means "having the nature of a line." All measure - 
ment of line segments Is called linear measurement . The smalf "- 
unlts of measure In the English system of measurement, which Is 
the one we use In the United States, originally, were suggested 
by some part of the body. The yard Is roughly the distance from 
the tip of the nose to the end of the fingers when the arm Is 
held shoulder high. Of course If your nose Itches and you twist 
a little, you change the size of your "yard" but for a rough 
estimate of how much cloth or rope you have, this Is a pretty 
good measure . Horses are still measured by a unit called a hand . 
A hand was the width across the palm of the hand and is now the 
same as four Inches. \^en boys play marbles, they use still 
another old measure, \jhen you spread your thumb and little 
finger as far apart as possible, you have a unit called a span. 
When Noah built the ark It was supposed to be 30O cubits long, 
50 cubits wide and 30 cubits high. The cubit was the distance 
from the elbow to the tip of the fingers, and It has varied from 
about 15 to 20 Inches at different times In history. Sailors 
use a measure called- a fathom. Originally they held a rope taut 
between their outstretched finger tips and' tied knots at the 
two places where they held the rope . Now the fathom Is 6 feet . 
Xilhen measuring longer distances, the Romans did the same thing 
that Boy Scouts do; they measured the number of steps It took to 
cover the distance. The Roman pace, however, was a double step. 
The Latin words for "a thousand paces" are "mllle passus" and from 
the word for 1,000 comes our word "mile." 
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You have already discovered that bofly measures vary greatly 
on different people. This fact has led to many arguments, 
throughout history. In early times, a tribe would decide on some 
standard and. use it for that group. This worked well until 
someone in the group wanted to trade with someone outside of 
th,e group who had a standard of his own. Then the two tribes 
might fight over whose unit to use. As measures became more 
important, each country established a set of standards for all 
people who lived in that Country. Ohese units were established 
in many ways, but many of them still used the old body measures 
as the basis for their standard units . 

King Edward I had a piece of iron made which was to be the 
official yard in Eiioiand, but then he kept it locked up so that 
only the king and his close friends could use it. It is said that 
one of the English kings gave an order thaV.his officers were 
to go to a certain church on a particular Sunday, take the first 
sixteen men who came out of the church and line them up so that 
the toe of-one man Just touched the heel of the man in front of 
him. This length, which was easily measurable with a rope, was 
divided into l6 equal parts and became the official "foot" in 
England at that time. In many countries similar actions were 
taken so that all of the people of the country (or in some 
cases it was a city) used the same measure. One village in France 
had a bar hanging in the market place; that bar was the official 
unit of length there. 

This was all right until someone wanted to trade with some- 
body in another country. Disagreements were so common that 
finally a group of French scientists called a conference of 
representatives from many countries to meet with them and 
establit-*' n international set of measures. This group developed 
the rne . ^yt tern which discarded the old body units and based 
all of nheir units on the distance from the North Pole to the 
equator. The meter is the basic unit of length of the metric 
system; it was planned to be one ten-millionth of the distance 
from the North Pole to the Equator. Recently an international 
congress of scientists defined the meter in relation to light 
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waves. This system is used by all scientists in the world and 
is in common use in all countries except those in which English 
is the main language spoken. 

.The National Bureau of Standards in Washington has an 
accurate copy of the meter. This bar is made of platinum and 
iridium, a metal which changes very little in length under 
different atmospheric conditions. Congress has passed a law 
that tells what part of this bar shall be the official yard in 
the United States . This bar is the standard unit of length with 
■ y^lch all standard units of length in this country are compared 
The bar is considered so important that it is locked up very 
securely. If a manufacturer wants to make measuring instruments, 
his products must match the official standard. 

Exercises J-ka 

1 . Find out whether a loaf of bread is a standard unit . If it 
is, ia there more than one standard "loaf"? if it is, what 
is the unit in the standard? 

2. Are the tins for canned food made in standard sizes? What 
are these standards, if they exist? 

3. List at least five items that are sold commonly and come in 
some kind of standard unit . Describe the standard unif for 
each item. 



You have been using different kinds of units to measure line 
86gment8 and closed regions of both the plane and .space. Among 
others, you have used the length of the middle section of your 
finger, the length of .your foot, a piece of notebook paper, and 
marbles. Prom the work that you have done with these, you should 
have developed the following ideas: 

1. The Size of a measuring unit was made up by somebody. 
■ 2. When a great many people decided to use the same unit, 
the unit became, a standard unit. 
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Hie inch was developed from the length of a section of a 
finger and the foot ruler was developed from the length of 
someone's foot. You also found out that yo\ir "inch" differs 
from your classmates' "inch," and the same thing is true of yo\ar 
"foot." The \anit that we call the inch could be larger or smaller 
and still be a "\anit" of meas\irement. By agreement, everyone 
who uses the English system of meas\ires, uses a \anit the length 
of your ruler as 1 "foot" and one-twelfth of this length as the 
unit 1 "inch." 

Exercises 7- 4b 

1. Use a piece of tagboard or catrdboaini with a straight edge 
and make a 6- inch ruler marked at ^ inch intervals. 

21 Make two more 6- inch rulers, one marked with t- inch intervals 
and the other with ^ inch intervals. 

Use the symbol Z in your answers to problems 3 throTogh 7. 

3. Measure each of these line segments to the nearest half inch 
. usi2ig the ruler that you made in Problem 1. 



(a) : : 

(b) — . 

(c) 

(d) 

(e) 

4. Measure each of the above line segments to the nearest i 

1 

inch, using your ^ inch ruler. 

5. Measure each of the above line segments to the neairest vr 

1 

inch, using your ^ inch ruler. 
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6. Measure each of the above line segments using the middle, 
section of your third finger. 

7. Milch measuring unit gave you the most satisfactory results' 
Vlhy? 

The Ruler and the Number Line 

In previous chapters you have worked with a number line. 
Measuring segments can be considered the same as comparing the 
segment that Is to be measured with a number llneT Actually, 
the ruler you use Is part of a number line on which the unit Is 
an Inch. The part of the number line shown on the ruler starts 
at zero and goes to 12. A yardstick Is a longer part of a 
number line that goes from 0 to 36. V/hen you first worked with 
a number line, you put In only the counting numbers, men you 
learned what rational numbers are, you Included them on the 
number line. Rulers that small children use are often marked 
only with Inches and ^ inches, like the first cardboard unit 
that you made . As children grow older they can understand rulers 
with smaller divisions. Most of the rulers that you use have 
each inch divided Into 16 equal parts, men you meas^ure a line 
segment, you compare the length of the segment with the number 
line marked on the ruler. 

Class Exercises 7-4 

Let's stop and take a careful look at the construction of 
the ruler you probably have. 




Figure 7-4 
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This ruler Is divided into 12 equal units that everyone knows as 
inches Part of it is shown in Figure 7-4 . The space at each 
end of the figure is an inch long. 

1. Why is it necessary to divide the units? 

2. How is the inch between 1 and 2 divided? 
5- How are the other inches divided? 

4. Vlhen divisions smaller than those shown are needed, how 
are they obtained? 

5. How many divisions are there in the third inch? The 
fourth inch? The fifth inch? 

6. By loQking at the ruler, how can you tell which divisions 
were made first? 

7- Do these longer line segments help you in any way? 

8. How many divisions is it possible to place between any 
two of the smallest divisions on your ruler? 

If you have difficulty in using a ruler, study the above 
questions carefully and examine either the figure or your own 
ruler as you answer the questions . 

A ruler, or any other instrument, is. of no help to you 
unless you can use it. A ruler has two uses: (l) A ruler can 
be used to draw a representation of a straight line. (2) A 
iniler is used to measure distances in terms of a standard unit, 
such as the inch. 

One way of using the miler to measure a distance is to place 

the zero point of the ruler at one endpoint of the segment, lay 

the ruler carefully along the line segment, and read the number 

of the point on the ruler that matches the other endpoint of the 

line. Unless your ruler has a small space to the left of the 

zero point, this is not the best way to use your ruler because 

most rulers wear at the corner, cutting off part of the first 

inch . A better measurement is made by matching the left end 

of the line segment with some other mark on the ruler, measuring 

the distance to the right end of the segment and subtracting 
■ 
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the distance to the left of the first mark that you used. What 
Is a convenient point to use at the left end of the segment? 

Exercises 7- 4c 

1. If the sixth Inch on Figure 7-4 were filled In, how many 
divisions would there be? 

2. 





A 




B 


C 


D 


E 


F 


6 


'1' 


'M 


1 


' 1 ' 


'1' 

2 


'1' 


3 


'1' 


'1' 

4 


'M 


'I' 

5 





What point on the ruler Is below each of the points, A 
through G, on the line segment? 

How long Is: 

(a) (b) Itr? (c) TO? (d) W7 (e) TO? 

(a) Draw a segment 5 Inches long and divide It Into sections 
each ^ Inch long. 

(b) Divide 5 by ^. 

(c) Is there any relation between parts (a) and (b) of this 
problem? 

(a) Draw a line segment across your paper and mark these 
segments on It so that the left end of one starts where 
the right end of the preceding segment falls: 

^ ' ' H ' iF • 

(b) What Is the total length of these segments? Read this 
answer on your ruler. 

(c) Check your answer by addition. 
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6. With your miLer measure the segments Indicated on the line 
below: 



< — • • ^ . . — : • . — > 

A B ODE F GH I J 

(a) AB . (e) EP 

(b) BE (f) EJ 

(c) AJ (g) M 

(d) CG (h) IJ 



7. (a) On the line In Problem 6, measiore eaeU of the following, 
if you Jiave not already done so: IffS, 53", 7^, 'SE, BP, 
M, GH, HI, and IJ. 

(b) Add all of these meastires sind check with the answer in 
6 (c) to see if they agree. 

8w Write the fractions ^, ^, ^, and ^ as common fractions in 
base two. 

Is there any relation between the division on a ruler and 
base 2? 



Ihere are many standard units of length, such as the inch, 

foot, yard, or mile. Just as there are many names for the. same 

2 1 0 

rational nvimber like ^, ^, and j^, so there are many names for the 
'^Biae length, such as 2 feet, 24 inches, and j yard. It is 
important to be able to change the name of a measurement from one 
form to another. To change these names, it is necessary to know 
the relationships among the units.. 

It is also necessary to consider the meaning of the symbol 
" = to this time this symbol has been used to show dif- 

ferent names for the same length. Vttien working with measurements, 
this meaning for the eqtial sign is xised. With this in wind, we 
write 2 feet = 24 Inches. 
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What Is meant by "s In.ches + 3 inches."? We know how to 
add numbers, but "adding lengths" is something different. Suppose 
t*e have tvro line segments of lengths 2 Inches and. 3 Inches. 
Their measures. In inchfs, are 2 and 3. Mark these line segments, 
on a line so that they have Just one point In common. We get 
a segment whose measure. In Inches, Is 5 and whose length Is 5 
Inches. Actually, the addition Is pc. -formed on the numbers 2 
and 3. This is what we wi: iTse . t by 

2 Inches - • jhes = 5 inches . 
The symbol + as used above ,iieans something different from 
what It does when we write 2+3=5. 

Jn similar fashion we give meaning to 5 Inches - 3 Inches = 
2 intf ,-s. The operation Is actually performed with the munbers . 

v;e know that 2x3 means 3+3- Similarly, by 2(3 Inches) 
we will mean 3 Inches + 3 inches. 

As an example, let us consider problems' involving changing 
inches to feet and feet to Inches. First, we will work with the 
problem of changing 60 Inches to. feet. We know the basic fact 
that 12 inches _= 1 ft. This means that 1 in. = ^ ft., that 
Is, 1 in. and ft. are different names for the same length. 
We can write the problem as a number sentence, thus: 
60 in. = _?_ ft. Prom the meaning of measurement, 60 inches is 
60 . 1 in. With this in mind, the number sentence can be 
rewritten as 60 - j. in. = __?_ ft. 

Since 1 in. and ^ f t . ai-e different names for the same 
length, we can replace 1 inch by =i. ft. Hence 60 • ^ f t . = 
_?_ft. 

Now the arithmetic on the left side of the number sentence 
can be done and we see that 60 in. = 60(l In.) = 60(-i- f t . ) = 
j| f t . = 5 f t . 12 • 

The same thinking is used when 50 ft. is changed to inches. 
The basic fact is the same, so that 50 ft . = 50 (l ft . ) = 50(12 in.) 
= 600 in. 

Common sense also helps in checking to see whether answers 
are reasonable. If the units used in measuring are small, it 
will take more of them to show a given measureme.nt than when the 
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units are large. Always check your answers to see If they are 
reasonable. 

Most of the basic relationships needed to convert {or change 
the name of) iinlts are familiar to you. They are given In the 
tables at the end of thla chapter. Ttie table of common linear 
measxirements Is also given here: 

12 In. = 1 ft. 

36 In. = 1 yd. 

3 ft. = 1 yd. • 

5,280 ft. = 1 ml. 

Exercises 7-^d 
Where measurement Is called for, use the symbol ~ . 

1. Walk naturally for ten steps, measure the distance from the 
first toe mark to the last toe mark axid divide by ten to 
find the length of your pace. Express this length both in 
Inches and In feet. 

2. Use a ruler marked in l6ths of an inch to measure each 
segment below: 

(a) 

(b) — 

(c) 

(d) ■- 

(e) '- 



3. Find the total length of each of the following simple closed 
curves by measuring each segment and adding all of the 
measures together. Use a ruler marked in l6ths of an inch, 
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4. (a) In Problem 3 you used a naler. Can you measure the 
length of each of the follovri.ng closed curves In the 
same manner? 

(b) Can you think of a method for measuring the lengths by 
using string? 

(c) Measure the length of each closed curve below: 
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5. (a) Use 18 Inches as the length of a cubit and find the 

dimensions of Noah's Ark. You can find the dimensions 
In cubits on page 261. 
(b) Give the dimensions of the Ark in feet and also in yards. 
*6. Use an almanac to find the lengths of some modem ships. 
How do they compare with the reported length of the Ark? 

Another Kind of Ruler 

In the first part of this section you learned that the meter 
is the basic unit of length in the Metric System . However, it is 
frequently convenient to use another unit to measure lengths which 
are smaller than one meter. This unit is the centimeter . The 
centimeter is of a meter. Perhaps you own a commercially made 
ruler with one edge labeled in inches and the other edge labeled in 
centimeters. If not, the following picture will help you see what 
a unit of one centimeter looks like. 




1 centimeter = of a meter 
A length 100 times the size of the centimeter is the meter. 

Class Exercises J- he 

1. Use a piece of tagboard or cardboard, and a straightedge . to 
make a 10 centimeter ruler. 

2, Measure each of the line segments to the nearest centimeter. 

(a) _ 

(b) 

v'c) 

(d) 
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3. Find the total length in centimeters of the simple closed 
curves of Problem 4 of Exercises 7-^d. 

Dhder many laboratory conditions it is frequently necessary 
to use a unit of measure smaller than the centimeter. For these 

purposes scientists use a unit of measure of a centimeter^ 

11 1 
callpd a millimeter. Notice that x of a meter is j^g^ 

of a meter. The prefix "milli" means one-thousandth. TSne 

following picture will help you see what a unit of 1 millimeter 

looks like. It is obtained by dividing the centimeter into 10 

equal parts. Each of these parts is called a millimeter. 

lcm| 
M mm. 

1 millimeter » of a centimeter = Xb6o ^ nieter. 
A length 1000 times the size of the millimeter is the meter. 

Class Exercises 7-^f 

Use a commercial ruler marked in millimeters to perform the 
activities in this set of exercises. 

' 1. >'Meas\are (in millimeters) each of the line segments in Problem 
2 of Exercises 7-^e. 

2. Find the Ifotal length in millimeters of the simple closed 
curves of Problem 3 of Exercises 7-'fd. 

3. (a) Draw a line segment 1 inch in length. 

. (b) Measure tnln length with a centimeter ruler. About how 
many centimeters are there in one inch? 
(c) Measure the length of 1 inch in millimeters. About how 
many millimeters are there in one inch? 
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7-5 .. Precision of Measurement and the Greatest Possible Error 

In working Problems 3-6 in Exercises 7-4b, you found 
different measures for the same segment when you used rulers 
with different size divisions. You have made rulers marked In 
Inches, In ^ In., In ^j- In., in | In., and In centimeters. If 
you measure a segment with a ruler that Is marked In l6ths of an 
Inch, your measurement should be closer to the real length of 
the line segment than when you use any of the rulers you have 
made. You can buy rulers that are marked In 52nds or even 
64ths of an Inch, since these have to be made very carefully, 
they are expensive and not In general use.. If you used one of 
these rulers to measure the same segment, you might decide that 
the measurement you found previously was not quite the same as 
the new one. When you work with a ruler that has only Inches 
marked on It, you should give your answer only to the nearest 
whole Inch, if your ruler has | Inches marked on It, you can 
measure to the nearest ^ Inch. How precisely can you measure 
with a ruler marked In 8th s . A ruler marked In l6ths? 

Class Discussion Exercises "-Sa 
Turn to Exercises 7-hh, page 26k. 

1. Use your half -Inch ruler to measure segment (b) In Problem 3. 

2. Use your ^" ruler to measure the same line segment. 

3. Use your ^" ruler to measure this line segment. 

'^. Measure segment (b) using l6th of an Inch divisions. 

5. Were the results of measuring with different size subdivisions 
the same? 

6. Repeat Problems I-5 for segment (c). 
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This means 



Your answer to Problem 1 should have been 3^" 
that the right end of the line segment lies closer to the J^." 
mark than to either the mark or the ^1-" mark. In Problem 2 
you probably were not sure whether you should say 3^" cr J^." 
because the pndpolnt seemed to be halfway between tha 3^ mark 
and the 3^^^ mark. 

7. Fill In the blanks. In Problem 3 the right end of the 

segment Is closer to ? than to either ? or ? . The 
measurement is stated to the. nearest ? Inv^h . 

Even though you measured the same segment In Problems 1 
to k above, your results were different. These differences 
occurred because you were using different subdivisions of an 
Inch when you made the measurements . The measurement In Problem 
1 Is said to be precise to the nearest ^ Inch; In Problem 2 It 

Is precise to the nearest t Inch. In Problem 3 the precision 

1 1 
Is to J Inch, while In Problem 4, the precision Is to Inch. 

Precision depends on the size of the smallest subdivision used 

on the measuring Instrument . 

We say that 



measurement to the 
neaj?est ^ Inch 
measurement to the 



nearest t- Inch 



Is more precise than 



Is more precise than 



measurement to the 
nearest Inch 
measurement to the 
nearest ^ Inch 



and so forth . 

Of course, anyone can make a mln:take In reading the marks 
on a ruler or can be careless In placing It along the segment 
that Is being measured; this Is not what Is meant by precision 
of measurement . 

Let us write the subdivision sizes In the order In which 
we used them. 



In, 



In. 



In. 



In. 



IS 
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and look at the denominators of the fractions, 
1 2 4 8 16 

Note that the 

denominators Increase In this direction ^ 



precision of measurement Increases In this direction- 



The Idea of precision of measurement Is related to the Idea 
of Increasing denominators. 

A ^" ruler gives greater precision than a ruler. 

A ^" ruler gives greater precision than a ^" ruler. 

Suppose you wanted to measure the thickness of a hair. 
Would you use a ruler marked In Inches? in Inches? In ^ 
Inches? You probably said that these measuring tools were too 
"coarse," that you .T^eded a "finer" Instrument. Let us say that 
we need a more pre<.ise Instrument. Do you know what a 
"precision Instrument" Is? The term applies co ?. wlae variety 
of tools and Instruments that are made with such great care 
that "fine" measurements can be made. This care Is essential 
If the Instrument Is to be used for very precise measures. If 
very precise measures are needed to make a machine run properly, 
that machine Is also called a precision Instrument. A watch Is 
one precision Instrument. The family auto Is another; It 
would not work very v/ell If one of the cylinders were ^ of an 
Inch too large and, likewise, the piston would not even go into 
the cylinder If the cylinder were that much too small. Machinists 
often must make measurements correct to the nearest thousandth 
or ten-thousandth of an Inch. This Is such a small measurement 
that.,-y.our eye cannot recognize It, but there are instruments with 
which such lengths can be recognized. One such precision 
Instrument Is the micrometer pictured In Figure 7-5a. Perhaps 
someone In the class can bring one and demonstrate how It works. 



234 
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Figure 7- 5a 



Suppose we used a procedure for subdividing an Inch unit 
wnlch Is In line with a scientist's thinking and directly related 
to our decimal system. The procedure would be something like 
the following: 

A. Start with an Inch unit. 

B. Divide It Into 10 equal parts. Thus, each 
part would t>e ^ x (l") = 

C. Divide the new unit into 10 equal parts. 
Thus, each new part would be ^ x (3^") - 

D. Divide the new unit into 10 equal parts. 
Thus each new psirt would be ^ x (jjjjy") = 

E. Divide the new y -^it into 10 equal parts. 
Thus each new part would be ^ x (j— gjjjj" ) = 



In 
1 



It, 



1 ,t 



1 „ 



1 f t 
10,000 
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Aotual3.y this Is exactly the procedure that machinists 
follow In constructing the scale on a micrometer like the one 
pictured in Figure 7-5a, Suppose we have a ruler subdivided 
accordir to this plan. If we use only the marks we measure 
to the nearest • If we use only the marks we measure 

to the nearest • Suppose we arrange the denominators of 

our fractions In Increasing order. We have 

1 10 100 1,000 10,000 

Note that 

denominators Increase In this direction > 
precision of measurement Increases In this direction 

Here too, you see, the idea of precision of measurement is 
related to the idea of Increasing denominators. 

When using fractional parts of a unit greater precision of 
measurement is obtained by using a subdivision whose fraction 
has a greater denominator, 

A ruler gives -greater precision than a ruler. 

A j - ^Q - ^ " ruler gives greater precision than a ruler, etc. 

Prom the preceding discussions it should be clear that as 

we progress to smaller units of measurement on the ruler we get 
» 

better precision of measurement. Measurements made with a 

ruler are more precise than those made with a ^" ruler. For 
the same reason measurements are said to be more precise if the 
ruler is graduated (marked) in: 

inches than if graduated in feet 

feet than if graduated in yards 

yards than if graduated in rods 

rods than if graduated in miles 

For the same reason measurements will be more precise if the 
ruler is graduated in: 

millimeters than if graduated in centimeters 

centimeters thaui if graduated in meters 
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How can the notation of a measurement be written so that 

anyone looking at It can tell how precise the measurement la? 

One way Is very simple— do NOT change the fractions to lowest 

terms. If you measure with a ruler that Is marked In l6ths 

of an Inch and you are using all of the divisions, your answer 

must be expressed In l6ths . For example. If a length Is found 

1 H 
to be 2^ Inches, you should write It as In. Of course. If 

you measure only to the nearest 8th, the answer would be written 

In . This method Is used even when the measurement appears 

to be a whole number; 2 Inches would be written as 2^ In. or 

as 2^ In., depending on the unit size being used. This method 

of reporting Indicates the precision of measurement. Hence 2j|'" 

Indicates precision to the nearest ^ In. 

Class Discussion Exercises 7'^3h 

1. If you use a ruler marked In 8ths of an Inch to measure a 
segment , 

(a) You are measuring to the nearest Inch. 

(b) Could the measuremei:>t be given as 3^"? 

(c) Could the measurement be given as 3^^"? 

(d) How precise Is a measurement obtained by using the 
8th-lnch ruler? 

2. What would a measurement of 5^^" mean In terms of precision? 

3. If you use a ruler marked In l6ths of an Inch to measure a 
segment, 

(a) You are measuring to the nearest ? Inch. 

(b) If your measurement Is given as 2j^", should this 
number be written 2^"? Why? 

(c) How precise Is a measurement obtained? 
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Which would give the more precise measurement, a ruler marked 
In 8th3 of an Inch or a ruler marked In l6ths of an Inch? 

Now that we have some notion of precision of measurement, 
we should consider another Idea which will help us to understand 
it more fully. Assume that you are using a ruler marked In 
Inches and you give the measurement of a segment as 2 Inches . 
This means that the right endpolnt of the segment lies between 
1^" and 2^". What Is the greatest possible difference between 
the real length of the segment and your answer? Could this 
difference be larger than l^"? The following diagram shows that 
whether the right endpolnt lies at A or at B the difference 
between the eruipolnts and mark 2 Is net larger than • 



I 

V 




^difference for A Is less than i' 



111 



difference for B 



less than 



111 



Figure 7-5b 

Class Discussion Exercises 7-5c 

1 

1. If your ruler Is marked In ^ In., the greatest possible 
difference between the true length and the measurement Is 

? In. 

2. If your ruler Is marked In ^ In., the greatest possible 
difference Is ? In. 

The greatest possible difference between the real length of 
a segment and the measurement stated Is called the greatest 
possible error . If you write a measurement as 2^.", the real 
length lies between 2^" and 2^". The greatest possible 
Is (| X ^) In. or ^ In. 
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5. (a) Draw a diagram of a ruler similar to the drawing In 
Figure 7-5b, only marked In i In. 

(b) Show on this diagram a segment whose measurement would 
be written 2|" . 

(c) Indicate the greatest possible error In making such a 
measurement . 

4. "Jslng a ruler marked In ^ In., the greatest possible error 
Is ? In. 

5. V/hen using a ruler marked In ^ in., the greatest possible 
error Is ? In . 

6. Asstune that the following measurements are written correctly 
(this mesms that even where possible, fractions are not 
simplified). Pill -In the blanks as shown In the example. 

Precision of Greatest Possible 

Measurement Error 

nearest ^" | ^ = h" 





Measurement 


(a) 




(b) 




(c) 




(d) 




(e) 


,lOn 


(f) 




(g) 


4" 



nearest | x ^ = M 

In Problem 6a above the greatest possible error Is ^" . 

This does not mean that you made a mistake (or that you did not 

make a mistake) but that the real measurement lies between 

2 1 2 1 

(5lf - -g) In. and (j^j^ + ^) In. The real measurement lies between 

5|" and 4" . 
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7. For each measiarement given in Problem 6, state between what 
two lengths the real measxirement lies. TSie answer for 
Part (a) would be written: The real measurement lies between 

(4 - 4" (4 + h)" 

The measurement for Part (g) would be written; The real 
length lies between (2^ - •^)" and (2^ + ^)". 
The real length lies between 2^" and 2^". 

Exercises 7- 5a 

1. The greatest possible error Is vrtiat fractloned part of the 
smallest division used on the measuring Instrument? 

2. Draw a segment 2 Inches long and divide It so that It can be 
nsed to show a precision of measurement of ^ inch. 

3. Draw a segment 2 inches long and divide it so that it can be 
used to show a greatest possible error of ^ inch. 

^, Meastare the length and width of each of these figures to 



(a) 



(l) the neatrest ^ inch; 
(3) the nearest l6th inch, 
possible error. 



(2) the nearest ^ inch; and 
In each case give the greatest 



(C) 




(d) 
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5. A rectangle has a length of 4 Inches and a width of 5 Inches. 
Each measurement Is given with a precision of ^" . 

(a) Draw a rectangle using the longest possible segments 
that have these measurements. 

(b) Inside the rectangD.e In (a) draw a rectangle that has 
the shortest possible segnents with these measurements. 

6. A square has sides of 5^ Inches with a greatest possible 
error of ^ Inch. 

(a) Draw the largest square whose side has this measurement. 

(b) Inside the first square, draw the smallest square with 
this measurement . 



Another way to Indicate the greatest possible error Is 
often used by machine shops and by engineers . For this we need 
a new symbol, a plus sign over a minus sign which looks like 
this, " and is read "plus or minus." For example, if the 
ruler is marked in l6ths of a inch and you use all of the 
divisions, a line segment 2 Inches long would be written as 
"2 + ^ in." This means that the segment might be as long as 

2^ in. or as short as l2^ in. and still have the name "2 inches." 
Loole back at Figure 7-5b to make the meaning of this notation 
clear. Notice that both the measurement, 2", and the greatest 
possible error, ^", appear in this notation. Since the 
greatest possible error is one-half the subdivision size on 
the ruler used, then* the subdivision size is twice the greatest 
possible error. Hence, for our example the size of the measuring 
unit on the iniler is 2(^" ) = ^" . The measurement is precise 
to the nearest inch. 

Exercises 7-5^ 

1. Draw a line and mark on it a scale with divisions of 4 inch. 

2 

Mark the zero point C, place a point between l'^ inch and 
inch but closer to 1^ inch, and call the point D. How 
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long Is cTJ to the nearest ^ Inch? 



? Express the length of "Ud using the greatest possible error 
notation. 

5. tirite the length of "515 using the notation of precision to 
show the size of the divisions on the line you drew. 

4. Between what two points on the scale must D lie If the 
measurement, to the nearest Inch, Is to be 1^ Inches? 
How far from 1^" Is each of these points? 



5. (a 

(b 

6. (a 

(b 
(c 
(d 



The measurement of a line segment was stated to be 1^" • 
This segment must have been measured to the nearest 

? of sm Inch. 
The endpolnt of the segment must have fallen between 

? and ? . 
The greatest possible error In the measurement of this 
segment Is ? . 

Express this same measurement urlng another type of 
notation. 

The meai^urement of a line segment was stated to be 
1 1 

{2rj^ ±T^) In. This line must have been measured to the 
nearest ? of an Inch • 

The endpolnt of the segment must have fallen between 

? and ? . 
The greatest possible error In the measurement of this 
.segment Is ? • • 
Express the measurement In (a) in an^Sther way. 



7. Measure the length of your notebook and expreso tht measure 
using the Idea of the greatest possible error to Indicate 
the size of the divisions on your ruler, 

8. Measure the length of your notebook and express the measure 
using the Idea of precision to Indicate the size of the divi- 
sions on your ruler. 



292 
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9. Measure the lengths of each side of the triangle and express 
J. yo\ar answer in two ways. 

C 




Meas\ire the length of each side of the quadrilateral and 
express year answer in two ways. 
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7-6, Measurement of Angles 

You have been studying ways of measuring line segments, 
plane closed regions, and solids. Now let us see how angles are 
measured. 

Recall that an angle Is the set of points on two rays with 
the same endpolnt. In the drawing of 
the angle, the rays are AB and 
These rays are the sides of angle BAG 

and point A Is Its vertex . Notice ^ / •P 

that the angle Is named "angle BAG" or 
"angle GAB," with the vertex named 
second. Why should A be the middle 
letter? We can call it "angle A" 
if this name applies to only one 
angle. V/e also name angles by 
writing a small letter or numeral 
in the interior of the angle, near 
the vertex. 

An angle determines three sets of points in the plane, the 
set of points in the interior of the angle, the set of points 
in the exterior of the angle, and the set of points on the 
angle itself. A point P is in the interior of angle BAG if it 
is on the same side of line AB as point G, and on the same side 
of line AG as point Bl (See angle BAG above.) Any point in the 
plane which is not a point on the angle and not a point in the 
interior is a point in the exterior of the angle. Is point R 
a point in the interior or the exterior of angle BAG? Point P? 

As you know, to measure anything you must use a unit of the 
same nature as the thing measured. To measure an angle, an angle 
is chosen as the unit of measure . Then an ^gle can be measured 
by drawing rays which subdivide its interior so that angles are 
formed which are exactly like the unit angle. In the sketch, 
the interior of angle BAG is subdivided so that angles are 
formed which are exactly like the unit angle shown. So the size 
of / BAG is 7 times the size of the unit angle. 
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B UNIT ANGLE 

Exercises 7-6a 



Copy the angles below on thin paper, and also pro unit 
angjle u. Cut out the angular region determined by unit 
angle and use It to subdivide the Interior of each of the angle 




A 



3. 




. I. 



1 to ^. Compare each angle with the unit angle, stating your 
comparisons like this: The size of angle RST » u> 
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standard Unit for Angles 

Just as there are standard units for measuring a line seg- 
ment (inch, foot, yard, millimeter, centimeter, meter) so are 
there standard units for measuring an angle. The one we shall 
use Is determined by a set of one hundred eighty-one rays 
dravm from the same point . These rays determine l80 congruent 
angles which, together v/lth their interiors, make a half-plane 
and the line which determines the half-plane. The raiys are 
numbered in order from 0 to l80, forming a scale. To each ray 
corresponds a number; that is, there is a number for each ray, 
and a ray for each number from 0 to l80. Not all iSl rays 
are shown in the sketch below, but the ray corresponding to 0 
and every tenth ray thereafter is drawn. One of these l80 con- 
gruent angles is selected as the standard unit. The measurement 
of this angle is called a degree . The measxire of this unit 
angle, in degrees, is 1 . 




Figure 7 -6a 



You can use a scale like this to measure an angle ^ Place 
the angle on the scale with one side of the angle on the ray 
that corresponds to zero and the other side on a ray that corre- 
sponds to a number less than iSO. The vertex of the angle is 
placed at the Intersection of the rays. Then the number which 



[sec. 7-6] 

296 



290 



corresponds to that ray Is the measure of the angle. In degrees. 
The size or measurement of the angle Is that number of degrees. 

The symbol for "degree'^'^'ls . Thirty- five degree^ r.3y 
be wrlt'cen "55^". 

Exercises 7"6b 

Copy the angles below by tracing them. Then measu:?e each 
angle by placing it on the scale in Figure 7-6a. 




The Protractor . The method you used for the cjxerclses above 
is inconvenient, so usually an instrument called a protractor , 
is used. Then the scaile can be placed on the angle, rathei? than 
the angle on the scale . 

Look at this drawing of a protractor. Think of the rays 
from point V. Seginents of these rays are shown on the curved 
part of the protractor. In the drawing, two of the rays are 
shown in dotted lines, to show how to think about them. These 
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rays correspond to the numbers from 0 to l80, and every ray 
named by a multiple of 10 is labeled- To measure an angle with 
the protractor, place the protractor on the angle so that point 
V is on the vertex of the angle and the ray which corresponds 
to zero on the protractor lies on one side of the angle. Then 
observe the protractor ray which is on the other side of the 
angle. The number that corresponds to this ray is the measure, 
in degrees, of the angle. 

You will find that your protractor has two scales (only one 
of these is shown on the diagram) . One scale starts with zero 
at the right and runs to l80 at the lift . The other scale 
starts with zero at the ^eft and runs to l80 at the right. 
When you read the measure of an angle, you must be sure to read 
the same scale that shows zero for one side of the angle. 

Exercises 7 ■"6c 

1. In the drawing on page 292 is shown a protractor placed on a 
figure with several rays drawn from point A. Find the measure 
in degrees, of earh of the angles. 

(a) 2LBAK (b) £BAC (c) /^PCD (d) ^L^A" (e) Z-^AE 
(f) £_MAP (g) £_GAM (h) ^MAC (i) ^DAE (j) ^CAO 
(k) (1) £HAP 

[sec. 7-6] 

298 



Use a protractor to measure the angles below. If the parts 
of the rays shown are not long enough to show the Intersection 
of the side of the angle with the rim of the protractor, lay 
the edge of a piece of paper along the side of the angle. 




Draw a ray a1 with endpolnt A. Place your protractor with 
point V on A and the protractor ray which corresponds to 0 
on AB. Then mark the point at 35 on the protractor scale, 
and name the point C. Remove your protractor and draw ray 
AC. You should now have ait angle BAG. What Is Its measure? 
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4. Use the method described In Problem 5 to draw angles of 
these sizes: 

(a) 20^ (b) 45^ (c) 61^ (d) 90^ (e) IJO^ 

(f) 179'' 

5* In the drawing below, ray and ray AC are opposite rays; 
that Is, they are on the same line, they have the same 
endpolnt, and their Intersection set Is the endpolnt A. 



(a) If the protractor Is placed so that V Is on A and the 
zero ray of one scale Is on :.^ay AB, what number corre- 
sponds to the protractor ray on ray AC? 

(b) " Is CAB an angle? Vfhy? 



Sets of Angles , Angles may be separated Into sets according 
to their measures . 

An angle of 90 degrees Is called a right angle . 



An angle whose size Is less than 90 degrees Is called an 
acute angle . 



An angle whose measure Is more than 90 and less than l80 
Is called an obtuse angle . 



Exercises 7>6d 

1. Without measuring, tell which of the angles on page 294 
appear to be: 

(a) right angles; (b) acute angles; (c) obtuse angles, 
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2. Were you uncertain about any of the angles In Problem 1? 
If so, check your answer by using a protractor. 

5. (a) The measure. In degrees, of an acute angle Is greater 
than ? and less than ? . 
(b) The measure. In degrees, of an obtuse angle Is greater 
than ? and less than ? 

4. (a) In the figure, name all 

the obtuse angles v?hlch 
have ray ^ as one side; 
all such acute angles; 
all such right angles. 

(b) Name all the acute 
angles that have ray AE 
as one side; all such 
obtuse angles; all such 

right angles. ^ 

(c) Name all the right angles that have ray AK as one side; 
all such obtuse angles; all such acute angles. 

5. (a) Without measuring, tell whetheic each angle below appears 

to be an acute, right, or obtuse angle. 
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(b) Without measuring, estimate the number of degrees In 
the size of each angle, (A good way to do this Is to 
think how It compares with a right angle . ) 




6. 



(c) Measure each angle In Problem 5b, How well did you 
estimate their sizes? 

Find six physical representations of our Idea of an angle- 
two acute, two right, and two obtuse angles. 



Perpendicular Lines 

In the figure, ray CD Is drawn ' ^ 

from point C on line TS, so that 
angle BCD and angle DCA have the same 
measure. We say that ray CD Is per- 

pendlcular to line AB. ^ ^ g-^ 

If a protractor Is placed with 
point V on point C and the zero ray 

of the protractor on CB, the protractor ray which falls on CA 
corresponds to ? . Therefore the size of angle BCD, and 
also of angle DCA Is ? degrees, and they are both ? 
angles. So we may also say that a ray Is perpendicular to a 
line If the ray and the line Intersect so that at least one 
angle formed Is a right angle . 

When two rays form a right angle we say the rays are per- 
pendicular. Which rays In the figures for Problem 5 of Exercises 
7-6d seem to be perpendicular rays? 
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When two lines Intersect, they are perpendicular If one of 
the angles determined by the lines Is a right angle. Line 
segments are perpendicular If the lines on them are perpendicular. 

The symbol for "perpendicular" Is " 




BA 



3C • 



Line a 



line m. 



Segment R§ 
ment TPW. 



seg- 



V/e may also say a line Is perpendicular to a ray, or a line seg- 
ment Is perpendicular to a ray or a line. 





Line X 



ray 



Segment TJE I line n. 
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Exercises 7-6e 
1 . Which of the drawinjgs below represent 

(a) Perpendicular lines? 

(b) Perpendicular rays? 

(c) Perpendicular line segments? 

(d) A line perpendicular to a ray? 

(e) A ray perpendicular to a line segment? 

(f) A line segment perpendicular to a line? 




2. Find five physical representations of pairs of perpendicular 
rays, lines, or line segments. 

5. Find five physical representations of pairs of rays, lines, 
or line segments which are not perpendicular. If they 
intersect, tell whether the rays on them form an acute 
angle or an obtuse angle. 



7-7 . Summary 

1. The sizes of collections of separate objects may be 
found by counting, but the sizes of continuous quantities 
are found by measuring. 

2. Measurment is approximate, not exact; and when possible, 
the precision or greatest possible error in a measure- 
ment should be shown. 
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The symbol » means "is approximately equal to." 

Measurement of the continuous geometric quantities of 
length, angle, area^'^'^and voliime may be thought of as a 
process of "covering" with units of a given size. 

When geometric continuous quantities are measured, the 
\mlt used must be of the same kind as the quantity 
measured, i.e., a unit segnent to measure segments , a 
unit angle to measure angles , 

The size of units of measurement is entirely arbitrairy, 
but in practice it is essential to have steindard units 
which are agreed upon by large groups of people. 

A ruler may be used as a number scale to measure 
segments, and a protractor may be used as a number 
scale to measure angles. 



3 0 
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Chapter 8 
AREA, VOLUME, WEIGHT, AND Tllffi 

8-1 . Rectangle 

We will consider here the most familiar of the simple closed 
curves, the rectangle . Let us agree that a rectangle is a four- 
sided figure (in a plane) which has a right angle at each of Its 
four comers. Is the cover of your book In the shape of a rec- 
tangle? Find five examples of rectangles In your classroom. Under 
this definition Is a square a rectangle? 

In Sections 3 and 4 of Chapter 7 you foimd the lengths of 
closed curves by measuring^ the segments forming the curves. You 
have also measured closed regions determined by the curves. What 
Instrument did you use to measure the lengths of the sides? Why 
did you need a new kind of unit to measure a closed region? 

The total length of a closed curve Is called Its perimeter . 
For a rectangle, this Is the distance an ant would walk If It 
started at one comer of the rectangle and kept walking along the 
sides till It retvimed to Its starting point. 

Exercises 8--la 

1. Measure the four edges of the front cover of this book. Pick 
out two additional rectangles and measure the four sides of 
each. 

2. Find the perimeters of each of the three rectangles In Problem 
1. 

3. In any rectangle there are two pairs of opposite sides, that 
Is, sides that do not meet at a vertex. For each rectangle 
In Problem 1 write dovjn the lengths of the pairs of 
opposite sides. Prom looking at these lengths complete the 
following statement: 

The lengths of two- opposite sides of a rectangle 
are 
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4. Suppose two sides of a rectangle are 6 inches and 4 Inches 
as shown: 

6 IN. 



4 IN 



5. 



Use the result of Problem 3 to tell the lengths of the remain- 
ing sides. Find the perimeter of this rectangle. 
If ^ and jjT stand for the number of units in the lengths of 
two sides of a rectangle, what are the niambers of units in 



us 



the lengths of the other sides? Write a niamber sentence 
which tells how to find the number of units in the perimeter 
if you know J_ and or . 

The lengths of two intersecting sides of a rectangle are often 
called the length and width of the rectangle. Q^ite frequently in 
discussing other-simple closed curves the total distance around it 
is called the length of the cur^'c instead of the perimeter. How- 
ever, as Just noticed, for a rectangle the word "length" indicates 
the length of the longer side. We will use it here in this sense. 

6. A school playgromd is rectangular, 400 ft. long and 200 ft. 
wide. What is the total length of the fence around the play- 
ground? Express the answer in feet and in yards. 

7. If fencing costs $5 a yard, how much did the fence of 
Problem 6 cost? 
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8. A carpenter Is putting picture molding around a room which has 
a length of 15 ft. and a width of 10 ft. How much molding 
will he need? Express the answer In Inches, In feet, and In 
yards. 

9. The cairpenter of Problem 8 Is also putting a baseboard around 
the room. He observes that the room has four doorways, and 
that each doorway Is 3 ft. wide. Since he does not put base- 
board across the doorways, how many feet of baseboard will he 
need? (For your calculation does It matter where the doorways 
are located?) 

10. A boy has 24 ft. of wire fence to make a rectangular pen for 
his pet rabbit. He plans to use all the fence In making the 
pen. Could he make a pen 12 ft. long and 12 ft. wide? V/hy 
or why not? Could he make a pen 8 ft. long and 3 ft. wide? 
How about 8 ft. long and 4 ft. wide? Give five examples of 
lengths and widths he could use for his pen. (Use only 
whole numbers for lengths and widths . ) 

11. A girl Is decorating for a party. She has 5 tables, each 
28 Inches wide and 42 inches long, and wants to put a strip 
of crepe paper around the edge of each table. How many yards 
of crepe paper are necessary? 

12. A Fourth of July parade is to follov/ a rectangular route as 
shown by the arrows, starting and ending at S, where the 
squares represent city blocks. 



In this city each block is ^ mile on a side. What is the 
total length of the parade route? Express the answer in at 
least two ways. 
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13. If the decorations along the parade route In the parade of 
Problem 12 cost about $250 a mile, what was the approximate 
total cost of the decorations? 

14. In the parade of Problem 12 two men got tired and sneaked 
back to the starting point along the dotted lines. One man 
left the parade at point T and the other at B. How much 
distance did each man save? 

*15. A farmer foimd that it took 2^0 feet of fence to go aroimd 
his rectangular farmyard. He noticed that one of the sides 
Is kO feet long. How long Is each of the other sides? Let 
• X stand for the number of feet in the width and write a 
number sentence describing this problem. 

*l6. You have worked with a figure like the one belov;. Here D, 

E, F are the midpoints of the sides. Let a stand for the 



0 




n\mber of units In the length of segment AF". Make a copy 
of the figure and label with an a all the segments which 
have the same length as AF. Similarly, let b be the 
number of units in the length of TE and c the number of 
units in the length of bS. Label the other segments vdth 
meastires of b or c . V/hen you worked vrLth this flgiire 
before, you found the 11 simple closed curves which are 
contained in the figure. Name each of the eleven curves and 
for each of the curves ^^^?lte a number sentence for the number 
of units in the perimeter (the total length). 
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Areas of Rectangles 

Let us now tiim our attention to the. closed region determined 
by the rectangle. As you learned earlier, to measure this you 
choose the closed region determined by some simple closed curve 
for a unit of area and then see how many of these xinlts It takes 
. to ic over the closed region to be measured. This Is often an avik- 
ward and -laborious process . Why can't we have some simple Instru- 
ment like a ruler that we can lay on the area and read off the 
answer at once? 

In your earlier work with area you tried out the closed 
regions determined by several different simple closed curves as 
possible \mlts of area. We would like now to choose a definite 
unit for area. The usual choice Is a square close^ region. On 
the basis of your experience in Problem 1 of Exeifclses 7-3 does 
this seem like a good choice? Why or why not? In addition we 
have a choice as to how large a square to use. To be definite 
let us tvike for the \mlt of area the closed region determined by 
a square whose side is one \mit of length. Since we have used 
many units of length, we get correspondingly many vmits of area. 
If length is measured in inches, we have as corresponding \mit 
of area, the closed region determined by the square shown below. 



i IN. 




I IN. 



The area of this closed region is called a s quare inch . Describe 
and name three other units of area related to different \mits 
of length. 



310 
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If a rectangle Is 6 imlts long and 3 tmlts wide, then It is 
clear at once that the rectangular closed region can Just be 
covered by square xmlts of area as shovm. 




6 



The measure of the area Is, then, by definition, the number 
of square* closed regions. How many of them are there? Is there 
an easir way to get the number than by counting them? If so, 
hov/? 

If you counted by observing that each row has six squares 
and that there are three rows, you obtained the number of square 
unlT^L A In the area by writing: 

A = 3 X 6 




If you coxmted by saying that there are three squares in each 
column and six columns you obtained: 

A = 6 X 3 
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Are these answers the same? If so, what property of rational 
numbers does this Illustrate? What advantage do you see In this 
discussion In having the unit of area chosen so that the sides of 
the square are each one unit of length? What If the unit of area 
v/ere determined by a square whose side was 1^ units? 

In practice It Is much more likely that the measures of the 
sides will be rational numbers which are not whole numbers. 
Suppose for Instance that the length Is 2^ Inches and the width 
1^ Inches. We can easily put In two square Inch units, but are 
still left with a border as shown by the shaded area. 




In order to fill this border conveniently let us take a unit 
square Inch (or several If necessary) and cut It up Into smaller 
square closed regions as shown. 













/ 




i 














r 





A A X . 

1 * 1 J. 
4 4 4 4 
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This particular division Is chosen because the measurements given 
for the rectangle are In quarter Inches. How many of the small 
square closed regions are there in the square Inch? Wnat part of 
a square Inch is each small square closed region? These small 
square units can be used conveniently to fill out the uncovered 
border above as shovm. 




As a matter of fact, if vre cut up the original two square-inch 
units also, as shown by the dotted lines, the entire rectangular 
closed region to be measured is covered by these small square vnits. 

We have considered the area of a closed region. Recall that 
a closed region consists of a simple closed curve and its Interior. 
It would be Just as possible to talk about the area of the interior 
of the simple closed curve. If such a discussion were carried 
through carefully (this may be done later in your mathematical 
experience), we would find that 

the area o^'" t^ie interior of a simple clcf^ed curve 
= tYxii ai'cct of the corresponding closed region. 

Class Exercises 8-la 

3 1 

1. In the above figure showing the rectangle 2-^ inches by 1-^ 
inches: 

The number of small squares in each row is ? ; the 
number of rows is ? ; the total number of small squares 

is ? ; the area of each small square lanit is ? 

square inches. The area of the rectangle is therefore 
? square inches. 
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In the problem was It recessary to draw the figure to find 
how many squares were In each row? To find the number of rows? 
If not, how do you determine these niombers? 

2. The length and width of a rectangle are given 5^ Inches and 
^ Inches. A small squaire unit of what size would be con- 
venient in covering this rectangle? How many squares are in 
each row? Hov/ many rows are there? V/hat Is the number of 
square inches in the area? Draw a figiire showing the small 
squares. Was it necessary to draw the figure to find the 
airea? 

3. Using the same method as above, find the area of a rectangle 

1 P 
whose length and width are 5g Inches and ^ Inches, (in 

this case you may find it convenient to cut the unit squar-e 

inch into closed regions rectangular in shape rather than 

square by making the division shown below. 



I I 
5 I 



V/hy might this division occur to you? What part of the square 
inch is each sma-Tl rectangular imit? 



Exercises 8 -lb 

1. Prom your experience *7lth the preceding problems, state in 
words a method by i^hlch you can find the number of square 
units in the area of a rectangle if you know the number of 
units in the length and width. 

2. If i and or stand for the number of linear xinits in the length 
and width of a rectangle, and A is the number of square units 
in its area, write a number sentence telling how to find A 

if you knowi and ur . Notice that this is Just the translation 
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Into mathematical language of. the statement In Problem 1 above, 
3. How many square Inches are In a square foot? How many square 

feet In a square yard? Draw figures to Illustrate your 

answer. Make these figures actual size, either on paper or 

on a ourfaoe such as the blackboard. (Newspapers can be 

pasted together.) 
k. la^aw a 3 Inch square, i.e., a square 3 Inches on a side. Draw 

also a rectangle whose area Is 3 square Inches. V/hlch Is 

larger? What Is the area of the square? 

5. Draw two different rectangles, each of which has an area of 

1 square Inch. Make one rectangle 2 Inches long and the other 
h Inches long. (This illustrates how an area of 1 square 
Inch may occur In many different shapes.) 

6. A living room rug is 9 ft, by 12 ft. (a) Find Its area, 
(b) Express the result In square yards. 

7. A baseball diamond Is a square, 90 ft. on a side. Find the 
area of the Interior of this diamond both In square feet and 
in square yards. 

8. The diamond used In Softball Is a square 6o ft. on a side. 
Is this area more or less than half that of a baseball 
diamond? (See Problem 7.) 

9. Find the number of square yards In a square mile. 

10. Two rectangles are placed together as shown so that a larger 
rectangle Is formed, with the number of linear units in the 
sides as Indicated. Find the areas of both smaller rectangles 
and of the larger one in square imlts. Is the larger area the 
svun of the 'other two? Write a number sentence determined by 
this relationship ajnong the tl*j?ee areas • What property of 
rational numbers does this nimbsr sentence illustrate? 




2 6 
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11. A rectangle Is 3 units long and 2 units wide. If another 
rectangle Is twice as long but has the same \d.dth, hov; do 
the areas of the two rectangles compare? Draw a figure 
Illustrating your answer. Do the same If the new rectangle 
has the same length as the original one but twice the width. 

12. Does the reasoning of the last problem depend on the par- 
ticular meastires, 3 and 2? If not, write a statement telling 
the effect on the area of doubling the length of any 
rectangle. On doubling the width. 

13. If a rectangle has length and width of 3 units and 2 units, 
what is the effect on the area of doubling both length and 
width? Draw a figure to illustrate your conclusion. If the 
reasoning does not depend on the particular rectangle, write 
a statement telling the effect on the area of doubling both 
length, and width of any rectangle. 

14. In the rectangles of Problem 13 compare the two perimeters. 
Write a statement telling the effect on the perimeter of a 
rectangle of doubling both length and width. 

15v A rectangle has length 313 Inclv.s and width 211 Inches. Its 
area, by Problem 2, is 313 x 211 square Inches. (Do not 
do the multiplication.) H* a new rectangle is twice as long 
and twice as wide, its area is 626 x 422 square Inches. 
Without multiplying, show that 

626 • 422 = 2^ • 313 • 211. 

What property or properties of rational numbers did you use? 
What does the statement say about the areas of the two 
rectangles? Does this agree with your conclusion in 
Problem 13? 

*l6. By reasoning similar to that of Problem 14, find the effect 
on area if the length and width of a rectangle are tripled. 
. Draw a flgiire illustrating the conclusion. \^at is the 
effect on the area if the length is doubled and the v/ldth 
tripled? 
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♦Precision and Error 

In the discussion so far It has been assumed that the exact 
lengths and \7ldths of the rectangles are known. Actually of 
course, we have seen this Is never the case since no measurement 
can be made exactly. Thus If we have measured a rectangle and 
i'our.vl measurements of 2^ Inches and 3^ Inches, we must use the 
"approximately equal" symbol and v/rlte 3^, itr 2-^ and 
therefore: 

A 2ur 

A Z (3^) (2|) 

A Z (if) (|) 

A ^ "5 

A Z 8^ 

Since A Is the number of square Inches, we find therefore 
that the area Is approximately 8^ square Inches. 

A statement concerning a measured quantity should Indicate 
that It ls~bnly approximate. 



Exercises 8-lc 

Use the Z sign In connection with numbers representing meas 
ured quantities. 

1. Measure the length and width of the top of your desk to the 
nearest half Inch. 

(a) Find the number of square Inches In the area. 

(b) Wiat is the perimeter? 

1 

2. A section of chalkboard Is about 5 feet long and 3^ feet 
wide . 

(a) Find the area. Express the answer In three ways. 

(b) Find the perimeter and express it in three ways. 

3. A rectangular field is located at the intersection of two 
perpendicular roads. Using the mileage indicator of a car, 
the length and width are measured as approximately -j^ mile 
and j^mile. Find the area of the field, and express the 
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result In at least tv/o different vmlts. 



311 



Ami. 



4, A rectangular lawn Is found to be 84 feet by 50 feet. ^The 

lawn Is being seeded with grass, and the directions on the 

box of grass seed say that one pound of seed is enough for 

300 square feet. How many pounds of grass seed are necessary? 
5» A bathroom floor is tiled with small tiles which are closed 

regions one inch square, .The floor contains 3240 of these 

tiles, l-fliat is the area of the floor in square yards? 
6. The floor of a boy's room is in the shape of a rectangle. The 

length and width are 12 feet 

and 9 feet. There is a 

closet 3 feet long and 3 feet 

wide built in one comer, as 

shown in the floor plan. 

What is the floor area of 

the room (outside the 

closet)? 
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7. The floor of an attic Is In the shape of a rectangle with 
measurements of 30 feet by 
20 feet. There Is an open- 
ing in the floor as shown 
where the stairway comes 
up. Find the actual floor 
area of the attic. Express 
the result In two forms. 
In finding the floor area 
does It matter where the 30 FT» 

opening for the stairs Is 
placed? 

*8. A faraier has had a rectangular garden for a number of years. 
He knov/s that the length of wire fence around It Is 500 feet 
and has foxmd by experience that he uses a lOO-pound bag of 
fertilizer on it each year. One spring he decides to enlarge 
his garden so it will be twice as long and tx^ice as x^ide. 
Since the old fence is worn out anyway he throws it away. He 
then goes to the hardware store and orders 1000 feet of fencing 
and 2 hiondred-poimd bags of fertilizer. Is this order reason- 
able? \Vhy or why not? 



Class Exercises 8>lb 

The length and width of a rectangle, R, have been measured as 

1 3 0 \ 3 

Sjf inches and 2^ inches so that ^ Z ^ and u/' ~ 2^. Drav/ a 

rectangle v/ith these dimensions and find the area of its 

interior by using the result of Problem 2 of Exercises 8-lb. 

This area will be called the calculated area . 

(a) If it is understood in Problem 1 that ^ ^ 3^ means that 
the length was measured to the nearest quarter inch, then 
all v/e are sure of is that the number of Inches in the 
true length is somev/here betv/een ? and ? 

(b) Similarly, the number of Inches in the true v/ldth is 
between ? and ? 

(c) On the figure you made for the last problem shov; the 

[sec. 8-1] 

319 
ERIC 




1. 
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313 




largest and smallest lengths which are described by 

(d) Do the same for the width. Then draw In the largest 

and smallest rectangles which could be correctly described 

JZ UT X 2^, where ^ and ur stand for number of 
Inches. The area between 
these two rectangles 
represents the xmcertalnty 
In the correct area and 
Is shaded In the diagram. 
The true area lies between 

that of the smallest rectangle and that of the largest 
rectangle. 

3. (a) The area of the smallest rectangle In Problem 2 Is 
? sq. In. 

(b) The area of the largest rectangle In Problem 2 Is 

? sq. in. 

(c) Ttie difference between the calculated area of R and the 
answer to (a) above is ? . sq. in. 

(d) The difference between the calculated area of R and 
the answer to (b) above is ? sq. In. 

The answers to the above questions can be assembled in a 
table. 



Minimum 
Rectangle 



Measured 



Maximum 



3^ in. 


3^ In. 


3^ in. 


Length 


2^ in. 
^ sq. In. 


sq. in. 


2^ in. 
sq. in. 


Width 
Area 
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Also, 

difference in part (c) 



47 

^ sq. in, 



= calculated area - minimvun possible area, 



and 



difference In part (d) 
^ sq. In. 



,621 



maximum possible area - calculated eirea, 

Thus, the true area of our rectangle R lies between 
(8§ - ^) sq. m. and (8^0 + ^) sq. In. 

The computed area of rectangle R, as found in Problem 1 is 
85^ or 3| X 3^. The calculated area of R can be too large by 

as much as ^ sq. in. or too small by as much as ^ sq. in. on 
the other side . The greatest possible error for the computed area 
of R is ^ sq. in. Hence, it would be correct to say 
that the true area lies between (8|§ - -5^) sq. in. andTX8|^4- 
sq. in. Notice that the numbers in parentheses lie an equal 
distance on each side of 8^. These ideas are illustrated on a 
number line. 



Area actually lies in 
this range : 



ii 



q60 
^64 



64 
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Correct to say that area 
lies in this range 



Novr we can indicate the precision of the calculated area 
(3^ X 2^) sq. in. by writing 

True area = (8^^ + ^) sq. in. 
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This meaiiS that the true area will not vary from sq. In. by 

more than -^^ sq. in. 

In Problem 1 the answer obtained by multiplication gave an 
area expressed In sixteenths of a square inch. This would sxiggest 
that the answer is correct to the nearest sixteenth of a square 
inch. Is this true according to the results obtained in this 
problem? 

The last three problems illustrated an In^jortant fact. When, 
an area is obtained after multiplying the measures of an approxi- 
mate length and width, the possible error in the area is much 
greater than the form of the answer would suggest. Thus when 
in our work we write area Z 8j| sq. in, will not mean that 
this has a precision of ^ square inch. 

Exercises 8--ld 

Find the calculated area for each rectangle whose dimensions 
are given below; then determine the precision of your ansvrer and 
Indicate it by using the greatest possible error notation. 

1. 3| in. by in. 

2. l| in. by 2^ in. 

3. 2| in. by 3^ In. 

In the previous sets of exercises you used the foot, the 
inch, etc. in finding perimeters and areas of closed regions. Now 
let us make measurements using some of the metric units. You 
recall the metric units for linear measxiremeints were the meter, 
centimeter = (meter) and the millimeter • (meter). 

The corresponding metric units for area measurements are square 
closed regions having edges which measure 1 meter, 1 centimeter, 
and i millimeter respectively. The diagram on the left on the 
following page is a picture of a one centimeter sgxaare closed 
region * the one on the right is a one millimeter square closed 
region . 
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I mm. 

o-^ I mm. 
Area = 1 sq. mm. 

Exercises Q^le 

1. How many square millimeters are there In a square centimeter? 

2. How many square centimeters are there In a square meter? 

3. How many square millimeters are there in a square meter? 

4. Draw a 3 cm. square. Draw also a rectangle whose area is 3 
square centimeters. Which is larger? 

5. A rug Is 2 meters by 3 meters. Find Its perimeter and area. 

6. The. floor of a boy's room is in the shape of a rectangle. 
The length and width are measured as 4 meters and 3 meters- 
There is a closet 1 meter long and 1 meter wide built in one 
comer. What is the floor area of the room (outside the 
closet)? 



8-2. Rectangular Prism 

A figure shaped like a chalk box will be referred to as a 
rectangular prism . It is one of the most familiar figures and you 
will find many examples. Yoxir classroom is probably one example. 
Name as many examples as you can. There will be further discussion 
of prisms and other figvires later in your course. When you walk 
across the classroom floor you are moving In the interior of the 
rectangular prism of your classroom, if your room has this shape. 
Let us examine such a prism. Note that the prism has a certain 
number of flat sides. These are called its faces. How many faces 
does a rectangular prism have? What kind of figure is each of the 
faces? Notice that each of the faces lies in a plane. For each 
face of the prism notice that there is Just one other face that 
does not meet it. Such a pair of faces is called oppos ite faces , 
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Opposite faces actually lie In parallel planes. How many pairs of 
opposite faces are there? Identify the pairs of opposite faces 
In your classroom. \Tha.t can you say about the shaoe of two 
opposite faces? How do you know? 

You learned In Chapter 4 that two planes which Intersect must 
Intersect in a line, so two faces which are not opposite must Inter- 
sect In points that lie on a line. Actually they meet In the points 
of a line segment. You recall that these segments are called the 
edges of the prism. How many edges are there on a rectangular 
prism? Identify them In your classroom. Some of these edges have 
the same length. {\That sets of edges are equal? IVhy?) How many 
different lengths could there be among the edges? There are on 
the prism certain points where three faces Intersect, or what 
amounts to the same thing, where three edges Intersect. These 
points are called verti ces of the prism. One such point is called 
a vertex. How many vertf.ces are there? Point out the vertices 
of your classroom. 

As you have probably noticed, the parallel edges have the 
same length, for example, the edges from the bottom to the top, 
or the edges from one end to the opposite end. There can then be 
at most three different lengths. 

In the figure below, the number of units In the lengths of 
three edges have been marked. How many units are there In the 
length of each of the"' other nine edges . 











4 



The lengths of the edges In the tliree possible directions are 
often called the length, width , and height of the prism. V/hat do 
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you notice about the pairs of opposite faces? Since all the faces 
are rectangular closed regions, It Is easy to find all their areas. 
The sum of the areas of all the faces Is called the surface area 
of the rectangular prism. 



1. 

2. 



Exercises 8-2a 

Find the surface area of the rectangular prism Just discussed. 
A housewife has a cake tin In the shape of a rectangular 
prism (without a top). The tin Is 10 Inches long, 8 Inches 
wide, and 2 Inches deep. In baking a cake she lines the pan 
with wax paper. How many square Inches of wax paper are 
necessary to line the tin exactly? 

A classroom wall Is 30 feet by 10 feet. On this wall Is a 
strip of chalkboard 20 feet long and 3^ feet wide. The wall 
is to be painted except for the chalkboard. Compute the 
area to be painted. Express the answer In square feet, then 
In square yards . 

An incubator for hatching eggs Is In the shape of a rectangular 
prism 20 Inches long, 10 Inches wide, and 15 inches high. The 
top is made of glass (indicated by the shading) while the 




15 IN. 



20 IN. 

sides and bottom are made of wood. V/hat is the area of the 
top? What is the area of the outside surface of the wooden 
part of the box? Express your answers both in square inches 
and square feet. 
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5. A room is I5 feet long, 12 feet \ride, and 9 feet high. 

(a) How many asphalt tiles, each 12 inches by 12 inches, 
will be necessary to tile the floor? 

(b) How many tiles will be necessary if each is 6 inches by 
6 inches? 

6. In the room of Problem 5 there are five windows in the walls, 
each 3 feet wide and 6 feet high. How much wall surface is 
there, not counting the windows? In finding your answer does 
it matter where the windows are placed?) 

7. In Problem 6 how many quarts of paint are necessary to paint 
these walls if a pint of paint v/ill cover 66 square feet? 

8. A trunk is 3 feet long, 18 inches wide, and 2 feet high. 

The edges are all reinforced with strips of brass. How much 
brass stripping is necessary? Express the answer in inches, 
in feet, and in yards. 

9. A cube is a rectangular prism for v;hich all the edges are 
congruent so all the faces are square closed regions. How 
many square inches of wood are needed to make a covered 
cubical box vjlth edges of 18 inches each? How many square 
feet? 

*10. Let ^, w, h stand for the numbers of units in the length, 
width, and height of a rectangular prism. Write a number 
sentence telling how to find the number,. S, of square units 
in the surface area. 

*11. If w, h have the same meanings as In Problem 10, write 
a number sentence telling how to get the total number, E, 
of units of length in all the edges. 

*12. A manufacturer makes tool boxes (with covers) which are 2^ 

feet long, 1 foot wide, and 6 inches high. He has 50 such 
boxes and wants to varnish the outsides except for the bottoms 
If a pint of varnish will cover the closed rectangular region 
9 feet by 8 feet, will two quarts of varnish be enough to 
varnish the tool boxes? 
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Volxame 

The term rectangular solid will refer to the set of polntr, 
consisting of a rectangular prism and Its Interior. We wish to 
find the volume of this rectangular solid. We will refer to uhls 
volume as the volume of the prism. In Section 7-3 you discussed 
measuring voliome by picking out some 'convenient unit of voliome 
and seeing how many such units were necessary to make up the solid. 
Measuring volumes by this process, while showing what we mean by 
measuring, has serious drawbacks in practice. Imagine trying it 
on such a problem as finding the volume of your classroom. It 
would certainly be useful if we had a way of finding the volume 
of a rectangular prism by working with the length, width, and 
height just as we learned to find the area of a rectangle by work- 
ing with its length and width. First, however, it is- necessary to 
agree on a unit of volume. The usual choice for a unit of voliome 
is a cubical solid. A cube is a rectangular prism for which all 
the edges are congruent. V/ould this have been your choice, or 
would you have chosen something else? What size cube would you 
recommend? V/hy? 

The usual choice is a cubical solid, each edge of v/hich is a 
unit of length. In this case what can be said about the size of 
the faces? It is the relationship among the units of vciume, area, 
and length which makes it easy for us to figure out the voliunes. 
If we choose to measure lengths in Inches then the unit of volume 
would be a cubical solid, each edge of which is 1 inch. The 
volume of this solid is called a cubic inch . 
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As in the case of the rectangle, v;here xve talked about the 
area of its Interior, v/e can talk about the volume of the interior 
of a rectangular prism. It is the same as the volume of the 
corresponding rectangular solid. 



Class Exercises 8-2 

1. Describe and name at least three units of volume. 

2. Obtain some small cubical blocks of the same size and think 
of the edge as a unit of length. Put these together to form 
a rectangular solid k units by 3 units by 2 units. Hov; many 
blocks did it take? 

3. (a) Use small cubical blocks to make a solid 3 units by 2 

units by 2 units. 

(b) Make a rectangular solid with the length tv/ice as long 
but the height and width the same. (6 by 2 by 2.) 

(c) Make a rectangular solid with the width twice as long as 
the original but the other measures the same. (3 by 

by 2.) 

(d) Make a rectangular solid with the height tv/lce as long as 
the original but the other measures the same. (3 by 2 
by 

(e) Compare the number of blocks in (b), (c) and (d) with 
the number in (et). 

Write a statement telling the effect on the volume of a 
rectangular prism if one of the measurements is doubled. 

5. (a) Build a rectangular solid 6 imits by k units by 2 units. 

Notice that here both the length and width of the prism 
are the doubles of the length and v/idth in Problem 3 (a). 

(b) V/hat is the ratio of the number of blocks in the nev; 
solid to the number in the original (Problem 3-a)? 

(c) Would you get the same ratio if you doubled a different 
pair of measurements? 

6. Write a statement telling the effect on the volume of a 
rectangular prism if tt\ro of the measurements are doubled. 
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?• (a) Double each edge of the solid In Problem 3 (a) , and con- 
struct a rectangular solid. (6 units by 4 units by 4 
units.) 

• (b) V/hat la the ratio of the niamber of blocks In this solid 
-o the niomber in the original solid? 
8/ Write a statement te-lling the effect on the volume of a 

rectangular prism if each edge is doubled. 
9. BRAINBUSTER, Two rectangular metal plates are v^elded 
together at right angles as shown: 



A 




An ant at A wishes to crav/1 along the plates to get the lump 
of sugar at S. How should he crawl to get to S in the 
shortest distance? 

Volume of a Rectangular Prism 




Since we know how to find the area of any face, let us 
imagine W3 have already found the area of the face on which the 
solid Is shown to be resting. Suppose the area of this bottom 
face (often called the base) is 12 square units. If the base 
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consists of 12 \m±t square closed regions, let us place a unit 
cubical solid on each of these regions. These unit solids fill 
up a layer one unit thick across the bottom of the solid. Since 
there are 12 such cubical solids, the volume of the layer is 12 
cubic units. Ycu saw examples of such layers in the problems in 
the last section. Since the top of the layer is Just like the 
boT^tom, a second layer can be laid on the first and so on. If 
the height of the prism is 3 units, then it will be exactly filled 
with 3 layers, and the number, V, of units of volume will then be 
given by 

V = 3 X 12 = 36 
Thus the volume is 36 cubic units. 

If the measure of height is a rational number, which is not 
a whole number, such as, 2^ units, then two layers will not fill 
it completely, but three layers will be too much. In fact, if 
we slice- the third layer hori::ontally, we need to use only the 
bottom third of the layer. The volume of this is (i)(l2) cubic 
units, and the total volujne of the prism is 2(l2) + (i)(l2) cubic 
units, or (2g.)(l2) cubic units, or 28 cubic units. 

We have assumed that the base was exactly made up of whole- 
units. What would you do if the base were broken up into parts of 
units, as would happen if the base were 8 units by l| units? Do 
you come to the same conclusion about the volume? Why? 

Jiixercises 8 -2b 

1. Find- the volume of the interior of a closet 8| feet high if the 
floor is 10 square feet. 

2. The base of a child's sandbox is a rectangular closed region, 
and its area is 24 square feet, if the box is 10 inches deep, 
find its volume. 

3. Write a statement telling how to find the number of cubic units 
in a rectangular prism if the number of square units in the 
base and the number of units m the height are known. 

4. How deep should the sajidbox of Problem 2 be made if the box is 
tr> hold 48 cubic feet? 
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j. A man is malting a wooden box to hold 260 cubic feet of sand. 
In order to fit Into a certain space the box must be 13 feet 
long. How many square feet of area must be in the end of the 
box? Write a number sentence that describes this problem. 
Also express the answer to the problem in square inches and 
in square yards. 

5. Health regulations in a certain school district say that the 
school rooms must contain 50 cubic feet of air for each child. 
If a room has a floor area of l6o square feet and is 10 feet 
high, can the principal legally put 30 children in it? What 
Is the greatest number of children who may legally be assigned 
to it? 

7. A rectangular be is h units high and has a base whose area 
is B square units. Write a number sentence showing how to 
get the number, V, of cubic units of volume in its interior 
if the numbers h and B are known. Notice that this is 
just a mathematical sentence for the statement you made in 
Problem 3. 

Look at the work of the last problem. Do you need to know 
the exact shape of the base? What must you know in order to find 
the volume of a rectangular prism. This procedure of finding the 
volume of a prism from the area of the base and height without 
needing to know the exact shape of the base will be used again 
when you consider other prisms and cylinders. 

If we know all the edges of a rectangular prism, we know how 
to find the area of the base, so we can easily get the volume. 
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In a rectangular prism k units by 3 units by 2 units, we 
probably vrould thini; of the base as the largest face. The area 
of this face is 4 x 3 square tmlts so the volume, by Problem 4 
above, would be 2 x (4 x 3) cubic units.- Notice that the number 
4x3 which Is enclosed In parentheses Is the nijmber of square 
units of area in the base. If vre stand the prism on end (or txirn 
our necks through a right angle) we think of another face as being 
the base. 



4 




We find thot the area of the base Is 2 x 3 square units and the 
volume of the solid Is 4 x (2 x 3) cubic units. Resting the 
prism on Its third face, we find that the volume is 3 x (2 x 4) 
cuDlc units. Since it is the same solid in different positions 
seem to be claiming that 

2 X (4 X 3) = 4 X (2 X 3) = 3 X (2 X 4) 

Is this true? If not, where did our discussion miss the boat? 
If true, v/hat property or properties of rational numbers does it 
illustrate? 
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Exercises 8-2c 

The bottom of a desk drawer will Just take tvro pieces of 
ordinary typewriter paper laid end to end. (Typevjrlter paper 
Is 8| Inches by 11 Inches.) If the drawer Is 4 Inches deep 
find Its volijme. If the bottom and sides of this dravrer are 
to be lined with wax paper so as to fit exactly, how many 
square Inches of wax paper will be needed? 

A woman has some blankets to store. She estimates that when 
folded they would require 10 cubic feet of space. Could she 
store them In a trunk 3 feet long, l8 Inches wide and 2 feet 
high? If the trunk had the same length and height LUt was 
20 Inches wide, could she store the blankets? 
Write a statement In words telling how to obtain the number 
of cubic units In the volume of the Interior of a rectangular 
solid If the number of units In the length, width, and height 
are known,. 

If J , w, h, stand for the nijmber of units In the length, 
width, and height of a rectangular prism, write a number 
sentence telling how to find the number of cubic imlts, V, 
of volume In the Interior of the solid. 

How many cubic Inches are there In a cubic foot? How many 
cubic feet are In a cubic yard? Show how you obtain these 
conclusions . 

(a) In a 3 -Inch cube (a cube each edge of vmich Is 3 Inches), 
What Is the volijme of the cube? 

(b) Is It larger or smaller than 3 cubic Inches? Be very 
careful not to confuse the volume of a 3 -Inch cube with 
a measured volijme of 3 cubic Inches. 

(c) If I Is the number of Inches In the edge of a cube. Is 
It always true that the volume of an i Inch cube Is 
greater than ^ cubic Inches? 

If a rectangular prism Is 2 inches long and 1 Inch vilde, what 
is Its height If the rectangular solid Is to have a volume of 
1 cubic Inch? Make a paper model of this prism to Illustrate 
a different possible shape for a volijme of 1 cubic Inch. 

[sec. 8-2] 



333 



327 

8. Is the volume of the interior of a rectangular prism 59 Inches 
long, 37 inches wide, and 23 Inches high given by this: 
(23 • 37 • 59) cubic inches? (Do not multiply.) Write an 
expression like that above for a rectangular prism vrLth 
measurements Just twice those in the first prism. Factor this 
expression; if any factor occurs more than once, v/rite it • 
with an exponent. The second voli;une is how many times the 
first volume? 

*9. Using reasoning like that of Problem 8, tell x^hat will be the 
effect on the volume of a rectangular prism if all its 
measurements are tripled? V/hat will be the effect if tv/o 
are doubled and one tripled? 

The volumes obtained here by multiplication would be exactly 
correct if the length, v/idth, and height v;ere exactly correct. 
Since these quantities are always approximate, v;e should actually 
use the "approximately equal" sign Z in writing statements about 
measurement. In the remaining problems below, use this sign 
where it is appropriate. 

10. A stone block In the shape of a rectangular solid has a volume 
of 2-^ cubic yards. It v/eighs about 600 lbs. per cubic foot. 
V/hat is its total weight? 

11. An apartment house is built in the shape of a rectangular 
prism 210 ft. long, 30 ft. wide, and 30 ft. high. How many 
cubic feet of space is there in the building? (Ignore the 
thickness of the walls.) Express the volume also in cubic 
yards . 

12. An electric fan is advertised as moving 3375 cubic feet of air 
per minute. Hov/ long v/ill it take the fan to change the air 
In a room 27 ft. by 25 ft. by 10 ft.? 

13. Imagine a building in the shape of a cube ^ mile on a side. 
(How does ^ mile compare with the length of a football field?) 
If people in the building insist that there shall be 10 cubic 
yards of space for each person, how many people v;ill the build- 

. ing accommodate? 
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1*^. A large sandbox with a base 10 ft, long and 9 ft. wide Is 
built In a park. A dump truck carrying five cubic yards of 
sand Is emptied Into the box. If the sand Is leveled off, 
v/hat Is Its depth? Give the answer both In feet and In Inches, 

15, A pirate's treasure chest was dug up and found to be filled 
with gold. The chest was a rectanguleir prism 2 feet 6 inches 
long, l8 Inches wide, and 1 foot deep. Allowing for air 
spaces between the gold pieces, we can suppose a cubic foot 

of gold v/elghs 600 lbs. Could five men, each of whom can 
lift '^OO lbs., lift the chest out of the hole? 

16. An iron rod Is to be made i^lth a square cross section 1 inch 
on a side. That is, the end looks like this, 
If a cubic foot of iron v;ere molded 
into this shape, hov; long v/ould the 
rod be? Express the answer In Inches, 
In feet, and In yards. I in. 

*17* If a building i^ere a one-mile cube, that is a cube one mile 
on an edge, vrauld there be space for the v/hole population of 
the United States (about 176,000,000)? For the population of 
China (about 400,000,000)? Could you accommodate the popula- 
tion of both countries together? (Allow 10 cubic yards per 
person.) 

*l8. The length, \rtdth, and height of a rectangular prism are 

measured as lO^* inches, 5§ inches, and 3^ inches. Find the 
volume of its interior from these measurements. 

*19. If the measurements in Problem l8 are understood to have a 
precision of ^ inch (i.e., to the nearest half inch) then: 

(a) The true length is between ? in. and ? in, 

(b) The true width is between ? in and ? in. 

(c) The true height is betv/een ? in. and ? In, 

*20, (a) The smallest rectangular prism v;hich could be described 
by the measurements of Problem l8 would be ? inches 
by ? inches by ? inches. 
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(b) The largest rectangular prism which could be described 
by the measurements of Problem l8 would be ? Inches 
by ? by ? Inches. 

(c) The voliome of this smallest prism Is ? 

(d) The voliome of the largest prism Is ? 



(e) The difference between the smallest possible volume and 
the answer of Problem l8 Is ? 

(f) The difference between the largest possible volume and 
the answer of Problem l8 Is ? 

(g) The greatest possible error In the answer to Problem l8 
Is therefore V 

(h) V^rlte the answer to Problem l8 In the following form: 

,>5!he volume Is + cubic Inches . 

answer to greatest pos- 
Problem l8 slble error 

Problems l8, 19, 20 show,' as In the case of area, that the 

possible error In a volume obtained after multiplying approximate 

measures Is generally much greater than the form of the answer 

suggests-. We must remember that in writing the answer* to Problem 
• 3 

l8 as iSS^f cubic Inches, we do not mean that this Is correct to 
the nearest quarter of a cubic Inch. In fact, the error may be 
almost 28 cubic Inches. 

Probably the simplest possible figure not contained In a plane 
Is the rectangular prism. Of course, as time goes on we shall 
learn to find volumes of other solids determined by such figures 
as other prisms, cones, cylinders, spheres, etc., but it is 
clearly a losing bavtle to try to consider individually all 
possible shapes. Often, of course, we can obtain the results by 
adding or subtracting volumes wo already know about. For example, 
suppose that in a room 15 feet long, 12 feet wide, and 8 feet 
high, a man builds a close b in one corner which runs to the 
celling and has a base 3 feet on a side, so that the floor plan 
looks like the figure on the following page. 
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How do you find the volume of the remaining space in the room? 
What Is It? 

Suppose, however, that we are dealing with an awkward shaped 
solid which does not seem to be made up of rectangular prisms. To 
be definite, suppose you have picked up an odd shaped stone beside 
the road, and you want Its volume. See If you can devise one or - 
more methods of finding this volume. 

Exercises 8"2d 

1. Measure the volume of a stone or other irregular object by 
a method you have devised. 

2. The floor plan of a room Is as shown: 

ir 



How many square feet of wall-to-wall carpeting would be 
necessary for the floor? What is the voliame of the interior 
of the room if it is 9 feet high? 

[sec. 8-2] 



337 



331 



3. A pantry, the floor of which Is k ft. by 5 ft., Is 9 ft. high. 
It contains a deep freeze which Is 2 ft. by 3 ft. by 7 ft. 
How many cubic feet of space are left In the room? Express 
the answer also In cubic yards. 

In the preceding exercises you calculated surface areas In 
terms of square yards, square feet, and square Inches. You 
calculated volumes In terms of cubic yards, cubic feet and cubic 
Inches. Some metric units for measuring voliames are the cubic 
meter, cubic centimeter and cubic millimeter. The diagram at the 
left below is a picture of a cubic centimeter. The diagram at the 
right is a picture of a cubic millimeter. 



I mm, 

Imm. 
I mm. 

1 cubic millimeter 

Exercises 8-2e 

1. How many cubic millimeters in 1 cubic centimeter? 

2. How many cubic centimeters in 1 cubic meter? 

3. How many cubic millimeters in 1 cubic meter? 

Draw a cube 3 cm. on each edge. Draw also a rectangular prism 
whose volume is 3 cubic centimeters. Which has the greater 
volume? 

5. The length, width and height of a rectangular prism are 2 
meters, 3 meters and 1 meter. Find Its total surface area and 
its volume. 

6. Suppose that in a room 5 meters long, h meters wide and 3 
meters high, a man builds a closet in one comer. This closet 
runs to the celling and has a base 1 meter on a side. Find: 

(a) The voliame of the room without the closet. 

(b) The voliame of the interior of the closet. 

(c) The difference (a) - (b) above. 

(d) Is (c) the volime of the remaining space? 
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Dimension 

Consider two files sitting side by side at a point A by the 
baseboard of a room. One of them Is trying to direct the other to 
a lump of sugar which Is also by the baseboard. What directions 
does he need to give? 

4 FT. 

A J^ S 



Presumably all he needs to say is "Follow the baseboard this way 
for four feet — you can't miss It!" The complete description of 
where the sugar Is located by the baseboard can be given by one 
number and one direction. For this reason the edge of the room 
Is called one -dimensional . Of coiirse, the section of baseboard 
followed may be a single segment, or may turn one or more comers, 
so any segment or simple closed curve Is one - dimensional . 

If the liamp of sugar S Is somewhere out In the middle of 
the floor, this presents more of a problem to the directing fly. 
His friend cannot get there at all by following the baseboard. 



How can he give directions? 
shown below. 



One of the simpler ways would be as 



s 



6 FT. 



4 FT 



"Follow the baseboard for four feet. Then turn to the left so 
you are headed perperdlcu.av to the baseboard and cravrl for six 
feet." In this case wher^ .'He lump of sugar v/as interior to the 
rectangle it was fourxd cor.venien!r» to use two numbers cind tv;o 
directions parallel to an edge of the room to describe its 
location. For this reason the set interior to a rectangle (or 
any slmpZe closed curve) is called two - dimensional . 
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If the Ixamp of sugair Is not on the floor at all but Is some- 
where else In the room, for example, suspended from the celling 
by a string, the problem of direction Is harder still. 



The directions then might go like this, "Crawl along the baseboard 
for four feet, then along the floor perpendiculai* to the baseboard 
for six feet. You will then be directly under the sugar. To 
get to the sugar fly directly up for two feet." This time we have 
used three numbers and three directions parallel to an edge of the 
room to describe how to get to the point S, so the Interior of 
the room (that Is, the Interior of a rectangular solid) Is called 
three-dimensional . 

On the basis of the above discussion, what dimension would 
you want to give a point? 

Roughly, the dimension of the set where the fly Is shows how 
much freedom of motion he has. If he must stay In the one- 
dimensional set consisting of the floor's edge, he can only move 
one way or the other along this edge. If he may go anywhere in 
the two-dimensional set inside the rectsmgular. edge he can crawl 
all over the floor. If he is merely confined to the three- 
dimensional set interior to the room, he can fly all over the room. 



8-3. Other Measiires 

In our discussion of volume thus far we have used the units 
of volume related to linear measure, such as the cubic inch, cubic 
yard, or cubic mile. In practice we often use other units of 
volume. If you go to the grocery, you ask for milk, cream, ox' 




A 
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vinegar In quarts or pints rather than In cubic feet or cubic 
Inches. Similarly you may ask for a bushel of peaches. Of course, 
there are definite relationships among these various measures and 
the cubic foot or cubic Inch. You can find these relationships 
approximately. Take a quart Jar and a rectangular container. 
Empty a certain niomber of quarts of water (or sand) Into the con- 
tainer and find the voliome In cubic Inches by measuring the length, 
v/ldth, and the depth of water or sand. If possible, use a similar 
method to find the voliome of a bushel basket. This time It v/lll 
probably be better to take a container v^ose voliome you already 
know In cubic Inches or cubic feet and see how many of these will 
go Into a bushel. Also, you will probably have to use something 
other than water as waterproof bushel baskets are scarce! 

There v/ould be an advantage In eliminating most of these 
unnecessary units of volume. (Indeed, this Is one of the great 
advantages of the metric system about which you will hear a great 
deal as time goes on.) Since these vmlts are In everyday use, we 
should know their relationships, or at least where to look them 
up. Unfortunately, In our English system we even use different 
units (sometimes with the same names) for measuring liquid and 
dry quantities. The quart measure whose volume you determined Is 
actually the liquid quart, but there Is a dry quart which Is 
somewhat larger. For convenient reference, there Is a section 
with Information about the various imlts of length, area, volume, 
and weight and their relationships, which Is placed at the end 
of this chapter. 



Exercises S-Sa 

1. Milk often comes In quart cartons that measure 7 In. by 3 In. 
by 2| In. 

(a) How many cubic Inches is this? 

(b) Is this ^ of a gallon? 

(c) What is sometimes done to this container to make it look 
larger? 
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2. A specific quart milk carton had these measures. In Inches: 

by by 7^. V/ould you have more or less than a quart In . 
this carton? How much? 

3. There Is an old saying, "A pint's a pound, the world around." 
Give a reason v;hy this Is not necessarily true. 

4. Berries are often sold in boxes that are labeled pints and 

3 3 7 

quarts. A "quart" box measured ^ In. by In. by 2.^ In. 

(a) How many cubic Inches did It contain? 

(b) If a "dry" quart Is li times the size of a liquid quart 

3 

and a liquid quart contains 57^ cu. in., how many cubic 
inches are there in a dry quart? 

(c) Does the measured "quart" box hold one dry quart? 

3 3 1 

5. A pint berry box measures 3^ in. by 3^- in. by 2^ in. 

(a) How many cubic Inches does this contain? 

(b) How many cubic Inches should there be in a dry pint? 

(c) How much bigger or smaller is the box than it should be? 

6. Is there any reason why a "dry" quart should be larger than 
a liquid quart? 

7. A bushel of apples is priced at $3.25; apples can also be 
bought for 9)^ per poimd. If a bushel holds kS pounds of apples, 
how much do you save by buying a bushel? 

8. A bushel of potatoes v/elghs 6o poimds. V/hlch is cheaper, a 
bushel that costs $3.50 or 6o lbs. bought at h lb. for 25/? 

9. Half -gallon milk cartons have a base of 3^ in. by 3^: in. How 
tall shOTAld the carton be? If h stands for the number of 
inches in the height, write a niomber sentence for this 
problem. 

*10. The number of Inches in the edges of a certain rectangular 

prism are all v/hole numbers greater than 1. If the rectangular 
solid has a volume of one gaJLlon, v;hat are the measurements 
of the prism? 
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The measures In this chapter have dealt with space only. 
Lines, surfaces, volumes and angles have been measured. There are 
many things that are measured that have no connection with space. 
Temperature is one example; time Is another. Everyone is familiar 
with weight as a measured quantity. The water, gas, and electric- 
ity used in your b^mes are measured. Can you name other things 
that are measured ; 

It is interesti to note that many items are measured by a 
scale marked on a line. Do you see that when we read a thermom- 
eter, we are really reading a number line? In order to read such 
measurements, v:^, ead the measurement of a line segment. Two 
of the items aboui are really measured by volume. Which ones 
are measured by volume? Are any measures read on a circular scale? 
Measurement involves much more than finding the length of line 
segments. Two of these measurements will be considered briefly, 
time ahd weight. As with all other kinds of measiirement, the \inits 
used to measure these things must have the same nature as the 
thing measTired. Time is measured by units of time, and weight is 
measured by units of weight. The scientific concepts of weight 
and time are complicated and will be left for later work in 
science. We will be concerned only with the use of some common 
tinits of weight and time. 

Weight 

Units of weight are used to describe how "heavy" a given 
volume of something is. It may seem fianny to think of your body 
as a volume, but it does occupy some amovmt of space and it does 
have weight. A bushel of feathers does not have as much weight 
as a bushel of potatoes even though they occupy the same amoimt 
of space. The units of v^elght in the English system .of measures 
are the ounce, the pound, and the ton. You should be familiar with 
the relations among these lonits. 

16 oz. = 1 lb. 
2000 lb. = 1 ton (t.) 
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The scientists who developed the metric system Included \inlts 
of v/elght and mass. Mass Is, to a scientist, a measurement which 
Is so much, like that which we call v;elght that you may think pf 
the tv/o as being the same Idea for the time being. You must be 
prepared to discard this idea some day, however, for the differences 
between the ideas of mass and v/eight are of great importance in the 
physical sciences. You will 3?earn about these differences if you 
take a physics course in high school. Just to convince you that 
there l£ a dlfferenca v/e mention one of the more important of 
them. The weight of an object such as your body depends on its 
distance from the center cf the earth. Your weight v/ould be 
Thaller on the top of Pike's Pealc than It Is In your home, and It 
would be very much smaller on a. space ship a3 far from the earth 
as Is, say, the moon. The mass of your body would be the same at 
any of these places, howe'^er. It does not depend on the place 
v/here It Is measvred. 

It happens that the metric units for mass are more coriuonly 
used In describing an object than those for v/elght, and vie will 
confine our discussion to them. Here the metric system h..y one 
big advantage over the English system because the units of mass 
are linked v;lth voliunes. The mass of one cubic centimeter of 
watei* at a specified temperatiire and pressure is the unit, one 
gram . This is especially convenient. Tor the lonit of mass can be 
obtained at any time by anyone who can measure a given volume of 
water accurately. « 

An object whose mass is 1000 grams Iz said to have a mass of 
one kilogram . These are the only metric mits of mass which v;ill 
be used at this time. 

1000 grams (gm.) = 1 kilogram (kg.) 

Time 

The basic unit of small divisior^ of time is the hour. Tv/o 

smaller mits are formed by dividing the hour into 6o equal parts, 

2 

each one a minute, and 6o or 3,600 equal parts, each one a 
second. Longer periods of time are related to movements of the 
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sxm and moon. You should know the relations among the units: 
day, week, month, and year. 



60 sec. 


:3 


1 mln. 


60 mln. 


?« 


1 hr. 


24 hr. 




1 day 


7 da. 




1 week 


4| wk. 


r\j 
«V 


1 month 


30 da. 


r\j 
<X» 


1 month 


52 >*k. 


r\j 
r\j 


1 yr. 


365 da. 


r\j 


1 yr. 


12 mo. 




1 yr. 



It shoxild be noted that the relations between day and month, 
week and month, week and year, and day and year are only approxi- 
mate. This is in part due to the fact that the earth takcS some 
extra hours axid minutes in addition to 365 days in order to inake 
a complete orbit around the sun. 

Exercises 8-3b 

1. Sea View School starts at 8:45 A.M. and closes at 3:30 P.M. 

(a) How many hours and minutes is this? 

(b) How many minutes are there in the school day? 

(c) If there are 8 equal class periods (including one for 
lunch) how many minutes in length is each class? 

(d) If there are only 7 equal class periods^ how long is each 
period? 

2. The Sea View School is open 188 days each year. How many hours 
is school in session each year? (See Problem 1.) 

3. How many days are there between April 25 and May 6? Do not 
cotmt either of these days. 

4. How much time do you have each day for recreation if you sleep 
9 hours, spend 6 hours and 45 minutes in school, study 2 hours > 
use 1 hour and 15 minutes for eating and help your mother 1 
hour? 
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5. Water weighs approximately 62^ lb. per cubic foot. What Is the 
weight of the water In an aquarivun that Is 21 Inches long, l8 
Inches wide and filled to a depth of l6 Inches? (Hint: This Is 
easier to work if all measurements are expressed in feet.) 

6. Brand A of tomato Juice has a label that says the weight 
is 1 lb. 12 oz., while brand B says the weigh c is 30 oz. 
Which can contains more tomato Juice? 

7. In a camp 70 people are fed at each meal. 

(a) If each person has a 6 oz. serving of tomato Juice, how 
many ounces are needed? 

(b) How many pounds is this? 

(c) How many cans of Brand A Juice would be needed? (See 
Problem 6.) 

(d) How many cans of Brand B? 

(e) If Brand A costs 42/ a can and Brand B cost«i 4'4/< a can, 
which would cost less to buy to serve one meal at the 
camp? How much less? 

8. A ton of coal occupies approximately 35 cu. ft. of space. 

(a) How many tons will a coal bin hold that is 
. 5 ft. by 8 ft. by 7 ft.? 

(b) How many pounds is this? 

9. 1 cu. cm of water weighs 1 gram. 

(a) How many grains does one cubic meter of water weigh? 

(b) How many kilograms is this? 

10. BRAINBUSTER; Which weighs more, a cubic foot of water or a 

cubic foot of ice? Why? 

Computations with Measured Quantities . 

. Turn to page 268 , 269 S-nd re-read the paragraphs concerning 
the.spr^cial meaning of "=", "+", when measurements are 
involved. Keep these ideas in mind when reading the next and 
working the problems which follow. 

There are many times when it is necessary to add or subtract 
measures. Suppose John travels for 2 hours one day and 3 hours 
another day. We want to find John^s total travel time. Another 
problem might be: There are 10 gallons of milk in a vat. If 
3 gallons are removed, how much milk is left? 
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There are some situations which require further discussion. 
Suppose now that John's two travel times are stated as 1 ho\ir 
the first day and 15 minutes the second day. Would his total 
travel time be (l + 15) time units or l6 time units? Of co\irse 
not! We can see readily that neither l6 hours nor l6 minutes 
would be his total travel time. The measurements must be expressed 
In the same units before an addition procedure Is attempted. That 
Is, we must express 1 hour as 6o mln. or 3.5 mln. as ^ hr. before 
attempting to add. 

-:it Is silly to try to talk about an "addition" of 6 feet and 
4 gallons! Think about why It Is silly! 

So far, when vie have given different names to a measvired 
quantity, we have expressed It wholly In terms of the same unit, 
such as a length which may be described by the name 3^ ft. or by 
the name 42 in. This, of course, can always be done, but it is 
often more convenient not to do so. For example, we are more 
likely to speak of a length of 2 ft. 5 in. than 2j| ft. or 29 
in. though both of the latter are correct names for the length. 
Similarly, the d\iration of a train trip would more often be de- 
scribed as 2 hrs. 17 mln. rather than by the names 137 mln. or 
17 

2gg- hrs. which are also correct. Thus we shall here consider 
such composite names, realizing that we can always avoid them if 
we wish. 

Let us now suppose that John travels for 2 hr. 4o mln. the 
first day and 1 hr. 30 mln. the second day.,. This time we do not 
want to express either travel time entirely in terms of hours 
or entirely in terms of minutes. Hence we must handle the two 
units separately. 

total travel time = (2 + l) hr. (40 + 30) mln. 

3 hr. 70 mln. 

Since 70 mln. is more than one ho\ir, we can and should express 
it as 1 hour 10 mln., so that 

total travel time = (3 + l) hr. 10 mln. 

4 hr. 10 mln. 

347 
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Here there v/ere two separate additions and then a change of units. 
To leave 70 mln. In the answer would be like carrying a pocketful 
of pennies Instead of changing some of them to larger units like 
dollar bills. Some people call a change such as the last- one In 
the problem above "simplifying the answer," or "expressing the 
answer In simple form," 

Exercises 8-3c 
Add and express the resixlt In a sln^Jle foiTn: 

1. 3 hr. 18 mln. 4. 15 hr, 10 mln. 50 sec. 
6 hr, 52 mln , 12 hr, 55 mln. l8 sec , 

2. 5 yd. 1 ft. 10 In. 5. 3 sq. yd. 5 sq, ft, 100 sq. In. 
6 yd. 5 In. 2 sq. yd. 8 sq. ft. 4? sq. In. 

4 yd. 1 ft. 8 In. 6 sq. yd. 7 sq. ft. Il6 sq. In . 

3. 3 gal. 3 qt. 1 pt. 6. 3 cu. yd. 25 cu. ft. 500 cu. In, 

5 gal. 2 qt, 4 cu. yd. 19 cu. ft. 76? cu. In, 

6 gal. I i:jt. 1 pt. 2 cu. yd. 12 cu. ft. 1268 cu. In , 
— B ^ ■' i^r ^ * 



Subtraction, like addition, can be perforraed only when the 
units are the same, or can be changed so that they are the same. 
However, we sometimes find another difficulty in subtraction. Try 
this: 

Subtract: 6 yd. 1 ft. 4 in. 

2 yd. 2 ft. 9 in . 

How can you subtract 9 inches from 4 inches or 2 ft. from 1 foot? 
We now use another Important principle that you have used before. 
It Is the reverse of the last step in addition. We change the 
form of the minuend without changing its value before we subtract. 
The work is shown here. 

6 yd. 1 ft. 4 In. « 5 yd. 3 ft. l6 In. 

2 yd. 2 ft. 9 In. 



3 yd. 1 ft. 7 m. 
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The change In form Is usually done by crossing out the original 
number and placing the new one above it. Tell hovr each of the new 
numbers was obtained. VJhen more of the smaller units are needed, 
convert one of the next larger unit into the smaller ones. 

Subtract and express the answer in a simple form: 
■7. (a) 41 3 ft. 1 in. 

19 8 in. 

(b) In both cases did you have to exchange one larger unit 
for its equal in smaller units? Explain. 

8. 5 yd. 2 ft. 10 in. 11. 6 yd. 2 ft. 3 in. 

3 yd. 6 in . 3 yd. 2 ft. 8 in. 

9. 6 hr. 10 mln. 12. 4 sq. yd. 2 sq. ft. 4o sq. in. 

4 hr. 35 min . 3 sq. yd. 8 sq. ft. 105 sq. in. 

10. 6 gal. 1 qt. 13. 8 cu. yd. 6 cu. ft. 88 cu. in. 

3 gal. 3 qt. 1 pt . 2 cu. y(?>. 5 cu. ft. 99 cu. in. 



Sometimes it is necessary to multiply measured quantities by 
number. Here is an example of a problem in v;hich it is necessary. 
Webbing, 2 feet 8 inches long, is needed to malce one belt for 
students on the safety patrol. If Lincoln school has 15 members 
on the safety patrol, how many yards of webbing are needed? V/e - 
could put 2 ft. 8 in. dovnri 15 times and add but it is much luicker 
to use the short-cut, miultiplication. To multiply, multiply each 
unit separately and change the answer to a simple form, or the 
foiTTi that the problem asks for. 

2 fb. 8 in. 

15 

30 ft. 120 in. = 40 ft. = 13^ yd. 4o ft. is a simple form, 
but 13^ yd. is the form that the problem asks for. 
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Multiply the measurement by the nvmiber indicated and express 
the answer in a simple form. 

14. 6 hr. l8 mln. 17, 5 hr. l8 min. 35 sec. 

5 15 

15. 5 yd. 2 ft. 27 in. i8.. 2 T 1689 lb. 
19 36 

16. 2 gal. 3 qt. 19. 8 sq. ft. 127 sq. In. 

417 82 

When it is necessary to divide a measured quantity by a number 
it is usually easiest to cheaige all measurements to the smallest 
sized mit, as was mentioned above before doing the division. 
After division simplify the answer. 

Here is an exainple. Divide a line segment of length 3 yd. 
2 ft. 8 in. into 8 equal p?irts. 

3 yd. = 108 in. 

2 ft. = 24 in. 
8 in. 8 in . 

3 yd. 'd ft. 8 in. = l4o in. 

17| 

8 

Therefore the length of each part = 17^ in. = 1 ft. 5| in. 

Divide each measurement by the nvmiber indicated and express 
the answer in a simple form. 

20. 8 ■} o~r5\ ID min. 23. 11 ) 6 gal. 3 qt. 1 pt. 



21. 10 ) 23 yd. 1 ft. 24. 17 ) 4 sq. ft. 87 sq. in. 

22. 32 ) 3 T. 496 lb.." 25. 76 ) 2 cu. ft. 952 cu. in. 



3o0 
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Changing all measurements into terms of the smallest onit is 
not absolutely essential. You may find it interesting to try 
Problem 21 above without it. 

There is a very interesting relationship between the work in 
this section and the discussion of different number bases. For 
exaniple, suppose we chose to use the number base twelve. Then the 
e^qpression 2 ft. 7 in. could be written at once as 2?^^^^^^^ in. 

or yX ft. Note that in the base twelve, the number of 

twelve 

square inches in a square foot would be ICO^^^^j^^^n The nmber of 
cubic inches in a cubic foot would be lO^O^^j;^^. 

26. Give at least one example of familiar iinits in measured 
cuLntltles which would be nicely expressed in the following 
nitmber bases: 

(a) bere two (c) base sixteen 

(b) ba^e. three (d) base sixty 

27. BRAINBUSTER. Ai^ apple weighs ^ oz. plus of its weight. 
How much does it weigh? 



8-4. Summary 

1. Units commonly used for measuring area and volume are related 
to the units for length. 

2. If J and w are the numbers of linear iinits in the length and 
width of a rectangle, the number of linear iinits in its 
perimeter may be found from the number sentence: p = 2(^+ w). 

3. The number of square units. A, of area in a rectan?rle is the 
iproduct of the numbers, ^ , w, of linear lanits in the length 
and the width. Written as a numbei'» sentence, this statement 
becomes: 

A ^ w 

Recall that v;hen we found the area of a rectangle 
whose sides are 2 in. and 3 in. we did not miiltiply 2 in. 
by 3 in. to get this area. We used a iinit of ai^ea, 
1 sq. in., and determined the number of these units 

[sec. 8-4] 
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needed to cover the rectangxilar closed feglon. This 
niimber is obtained by multiplying the measures, 2 and 
3, of the lengths of the sides. The area is then 
(2 X 3) square inches. A similar situation holds for 
voliome . 

The number, V, of cubic units of voliome of a rectangular 
solid is the product of the number, B, of square units in 
the area of the base and the niomber, h, of linear units 
in the height. Written as a niomber sentence this statement 
becomes: 

V = Bh 

Since the base is a rectangle, this number sentence may also 
be written: 

V = ivrti 

The same measurement may have many different names (for example 
108 in., 9 ft., 3 yd., j^y^g mi.); one may be changed for 
another by making use of the ratios between the units of 
measure . 

One -dimensional: one number and one direction needed to state 

the position of an object. 
Two-dimensional: two numbers and two directions needed to stat 

the position of an object. 
Three-dimensional: three numbers and three directions needed 

to state the position of an object. 

Many quantities other than geometric are measur^d. Frequently 
this is done by reducing measurement to reading linear or 
circular scales, such as the kinds of measurement discussed 
in this chapter. 
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TABLES FOR REFERENCE 



English Units 



12 In. 
3 ft. 
l6i ft. 
320 rd. 
5280 ft. 



1 ft. 
1 yd. 
1 rd. 
1 ml. 
1 ml. 



Measxirements of Length 

10 millimeter (mm.) 
100 cm. 
1,000 m. 



Metric Iftilts 



e 1 centlJneter (cm.) 

= 1 Kieter (m. ) 

= 1 kilometer (km.) 



Measiirements of Sxirface 



144 sq. In. 
.9 sq. ft. 
160 sq. rd. 
43,560 sq. ft. 
64o acres 



100 sq. mm. 
10,000 sq. cm. 
1,000,000 sq* m. 



1 sq. ft. 
1 sq. yd. 
1 acre 
1 acre 
1 sq. ml. 

Measurements of Volme 



1728 cu. In. = 1 cu. ft. 
27 cu. ft. =1 cu<. yd. 



-1,000 cu. mm. 
1,000,000 cc. 



1 sq. cm. 
1 sq. m. 
1 sq. km. 



» 1 cc. 
= 1 cu. m. 



16 oz. = 1 lb. 
2000 lb. = 1 t. 



Measurements of Weight 

1,000 gram (g.) 
1,000 kg. 



1 kilogram (kg.) 
1 metric ton 



16 fl. oz. 
2 pt. 
4 qt. 



= 1 pt. 
= 1 qt. 
= 1 gal. 



Liquid Measurements 
1,000 cc. 



1 liter (i.) 



2 pt. = 
8 qt. = 
4 pk. = 



1 gal. 
1 cu. ft. 
1 bu. 
1 dry qt. 



Dry Mer:3urements 

Volumes are used for this. 



1 qt. 

1 peck (pk.) 
1 bu. 

Miscellaneous Measurements 

= 231 cu. in. 

Z 7i gal. 

^ 2150 cu. in. 

llqxild qt. 
Metric and English Eqxilvalents 



1 In. 




2.5^ cm. 


1 yd. 




0.9 m. 


1 ml. 




1...6- km. 


1 lb. 




0.45 kg. 


1 qt. 




0. 95/. 



1 cm. 




0. 4 In. 


1 m. 


% 


1.1 yd. 


1 kin. 




0.62 mi. 


1 m. 




39.37 in. 


1 kg. 




2.2 lb. 


Ij. 




1.05 qt. 
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The reference Is to the page on ^Ich the term occiirs. 



acute angle, 293 
addend, 360 
addition 

base seven, 39 

mod k, 588 
additive Inverse, 555 
adjacent angles, 398 
Ahmes , 189 

altitude of parallelogram, 440 
angle, 138, 287 

acute, 293 

adjacent, 398 

central, 486 

corresponding , 407 

exterior of, 287 

Interior of, 287, 399 

measure of, 401 

non-adjacent , 398 

obtuse, 293 

right, 293, 296. 299 

supplementary. 400 

vertical, 39o 
approximately equal, 250, 298. 310, 327 
approximating n\ambea?s, 376, 584 
arc , 48l 
Archimedes, 26l 
area, 245, 303 

of circle, 500 

of parallelogram. 438 

of triangle, 438 
arithmetic mean, 595, 607 
associative property 

of addition, 75, 76, 102, 197, 539 

of multiplication, 76, 102, 197, 203 
associativity, 563 
average, 388, 59^ 
average deviation, 600, 608 
Babylonian numerals, 23 
Babylonians , 397 
bar graph, 588 
base, 27, 30, 31 

changing, 48 

five, 52 

seven, 33, 39, 48, 162 

six, 52 

twelve, 344 
base of parallelogram, 44o 
base of prism, 449 
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betweenness, 93, 131. 48l 
binary operation, 538, 5^1 
binary system. 56, 62 
boundary. 134, l48 
broken-line c\irve, 147 
broken-llne graph, 582 
biAShel, 334 
center of circle. 464 
central angle, 486 
chance, 8 
changing bases , 48 
circle, 463 

area of, 500 
center, 464 
concentric, 4t4, 488 
diameter of, 475 
radius of, 465 
semi- , 486 
tangent to, 476 
circle graph, 591 
circular closed region, 471 
circular scale, 336 
circumference, 490 
closed x^eglon, 245, 299 
circular, 471 
rectangular, 320 
sqojiare, 303 
closvire, 84, 86, 102, I96, 5^2 
collection, 85 
commission, 384 

common denominator. 179, 209, 225 
common factor, l64, I85 
common multiple, 178, 185 
commutative property 

of addition, 70, 102, 196, 539 , 

of multiplication, 71, 99, 102, 196 
commutatlvlty, 563 
compass, 463 

composite number, 153, 156, 184 
computers, 56 

concentric circle, 474. 488 
congruent, 245, 251, 289^ 
continuovuj, 243, 244, 258 
converse, 412 
coordinate geometry, 145 
corresponding angles, 409 

coSltiS|'nu^b4r?,^ 67, 68, 85, 97, 102, 142, 15I, I56, 160, 179, 

184, 193, 198, 570 

cube, 319 
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cubic 

centimeter, 331 
foot, 344 
Inch, 320 
millimeter, 331 
unit. 325 
curve, 147 

cylinder, 277, 324, 509 

lateral area of, 515 

oblique, 509 

right, 509 

surface area of, 514 

total area of, 514 
cylindrical solid, 509 

voltune of, 511 
data, 579, 598 
decimal, 365, 377, 387 

expansion, 371, 372 

notation, 235, 362 

numeral, 28, 372 

repeating^, 372 
decimal system, 26, 27, I60. l62 
deductive reasoning, 1, 3, 459 
degree, 289 
degree of arc, 487 
denominator, 198, 279, 368 
deviation, 600 
diagram, 520 

diameter of a circle, 475 
digit, 26, 31, 161 
dimension, 332 
discount, 384 
discrete, 243 
Disney Ismd, 8 

dlstamce between parallel lines, 431 

distance from a point to a line, 431 

distributive property, 79, 102, 197, 220, 365, 570 

dividend, 170, 369 

divisibility, 151, 156, 160, 178 

division, 169 

base seven, 46 
divisor, 170, 369 
dry quart, 334 
duodecimal system, 57, 365 
edge, 125 

of prism, 449 
Egypt, 397 

Egyptian numerals, 20 
element, 86 
empty set, 122 
end-point, 132 

English system of measures, 264, 336 
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ensemble, 85 
equator, 262 

equilateral triangle, 4l8 
equivalent fraction, 193 
Eratosthenes , 153 
Euclid, 105,^61 
Euclidean geometry, 105 
even number, 158, l64, 178 
expanded notation, 31 
expanded numeral, 30 
exponent, 31, 96 
exponential notation, 30 
exterior, 139, 1^8 
exterior of the angle, 28? 
face, 316 ^ ^ ^. 

factor, 30, 153, l63, 165, l84 

greatest common, l6?l, 185, 199 
factoring, 151 
factorization, 157 

complete, 156, I62, l84 
fathom, 261 
finite set, 575 
finite system, 575 
fraction, I89, 193, 213 

Improper, 240 

unit, 189 
fractional" form, 226 
fulcrxam, 611 
Gauss., 5 
geometry, 105 
gram, 337 
graph, 615 

bar, 5O8 

broken- line, 582 

circle, 591 

line, 585 ^ o 

greatest common factor, lo4, 185, 199 
greatest possible error, 275, 281, 284, 314 
Greeks , 4o4 
half -line, 135> 136 
half-plane, 135, 136 
half -space, 134, 136 
hand, 26 1 
hexagon, 479 

regular, 479 _ 
Hindu-Arabic numerals, 26 
hyperbola , 616 . , o 

Identity element, 95, 98, 103, 547, 5^8 
Identity for addition, 197 
Identity for multiplication, 197 



Improper fraction, 24o 

Inductive reasoning, 459, 6l3, 619 

inequality, 72, 93, 94, 102, II8, 339, 359 

Infinite set, 575 

infinite system, 575 

interior, 139 > IhQ, 469 

interior of the angle, 287, 399 

inters ec tlon ,469 

of lines, 125, 397 

of line and plane, 127 

of plar*es, 125 

of sets, iLii 
inverse of an element. 547 
inverse operation, 88, 89, 102, 2l6. 553 
inverses, 550 
Isosceles triangle, 4l8 
kilogram, 337 
Konlgsberg bridges, 15 
Laplace, 28 

lateral area of cylinder, 515 

least common multiple, 178, I85 

length, 250, 251, 300 

lever, 609, 619 

line, 105, 106, 114, 127, 135 

segment, 132, 244 

skew, 126 
line graph, 585 
linear, 2ol 

linear measurement, 270 
liquid qt rt, 334 
mass, 337 

mathematical system, 559 
mean, 595 

measure of an angle, 401 

measures of central tendency, 602 

median, 595, 608 

meter, 262, 273 

metric system, 262, 273 

millimeter, 274 

mode, 596, 608 

modular arithmetic, 527, 573 

modular systems, 573 

modulus , 528 

multiple, 151, 161, 178, 185 
multiplication, 71, 156 

base seven, 44 

sign, 72 
multiplicative Inverse, 551 
National Bureau of Standards, 263 
natural numbers, 68 
net price, 384 
non-adjacent angle, 398 
non-metric geometry, 105 
North Pole, 262 
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tSZV^T/ er?^]%, 97, 102, 142, 151, 156, l60, 179, 

184, 193, 198, 570 
even, 158,164, 178 
natural, 68 
odd, 178 
perfect, l6o 

llTcUi?\^? islTbt 203. 21?.. 220. 225. 235, 265, 305, 
325 350 

>mole, 67, 70, 75, 89, 93, 97, 102, l64, l84, 192, 570 
noamber line, 93, 206, 207, 265 
numeral, 20, 6I, 190, 193, 368 

Babylonian, 23 

base five, 52 

base six, 52 

decimal, 26-28, 235, 372 

duodecimal, 57, 365 

Egyptian, 20 

expanded, 30 

Hindu-Arabic, 26 

Roman, 20 
noamerator, 189, 198, 209 
oblique cylinder, 509 
obtuse angle, 293 
odd noamber, 178 
one, 9^, 184 
one-dlmenslonal, 332 

one-to-one correspondence, 57, otJ, 142, I4y 
operation, 536 

binary, 538, 5^1 

ternary, 5^1 

unary, 5^1 
opposite faces, 3l6 
ordering, 239 
parallelogram, 433 
parallel planes, 128 
pentagon, 433 
pentagonal right prism, 449 
percent, 354, 377, 382, 387 

of decrease, 392 

of Increase, 392, 58I 
perfect niambers, 160 
perimeter, 299 
perpendicular, 295, 333 
pint, 334 
place value, 363 
planes, 105, IO8, 127, 134 
point, 105, 116 
point of tangency, 476 
polygon, 433 
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positional notatlcu, 362 
possible error, 315 
power, 31 

precise, 276, 280, 284 
-precision, 275, 276, 277, 28o, 310 
prime niomber, 151, 153, I56, l84 
prism 

base of, 449 

edge of, 449 

pentagonal right, 449 

right, 448 

triangular right, 449 

vertices of, 449 

volume of. 451 
probability, 8 
product, 156, 202, 213, 368 
proportion, 349 
proportional, 349 
protractor, 290 
pyramid, 397 
Pythagoras , 46l 
quadrilateral, 286, 433 
quart 

dry, 334 

liquid, 334 
quotient, 170, 217 
radlxis of circle, 465 
range, 599, 608 
rate, 231, 348 

ratio, 231, 235, 347, 348, 355 

rational number, I90, 193, I96, 203, 212, 220, 225, 235, 265, 

rational number system, 221 
ray, 136, 138, 289, 397 
reciprocal, 202, 203 
rectangle, 255, 299, 303 
rectangular closed region, 255 
rectangular prism, 3l6, 322, 324 
rectangular solid, '320 
reference lines, 584 
region, 148 

circular closed, 471 

closed, 245, 299 

rectangular closed, 320 

square closed, 303 
regular hexagon, 479 
remainder, I51, 169, 170, 372 
repeating decimal. 372 
Rhlnd Papyrus, 189 
right angle, 293, 296, 299 
right cylinder. 509 
right prism, 448 
Roman numerals, 20 
rounding, 375 
ruler, 266 
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sale price, 384 
sampling, 604 
scale, 291, 336 
scalene triangle, 419 
scatter, 599 
segment, 131 
semi-circle, 486 

separation, 134, 48l o ^ o« 
set, 84., 85/ 102, 109, 118, 196, 287 
sides 

of angle, 138 

of line, 135 
sieve of Eratosthenes, 153, I60 
simple closed curve, 147* 245* 306 
simplest form of the fraction, 199 
skew lines, 126 
space, 105, 106 
square closed region, 303 
square . 

foot, 344 

inch, 303 

\anlt, 325 
standard xonlt, 260, 289 
statistics, 580, 607 
subtraction, base seven, 42 
supplementary single, 400 
surface area, 3l8 

of cylinder, 5l4 
symbol, 20, 62, 113 
tangent to circle, 476 
ternary operation, 541 
Thales , 4o4 
thermometer, 336 
three-dlmens lonal , 333 
triangle, 138, 397, 4l6 

equilateral, 4l8 

Isosceles, 4l8 

scalene, 419 , ^ .^o 

sum of measure of the angles of, 42o 
triangular right prism, 449 
two -dlmens lona 1 , 332 
unary operation, 541 
unique factorization property, lo4 
unit fraction, I89 
unit of measurement,- 251 > 255 
unit of time, 336 
unit of weight, 336 
vertex, 138, 287, 317 
vertical angle, 398 
vertices of prism, 449 
volume, 320, 322 

of cylindrical solid, 511 
of prism, 451 



whiS*Aumbe^, 67, 70, 75, 89, 93, 97, 102, l64, l84, 192, 570 
zero, 27, 68, 95, 97, 104 
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